7 Online Appendix: Properties of Cost Functionals

In this section, we collect together proofs of properties of cost functionals mentioned in main

body of the paper.

7.1 Entropy Reduction Cost Functional

Lemma 18 The entropy reduction information cost satisfies CPD for all 1) € (Omin, Omax)-

Proof. For any SCR s, the associated entropy reduction is

where H : [0,1] — R is given by
H(z)=zlhz+(1—-2z)ln(1—-2) .

Now let p1(s) = E(s(f)) denote the unconditional probability that action 1 is chosen
under SCR s. Note that this cost functional is convex and Fréchet differentiable at s with

derivative
H'(s(0)) — H (p1(s)) -

Now since ¥ € (Omin, Omax) and the prior density g is positive over [Omin, Omax], We have
E (1{o>y}) € (0,1). Choose £ > 0 such that E (1{p>41) € (§,1 —¢). Then choose p > 0
small enough such that for all s € B, (1{g>y}), p1(s) € (§,1—¢). Note that for small
e >0, s € B, (l{g>y}) implies Lys € B, (Lio>yy)- Let A(s) = {9 1 Lgs(0) # 3(9)}.
Now Fréchet differentiability implies that we have

¢(Lys) —c(s) < / [H' (L35 (0)) — H' (p1 (L3s))] (Lgs (0) —s(0)) dG (0)

A(s)
and
¢ (Lgs) —c(s) Z/ [H' (5 (0)) — H' (p1 ()] (LG5 (8) — 5 (0)) dG ()
A(s)
Hence,

)

[y [ (5 0)) = H' (pr ()] (155 6) — 5(0)) 4G (0)
‘fA(s) [Hl (prs (9)> - H' (P1 (prs )] (Lfl,s (0) —s (0)) dG (0)’

e (Lys) — c(s)| < max



Since H' (z) is increasing in z, for all § € A (s), both |H' (s (8)) — H' (p1 (s))] and ‘H' (prs (0)) —H' (pl (Lis))‘
are bounded above by

K =max (|H' (L—¢) - H' (Y], [H' (1 -¢§) — H'(e)]) -

Therefore,

e (Lys) = c(s)]

IN

/ K - |L5s (6) — 5 (0)| dG (6)
A(s)

= K |ges]
This concludes the proof. m

7.2 The Pairwise-Separable Cost Functional

Lemma 19 The PS cost functional satisfies A9 (feasible almost perfect discrimination).

Proof. It suffices to show that cpg (5,4) < 00, i.e., the integral

/ 0/ — 0| D (Si,p (0) , 5,5 (6')) b (0,6") d0'do
0J6'

exists.
Let
A={(0,0)eR*: -k ' <00 <k'}

and
A ={(6.6') €R*: 02y + k™" /2and ¢’ 2+ k7 /2, 00 6 < — k7' /2and 6" < — k7 /2}

First note that ‘9' — 0|_a is bounded on R?\ A, thus the integral over R?\ A exists. Second,
since D (?k,w (0) , 5k (9')) = 0 on A, we just need to show that the integral over A\ A;

exists. Let
By ={(0,0') € A\Ay: —k~'/2<0' <k'/2and0< 00 <k'},
By={(0,0') € A\Ay : —k71/2< 0 <k7'/2and 0< 0 —0<k'} |

By={(0,0) € A\A: ~k 1 /2<0<k ' /2and0<0 —9 <k},

and
By={(0,0) € A\Ay: k71 /2<0<k'/2and0< 00 <k'} .



Then A\A; = B; U By U B3 U By. We next show that the integral over B; exists. Similar
calculations can show the existence of the integral over By, B3 and By, and are thus omitted.

By definition of a PS cost functional, D (x1,x2) is bounded on [0, 1]X [0, 1] and D (z1,z2) =
0 (|x1 - w2|ﬁ) as |z1 — x2] — 0. So there exists a K > 0, such that

D (z1,22) < K - |3y — a2|° (23)

on [0,1] x [0,1]. Now

/ |0 —0"|"" D (S, (0) Sk, (07)) B (0,6") d6'd
By

< / 10— 0'| " K - [,y (0) — Sn.0s ()] 1 (6,0') a8’ 0
B,
AN 1 1 / B !/ /
- /B(e_e) Ko (gtk@-)—5 k@ —v)) n6.0)da
< Kk°h / (6—6)""d0'ds ,
By

for some h > 0, where the first inequality is implied by , the equality is implied by
n(6,0")

the definition of 5, and the last inequality is true because § > 6" on By and 209 8

bounded above in the definition of PS cost functionals.
Now changing variables from (6’, 9’) to (t,t') such that t = 6 and ¢’ = 6 — ', we have

/ (6 —0')""" do'do
B,
k! Bt /24t
- / (t’)ﬂ“"/ dt - dt’
0 —k—1/2+4¢/
k71
= k—l/ )" at' .
0
This integral exists since 3 — a4+ 1> 0. Therefore, cpg (Si,y) < 00. ®

Proposition 20 The PS cost functional satisfies IPD if and only if a > 2.

Proof. Let s be a non-decreasing discontinuous SCR and s (§_> <s (§+> for some 0 €
[0m1n7 emax] @ Let
s (&) if0>0

NN (24)

55 (0) ={

29We can focus on 0 € [@min, @max] because the possible s of equilibrium SCRs are always in [Omin, Omax]
due to Assumption A3.



and A=min [D (s (8-).5(8.)) .0 (s () .5 (5-))]

Note that A > 0 since s (§_> #* 5 (94-) Then we have

cps (s) /0/ 0/ —0|"" D (s(0),s(6)) 1 (6,0") do’de

// 0/ —0|"" D (s5(0),55 (6')) h (6,0") d0'de

D(s(0-).5(9+)) /_5 /AOC (0 —0) " h(0,0') do'do
D(s (§+),s(§))/fo/_§ (0—0)""h(0,0')do'do

0 oo
> 24 / /A (0 —0)" " h(0,0")do'do , (25)
—o0 J O

v

where the first inequality follows the monotonicity of s in €, and the second inequality follows

the definition of A. Since g is continuous and strictly positive on [@min, Omax), it has a strictly
positive lower bound on [fin, Omax|. Since % is bounded above, h (9, 9') has a strictly
positive lower bound on [fmin, Gmax] X [fumin; Omax]. Hence, [*_ [ (8 —0) ™" h (6,6") do'd6
is integrable if and only if 2 — @ > 0. Therefore, a > 2 implies cpg (s) = oo and thus IPD.
For the converse, consider an SCR s; (-) defined by such that D (s (@7 ,S (§+)) =
D (s <§+) , S (@,)) = A > 0. Immediate from the previous derivation of 1) we obtain
that cpg (s§) =ocoifa>2andc (s§) < o0 if @ < 2. Then, IPD implies cpg (55) = 00 and
thusa > 2. m

The following lemmas show that CPD is satisfied if & = 0 and it is easier to be satisfied
at lower values of a. Since the PS cost functional is continuous in «, there exists some
& € [0,min (2,8 4 1)] such that CPD is satisfied for a € [0,a]. Due to the technicalities
associated with the PS cost functional and the generality of the definitions of CPD and
EPD, however, we do not obtain an analytical bound a between CPD and EPD.

Lemma 21 The PS cost functional satisfies CPD at o = 0.

Proof. When a = 0, the cost functional becomes

cps (s) = /9 [ D(s0).5 @) 0.0) ar'w0.



Hence, by the triangle inequality,

eps (Ls) —eps ()] = ). (L55) (0) = D (s(68) . ()] 1 (6.0') ao'ds

/

/ D ((255) €). (255) (#)) ~ D (s6) 5 (6))] 1 (6.6/) do'at
/ 1D (135) (). (£55) () = D ((£5) )5 (6)) | . (0.) at' o

L

Since BD%ZII’“) nd aD(dfCl 22) exist on [0,1] x [0, 1} there exists a K > 0 such that
|D (2}, 22) — D (z1,22)] < K - |2} — 21| and |D (z1,25) — D (21, 22)] < K - |2} — 25| for

all 1,22 € [0,1]. Hence,

IN

IN

((L55) (0),5 (6")) — D (s(8),5 (6")| h (6,0") dO'd6 . (26)

D ((L35) (0), (L3s) (6')) = D ((L55) (0) 5 (6))| < K - [ (L) (6) — s (6')]

and

D ((L35) (6),5(6") =D (s(0) 5 (6)| < K -[ (L) (6) = s (0)] -

Plugging the above two inequalities into , we obtain

[eps (Lis) —cps (s)]
/ K- |(L )(9’)—5(9’){h(9,9)d9d9+/ K - |(L5s) (8) — s (0)| h (0,6") do'do

/ K- |(Lys) (0") —s(0")| K'g (6) g(0) db d9+//K |(Lys) (8) — s (0)| K'g (6) g (0) d6'df
o

~ KK’ -/HLEs,ng 9)d9+KK’-/ 1255, 5]| g (6) e’
9/

E

IA

IA

2KK'- Hst s

where the second inequality follows because % is bounded above by some K’ > 0.

Therefore, cpg satisfies CPD when a« =0. =

Lemma 22 If the PS cost functional satisfies CPD at some a > 0, then it satisfies CPD
at all & € [0, a.

Proof. To avoid confusion, let ¢3¢ (-) denote the PS cost functional with parameter a.
Since c¢$g (+) satisfies CPD, for any ¢ € R and ¢ € (0,1/2), there exists a p > 0 and K >0
such that

€
s (Lis) = chs ()] <
30The proof goes through under a weaker condition that %D(xl,zg) exists for all z; € (0,1) and
x; €10,1], 4,5 € {1,2}, i # j.



for all monotonic s € B, (1{92¢}). Without loss of generality, we can choose a sufficiently
small p > 0. Then by the construction of operator Lf, there exists an interval [f7, 03] such
that for any monotonic s € B, (1{g>y}), Lj,s and s differ only in [61,605]. Fix a z > 0.
Then

s (Ljs) = s (9)]

= /9 ; 6"~ 0" [D((L5) (0). (L5s) (') — D (s(6) .5 ()] . (0.6) de'de

< / 10— 0] [D((L55) (0) (L55) (0)) — D (s(0) .5 ()] 1 (6,0) do'do
Rz\[elfz,Gngz]><[017z,92+z]
+ / 10— 0] [D((L55) (0). (L55) (¢)) — D (s (6) .5 ()] 1 (6,0) do'do
[9172,924’2])([9172,924’2]
_ / / 10" — 6] [D ((L5s) (6). (L55) (6')) — D (s(8) .5 ()] b (6.6") do'd
(—oo,Ol—z)U(02+z,oo) [91,92]
+ / / |0/ = 6] [D((L5s) (0) . (L5s) (6')) = D (s(0),s(0"))] h(0,0") do'de
[61,02] J (—00,01—2)U(O2+42,00)
+ / 0" — 9[‘“' (D ((L5s) (0), (L5,s) (0") =D (s (0),s(6")] h (6,0 d6’'d| (27)
[91—2,92+Z]X[91—Z,92+Z]
where the second equality follows the fact L s and s differ only in [#1, 62]. Since %ﬁ’“)

and %12’”) exist on [0, 1] x [0, l]there exists a K1 > Osuch that |D (2}, 22) — D (z1,22)| <
Ky |z} — z1] and |D (z1,25) — D (z1,22)| < Ky - |2h — x2] for all 1,29 € [0,1]. Then, the
first term in the right hand side of is

/ / 10" — 0] [D ((£5,5) (8). (L55) (6')) — D (s (6) .5 (6'))] 1 (6.6") d'do
(—00,01—2)U(02+2,00) J[01,02]

IN

/ / 10— 0] D (s(6). (L55) (6')) — D (5(8) 5 (¢'))| 1 (6.6') do'do

(—oo,Ol—z)U(92+z,oo) [91,92]

K'/ / ST - [(Lys) (07) — 5 (0)] 9 (0) d0'g (0) db
(—00,01—2)U(02+42,00) J[01,02]

KK - / | Lys,s||g(6)do
(—00,01—2)U(O2+2,00)

KK ||Lf/)s, s

IN

IA

IN

)

where the first inequality holds because (Lf/}s) (0) = s(0) for 6 € (—o0,0; — 2)U (02 + z,0),

and the second inequality follows that [6' — 6| " < 2z for 0 € (—o0,6; — z)U (0 + z,00)

31The proof goes through under a weaker condition that %D(ml,mg) exists for all z; € (0,1) and
zj € [071]7 5,j € {172}7 i ]



(6,0

and 0" € [01,05], and that Wg(e)') is bounded above by some K’ > 0. By a symmetric argu-

ment, the second term in the right hand side of is also bounded by 2 K'K, - ‘
Since a —a’ >0, |0/ — 9|“‘°" is bounded for (6,0') € [0 — 2,05 + 2] x [01 — 2,02 + z], then

there is a K5 > 0 such that the third term in the right hand side of is

Lis,s

0= 0] |0 =07 [D((£55) (0, (L55) (9) = D (s(0) 5 (6"))] 1 (6,0') o't

~/[«91 —2,02+2]X[01—2,02+2]

IN

K'Ky - 0" = 0|~ [D ((L5s) (0), (L5s) (0") — D (s (0) s (6'))] 9 (¢") g (6) d6'do

/[01—2792+Z]X[91—Z,92+Z]
K'Ky - |cps (L5s) — cpg (s)]
K'KyK - ||Lys, ||

IN

IN

Hence, becomes

s (Lis) = s (5)]
2.7 K'K, - ||LSs, || + K'KoK - ||Lss, 5|

| .

IN

(2o Ky + KoK ) K- || Lo, 8

Therefore, C%/S satisfies CPD. m



7.3 The Fisher Cost Functional

Lemma 23 The Fisher cost functional satisfies sub-modularity.

Proof. Let s; and sy be two SCRs. It is straightforward to see that cpisper (82 V $1) +

CFisher (52 A 51) = CFisher (51) + CFrisher (52) Let A = {0 cR: 59 (0) > 81 (0)} and B =
{8 €R:s2(0) < s1(6)}. Then,

CFisher (82 V 81) + CRisher (52 A 51)

_ /A (g <f>)s2 <?>])’)2 . ([gg(fé)((ll—s§2<(9£})’)2d9+ /B ([gg(fg)s;f(ez])’f ([gg(fé)(;l—s;(?g;])’fde
/ N2 / "2
o (<> (w)])) B E S Tam B
JRCU ST g<9§§1‘_8;ff2§¥)2d9+/ “g;?éi;fféﬁ”z @ 0 n )
e e | Y e

= CFisher (51) + Crisher (52) .

7.4 The Additive Noise Cost Functional

Here we show that the additive noise cost functional ¢4 is not submodular, by constructing
a counterexample. Suppose ¢ is uniform on [—3, 3]. Let by = 1{,>} be the step function
behavioral strategy where a player invests if and only if his signal is above ¢). Then the

induced stochastic choice rule sy, 3, is equal to the slope k threshold approximation of 149>,

1/2 1 1/2
Skby (0) = / by (9 + k5) de = /1/2 Le<(o—y) = Skp (0)

—1/2

ie.,

Since k is the maximum slope of 5, we have

d5is (0) _

do ’ (28)

where the inequality is an equality if and only if the behavioral strategy is the switching
strategy by, for some switching cutoff ¢». Now consider s, p,, and s, s, , where ky > k1 > 0.
Note that 8, p, and 5y, p, intersect at (¢,1/2), so that

gkl,bd, (9) if 6 < ’(/J

(i V Sz ) = {gkbw ) if6 >



and B
Sko,by (9) if 6 < ’l/)

Sk by, (0) if 0> ’
So kz is the maximal slope of both sk, p, V Sk, , and Sk, p, A Sk,p, . Inequality thus

implies cAn (gkl,bw \ ,ng,bw) = C(k‘g) and capn (§k17b¢ A gkz,bw) = C(kz). Therefore,

(§k17bw /\gkrz,bw) (9) = {

can (Skipy) + €N (Skop,) = Cl(k1) + (ko)

2¢ (k2)

A

AN (Ski,by V Skapy) + AN (Skiby A Skapy)

a violation of submodularity.



