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Abstract

We show that the folk theorem generically holds for N-player repeated games with private
monitoring if the support of each player’s signal distribution is sufficiently large. Neither
cheap talk communication nor public randomization is necessary.

In Chapter 1, we introduce the model, states the assumptions and the main result, and
offer the overview of the proof. In Chapter 2, we show the folk theorem in the two-player
prisoners’ dilemma, assuming special forms of communication. Given this chapter, we are
left to extend the folk theorem to the general two-player game and the general N-player
game with NV > 3 and dispense with the special forms of communication. In Chapter 3, we
summarize what new assumptions are sufficient for each extension. In the following chapters,
we offer the proof: in Chapters 4 and 5, we extend the result to the general two-player game
and the general N-player game, respectively, with the special forms of communication. In
Chapters 6 and 7, we dispense with the special forms of communication in the two-player

game and N-player game, respectively.
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Chapter 1

Introduction

1.1 Introduction

One of the key results in the literature on infinitely repeated games is the folk theorem:
any feasible and individually rational payoff can be sustained in equilibrium when players
are sufficiently patient. Even if a stage game does not have an efficient Nash equilibrium,
the repeated game does. Hence, the repeated game gives a formal framework to analyze a
cooperative behavior. Fudenberg and Maskin (1986) establish the folk theorem under perfect
monitoring, that is, when players can directly observe the action profile. Fudenberg, Levine,
and Maskin (1994) extend the folk theorem to imperfect public monitoring, where players
can observe only public noisy signals about the action profile.

The driving force of the folk theorem is reciprocity: if a player deviates today, she will
be punished in future. For this mechanism to work, players need to infer what actions
are expected by the other players. For example, in the trigger strategy equilibrium of the
prisoners’ dilemma with perfect monitoring, if a player takes defection before the other
players take defection, then it is seen as a deviation of that player. On the other hand, if
a player takes defection after some player takes defection, then it is seen as an equilibrium

behavior. Hence, to know whether to cooperate or defect, each player needs to infer which



action is expected by the other players. In other words, each player needs to coordinate her
action with the other players’ histories.

This coordination is straightforward if the players’ strategies only depend on the public
component of histories, such as action profiles in perfect monitoring or public signals in pub-
lic monitoring. Since this public information is common knowledge, players can coordinate
a punishment contingent on the public information (reciprocity), and thereby provide dy-
namic incentives to choose actions that are not static best responses. However, with private
monitoring, since they do not share common information about histories, this coordination
becomes complicated as periods proceed. Hence, “coordination failure” may arise.

Horner and Olszewski (2006) and Horner and Olszewski (2009) show the robustness of
this coordination to private monitoring, where players can observe only private noisy signals
about the action profile, if monitoring is almost perfect and almost public, respectively. If
monitoring is almost perfect, then players can believe that every player observes the same
signal corresponding to the action profile with a high probability. If monitoring is almost
public, then players can believe that every player observes the same signal with a high
probability.! Hence, almost common knowledge about relevant histories still exists.

However, with general private monitoring, almost common knowledge may not exist and
coordination is difficult (we call this problem “coordination failure”).? Hence, the robustness
of the folk theorem to general private monitoring has been an open question. For example,
Kandori (2002) states that “[t]his is probably one of the best known long-standing open
questions in economic theory.”?

This paper is the first to show that the folk theorem holds in repeated games with dis-
counting and generic monitoring: in any NN-player repeated game with private monitoring,

we give sufficient conditions with which any feasible and individually rational payoff is sus-

See also Mailath and Morris (2002) and Mailath and Samuelson (2006).

*Mailath and Morris (2002), Mailath and Samuelson (2006) and Sugaya and Takahashi
(2011) offer the formal models of this argument.

3See Mailath and Samuelson (2006) for a survey.



tainable in a sequential equilibrium for a sufficiently large discount factor.! We also show
that these sufficient conditions are generic if the cardinality of the support of each player’s
signal distribution is sufficiently large.

Repeated games with private monitoring are relevant for many traditional economic prob-
lems. For example, Stigler (1964) proposes a repeated price-setting oligopoly, where firms
set their own prices in face-to-face negotiations and cannot directly observe their opponents’
prices. Instead, a firm obtains some information about opponents’ prices through its own
sales. Since the level of sales depends on both opponents’ prices and unobservable demand
shocks, the sales level is an imperfect signal. Moreover, each firm’s sales level is often private
information since it is also determined in a face-to-face negotiation. Thus, the monitoring is
imperfect and private. In principal-agent problems, if the principal evaluates the agent sub-
jectively, then the monitoring by the principal about the agent becomes private. Despite the
importance of these problems, only a limited number of papers successfully analyze repeated
games with private monitoring.” Our result offers a benchmark to analyze these problems
in a general private-monitoring setting.

To show the folk theorem under general monitoring, we unify and improve on three
approaches in the literature on private monitoring that have been used to show the partial
results so far: belief-free, belief-based and communication approaches.

The belief-free approach (and its generalizations) has been successful in showing the

folk theorem in the prisoners’ dilemma.® A strategy profile is belief-free if, for any history

1See Lehrer (1990) for the case of no discounting.

SHarrington and Skrzypacz (2011) show evidence of cooperative behavior (cartels) among
firms in lysine and vitamin industries. After arguing that these industries fit Stigler’s setup,
they write a repeated-game model with private monitoring and solve a special case. See also
Harrington Jr and Skrzypacz (2007).

Fuchs (2007) applies a repeated game with private monitoring to a contract between a
principal and an agent with subjective evaluation.

¢Kandori and Obara (2006) use a similar concept to analyze a private strategy in pub-
lic monitoring. Kandori (2011) considers “weakly belief-free equilibria,” which is a gener-
alization of belief-free equilibria. Apart from a typical repeated-game setting, Takahashi
(2010) and Deb (2011) consider the community enforcement and Miyagawa, Miyahara, and
Sekiguchi (2008) consider the situation where a player can improve the precision of monitor-
ing by paying cost.



profile, the continuation strategy of each player is optimal conditional on the histories of
the opponents. Hence, coordination failure never happens. With almost perfect monitoring,
Piccione (2002) and Ely and Viliméki (2002) show the folk theorem for the two-player

" Without any assumption on the precision of monitoring but with

prisoners’ dilemma.
conditionally independent monitoring, Matsushima (2004) obtains the folk theorem in the
two-player prisoners’ dilemma, which is extended by Yamamoto (2012) to the N-player
prisoners’ dilemma with conditionally independent monitoring.®

Previously, attempts to generalize Matsushima (2004) have shown only limited results
without almost perfect or conditionally independent monitoring: for some restricted classes
of the distributions of private signals, Fong, Gossner, Horner, and Sannikov (2010) show that
the payoff of the mutual cooperation is approximately attainable in the two-player prison-
ers’ dilemma. Sugaya (2012) shows that the folk theorem holds with a general monitoring
structure in the prisoners’ dilemma if the number of players is no less than four.

Several papers construct belief-based equilibria, where players’ strategies involve statis-
tical inference about the opponents’ past histories. That is, since common knowledge about
relevant histories no longer exists, each player calculates the beliefs about the opponents’
histories to calculate best responses. With almost perfect monitoring, Sekiguchi (1997)
shows that the payoff of the mutual cooperation is approximately attainable and Bhaskar
and Obara (2002) show the folk theorem in the two-player prisoners’ dilemma.’ Phelan and
Skrzypacz (2012) characterize the set of possible beliefs about opponents’ states in a finite-
state automaton strategy and Kandori and Obara (2010) offer a way to verify if a finite-state

automaton strategy is an equilibrium.

"See Yamamoto (2007) for the N-player prisoners’ dilemma. Ely, Horner, and Olszewski
(2005) and Yamamoto (2009) characterize the set of belief-free equilibrium payoffs for a
general game. Except for the prisoners’ dilemma, this set is not so large as that of feasible
and individually rational payoffs.

8The strategy used in Matsushima (2004) is called a “belief-free review strategy.” See
Yamamoto (2012) for the characterization of the set of belief-free review-strategy equilibrium
payoffs for a general game with conditional independence. Again, except for the prisoners’
dilemma, this set is not so large as that of feasible and individually rational payoffs.

9Bhaskar and Obara (2002) also derive a sufficient condition for the N-player prisoners’
dilemma.



Another approach to analyze repeated games with private monitoring introduces public
communication. Folk theorems have been proven by Compte (1998), Kandori and Mat-
sushima (1998), Aoyagi (2002), Fudenberg and Levine (2007) and Obara (2009). Intro-
ducing a public element (the result of communication) and letting a strategy depend only
on the public element allow these papers to sidestep the difficulty of coordination through
private signals. However, the analyses are not applicable to settings where communication
is not allowed: for example, in Stigler (1964)’s oligopoly example, anti-trust laws prohibit
communication. Horner and Olszewski (2006) also argue that “communication reintroduces
an element of public information that is somewhat at odds with the motivation of private
monitoring as a robustness test” to the lack of common knowledge.

This paper incorporates all three approaches. First, the equilibrium strategy to show the
folk theorem is phase-belief-free. That is, we see the repeated game as the repetition of long
review phases. Each player has two strategies for the review phase; one is generous to the
opponent and the other is harsh to the opponent.!® At the beginning of each review phase,
for each player, both generous and harsh strategies are optimal conditional on any realization
of the opponents’ histories. Between review phases, each player can change the opponent’s
continuation payoff from the next review phase by changing the transition probability be-
tween the two strategies, without considering the other players’ histories. This equilibrium
is immune to coordination failure at the beginning of each phase and gives us freedom to
control the continuation payoffs.

Second, however, the belief-free property does not hold except at the beginning of the
phases. Hence, we consider each player’s statistical inference about the opponents’ past
histories as in the belief-based approach within each phase.

Finally, in our equilibrium, to coordinate the play in the middle of the phase, the play-

ers do communicate. We offer sufficient conditions with which this message exchange can

10 As will be seen in Section 1.6, for a game with more than two players, one of player i’s
strategies is generous to player ¢ + 1 and the other is harsh to player ¢ + 1. In addition,
players — (7,7 + 1)’s payoffs are constant regardless of which strategy player i picks from the
two.



be done with their actions, that is, without assuming any explicit communication device.
The difficulty to communicate via actions is that, since the players need to infer the oppo-
nents’ messages from their private histories, common knowledge about the past messages
no longer exists. One of our methodological contributions is to offer a systematic way to
replace the public communication with message exchange via actions in general monitoring
by overcoming the lack of common knowledge.

The paper is organized as follows: in the rest of Chapter 1, we introduce the model,
states the assumptions and the main result, and offer the overview of the proof. After that,
we relate the infinitely repeated game to a finitely repeated game with a “reward function”
and derives sufficient conditions on the finitely repeated game to show the folk theorem in
the infinitely repeated game. The remaining parts of the paper are devoted to the proof of
the sufficient conditions.

In Chapter 2, we show the sufficient conditions in the two-player prisoners’ dilemma,
assuming special forms of communication. Given this chapter, we are left to extend the folk
theorem to the general two-player game and the general N-player game with N > 3 and
dispense with the special forms of communication. In Chapter 3, we summarize what new
assumptions are sufficient for each extension. In the following chapters, we offer the proof:
in Chapters 4 and 5, we extend the result to the general two-player game and the general
N-player game, respectively, with the special forms of communication. In Chapters 6 and 7,
we dispense with the special forms of communication in the two-player game and N-player

game, respectively.

1.2 Model

1.2.1 Stage Game

The stage game is given by {I,{4;,Y;,U;},.;,q}. I ={1,...,N} is the set of players, 4;

with |A;] > 2 is the finite set of player i’s pure actions, Y; is the finite set of player i’s private



signals, and U; is the finite set of player i’s ex-post utilities. Let A =[[,.; 4;, Y =[], Vs

el

and U = [[.,.; U; be the set of action profiles, signal profiles and ex post utility profiles,

iel
respectively.

In every stage game, player ¢ chooses an action a; € A;, which induces an action profile
a = (ay,...,ay) € A. Then, a signal profile y = (y1,...,yn) € Y and an ex post utility
profile & = (4, ...,uy) € U are realized according to a joint conditional probability function
q(y,ula)

Following the convention in the literature, we assume that ; is a deterministic function
of a; and y; so that observing the ex post utility does not give any further information than
(a;,y;). If this were not the case, then we could see a pair of a signal and an ex post utility,
(yi, 0;), as a new signal.

Player i’s expected payoff from a € A is the ex ante value of @; given a and is denoted
by u; (a). For each a € A, let u (a) represent the payoff vector {u; (a)},.;-
In this paper, we only consider independent mixture of actions, that is, A (A) is the set

of independent mixed strategies A (A) = [[..; A (A;) in the stage game and by a € A (A),

i€l
each player ¢ takes a; € A; with probability «; (a;). A (A_;) and a_; € A (A_;) are similarly

defined.

1.2.2 Repeated Game

Consider the infinitely repeated game of the above stage game in which the (common)
discount factor is 6 € (0,1). Let a;, and y; ., respectively, denote the action played and the
private signal observed in period 7 by player 7. Player i’s private history up to period ¢t > 1
is given by ht = {a;,, yi,}._ . With h} = {0}, for each t > 1, let H! be the set of all hf. A
strategy for player ¢ is defined to be a mapping o; : fj H! — A(A;). Let X; be the set of all
strategies for player i. Finally, let E(6) be the set tozflsequential equilibrium payoffs with a

common discount factor 4.



1.3 Assumptions

In this section, we state assumptions. First, we assume the full dimensionality condition.

Let F' = co({u(a)}aca) be the set of feasible payoffs. The minimax payoff for player i is

= min maxu;(a;, o).
a_;€EA(A_;) a;€A;

v;
In addition, let a*; be a minimaxing strategy against player ¢ in the stage game.
Then, the set of feasible and individually rational payoffs is given by F* = {v € F : v; >

vf for all i}. We assume the full dimensionality of F™*.

Assumption 1 The stage game payoff structure satisfies the full dimensionality condition:

dim(F*) = N.

Second, we state assumptions on the signal structure. In the proof of the folk theorem,
we proceed in the following steps: first, we show the folk theorem, assuming the availability
of special forms of cheap talk. Second, we dispense with the special forms of cheap talk so
that all the communication is done by actions.

Hence, in Section 1.3.1, we state assumptions that we use whether or not the special
forms of cheap talk are available. Then, in Section 1.3.2, we state what special forms of cheap
talk we assume in the first step of the proof. Finally, Section 1.3.3 states a condition on the
cardinality of each player’s support of signals under which we can generically dispense with all
forms of cheap talk assumed in Section 1.3.2. Exact conditions about the signal distributions
to dispense with cheap talk are somewhat complicated and explained in Chapter 3.

In summary, the folk theorem holds if (i) the assumptions in Section 1.3.1 are satisfied
and either (ii-a) the special forms of cheap talk in Section 1.3.2 are available or (ii-b) the
assumptions in Chapter 3 are satisfied. Further, the assumptions in (ii-b) are generic if the

cardinality of each player’s support of signals satisfies Assumption 6 in Section 1.3.3.



1.3.1 Common Assumptions

First, we assume that full support for monitoring:

Assumption 2 Forally € Y and a € A, q(y | a) > 0.

By Sekiguchi (1997), with this assumption, sequential equilibria are realization equivalent
to Nash equilibria. Hence, for the rest of the paper, we concentrate on Nash equilibria.

Second, we assume that, for any pair of players (i, j), given any action profile a € A, each
player j can statistically identify player i’s deviation. Let ¢;(a;, a—;) = (q;(y; | a, a—i))yj be
the vector expression of the conditional distribution of player j’s signals given a;,a_;. We

assume that all the vectors g;(a;,a—;) with a; € A; are linearly independent:

Assumption 3 For any i,7 € [ and a € A, all the vectors ¢;(a;,a—;) with a; € A; are

linearly independent.

Third, with more than two players, for any trio (i,n,j), given any action profile a € A,
player j can statistically identify which of players ¢ and n is more suspicious about deviations.
We assume that all the vectors g;(a;, a—;) with a; € A; and g;(a,, a_,) with a,, € A,,a, # a,

are linearly independent:

Assumption 4 For N > 3, for any i,n,j € [ and a € A, ¢;(a;,a_;) with a; € A; and

q;j(an,a_,) with a, € A, and a, # a, are linearly independent.
Note that this is the same as pairwise identifiability condition for each a in Fudenberg,

Levine, and Maskin (1994).

Fourth, we assume that, for each player i, for player 7 whose index is defined as

. i — 1 (right before player i) if i # 1,
] =
2 (right after player 7) ifi =1,

there exists player j’s mixed strategy ¢; in the stage game such that, given the other players’

histories a_; j),Y—(j), different (a;, ;) has different information about (a;,y;):
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Assumption 5 For any i € I, with

, i—1 ifi#1,
j e
2 ifi=1,
there exists &; € A (A;) such that, for all a_q ;) € A_j), ¥—@ ) € Y-(ij), ti,;a; € A; and

y'my: S Y:iy lf (ai7yi) # (a'/i7y7/j>7 then

E [1aj,yj | Yis yf(i,j)7 a;, a’*(i,j)7 &]] 7£ E [1(1]',3/]' | y; yf(’i,j)v a'{ia a*(’i,j)a dj} . (11)

1.3.2 Assumptions about Cheap Talk

We assume the following two forms of cheap talk are available until Chapter 5.

Perfect Cheap Talk We first assume the availability of perfect cheap talk. When a
player sends a message m via perfect cheap talk, the other players observe m directly and
m becomes common knowledge.

This communication is (i) cheap (not directly payoff-relevant), (ii) instantaneous and (iii)

public and perfect (it generates the same signal as the message to each player).

Error-Reporting Noisy Cheap Talk Between j and i with Precision p € (0,1) We
second assume that, for each pair of players j and ¢ with j # ¢, player j has an access to the
following special form of cheap talk named “error-reporting noisy cheap talk with precision
p” with precision p € (0,1) to send a binary message m € {G, B} to player 4.!!

Intuitively, this communication is (i) cheap (not directly payoff-relevant), (ii) instanta-
neous but (iii) private and noisy (it generates a private signal to player ¢ that can be different

from the original message of player j). In addition, as the name suggests, (iv) when player

UExcept for Chapter 6, p is always equal to %
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i’s signal is wrong, the “error is reported” to player i — 1 (mod N) with a high probability.
As we will see in Section 1.6, player ¢ — 1 is a “controller” of player i’s payoff.

Formally, when player j sends m to player i via error-reporting noisy cheap talk with
precision p € (0, 1), it generates player i’s private signal f [i] (m) € {G, B} with the following

probability:

for all (m, f) with f = m,
b () £} |y — P Toral (mf) m
1—p forall (m,f) with f # m.

That is, f [i] (m) is correct with probability p but incorrect with probability 1 — p.
Given the original message m and player i’s signal f [i] (m), it generates player (i — 1)’s
private signal g [i — 1] (m) € {m, E}. Intuitively, if player ¢’s signal is an error, then g[i —

1](m) = E with probability p, that is, “the error is reported” to the controller of player i

with probability p:

p  for (m, f[i](m)) with f[i] (m) # m,
1—p for (m,f[i(m)) with f[i] (m)

Pr({gli = 1] (m) = E} [ m, f il (m)) =

m.

Finally, player j — 1 (the controller of player j, the sender) observes a private signal
fa 7 — 1] (m) € {G, B} and player i — 1 (the controller of player i, the receiver) observes a

private signal gs[i — 1](m) € {G, B}. We assume that there exists n > 0 such that

e with arbitrarily fixed 7, for sufficiently large p, even after observing any fo[j — 1](m),
player i still believes that if f [i] (m) # m, then g[i — 1](m) = E with a high probabil-
ity.!?

Formally, with arbitrarily fixed 7, for sufficiently large p, f2[i] (m) and ¢ [j] (m) are

very imprecise signals compared to f[i](m) and g[j](m): for all m € {G, B}, f[i](m) €

2Tf j — 1 # 4, then player ¢ does not observe f5[j — 1](m).
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{G7 B}a g[i - 1](m) € {GvB}7 f2 S {Ga B}7 and g2 S {G7B}7

Pr({fo[j =1 (m) = f2, 921 = 1] (m) = go} [ m, fli](m),g[i = 1] (m)) = m;  (1.2)

a pair (f[i](m), f2[j — 1](m)) contains some information about the other players’ sig-

nals.
Formally, for any m € {G, B}, g[i — 1|(m) € {G, B}, f[i](m), f[i](m)" € {G, B} and

flj=1(m), fo[j=1](m)" € {G, B}, if (fli](m), fo[j = 1(m)) # (flil(m)’, f2l5 = 1](m)),
then
E [1gyfi-1(m) | M, gli = 1](m), fli)(m), fo[j — 1](m)]
—B [Lgyi-1(m) | M, gli = 1)(m), fl](m)', ol — 1](m)']

> 1. (1.3)

In this paper, we use the Euclidean norm. In general, for a random variable x € X,
we define 1, as a | X| x 1 vector such that, if z = &, the element corresponding to & is

equal to one and the other elements are zero. For example,

o
1
if go[i — 1](m) = G,
0
Lof-tjom) = [ 7 (14)
0
if go[i — 1](m) = B;
1
\ L .

and

a pair (g[i — 1](m), go[i — 1](m)) contains some information about the other players’

signals.
Formally, for any m,m’ € {G,B}, f[i|(m) € {G,B}, g[i — 1](m),g[i — 1](m)" €
{G, B} and gs[i — 1](m), gali — 1](m)" € {G, B}, if (m, gli — 1](m), ga[i — 1](m)) #

12



(m', g[t = 1)(m)', ga[i — 1](m)’), then

E [1f,(-1(m) | M, gli = 1](m), gali — 1](m), f1i](m)]

—E [1g,[j-1)im) | M/, gli — 1](m)', gali — 1](m)’, f[i)(m)]

> ). (1.5)

We assume that all the signals are private and so

e player 7 knows only m;

e player i knows only f[i] (m);

e player i — 1 knows only g[i — 1] (m) and g[i — 1] (m); and

e player j — 1 knows only fo[j — 1](m)."?

1.3.3 Assumptions about Dispensability of Cheap Talk

In Chapters 6 and 7, we show that both perfect cheap talk and error-reporting cheap talk
are dispensable. Exact sufficient conditions for dispensability are stated in Chapter 3 and
here, we state the assumptions about the cardinality of each player’s support of signals under

which the sufficient conditions in Chapter 3 are generic:

Assumption 6 The cardinality of each player’s support of signals is sufficiently large: for

any ¢ € I, we have

V)| > |A;| withj #iif N =2, (1.6)
Yl > max| A +[4,] N 23 (1.7)
VEO)
jin#i

Intuitively speaking, when player 7 sends a message to player ¢ by taking actions, with

two players, player ¢ needs to statistically infer player j’s actions, which is generically possible

131f there is a player whose index appears multiple times, then we assume that the player
knows all the signals of the players with that index. For example, if player j and player i — 1
are the same player, she knows m, g[i — 1] (m) and go[i — 1] (m).
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if (1.6) is satisfied. With more than two players, player i needs to statistically infer player j’s
action in such a way that another player n € — (i, j) cannot manipulate player i’s inference,

which is generically possible if (1.7) is satisfied.

1.4 Result

First, with Assumptions 1, 2, 3, 4 and 5, we can generically construct an equilibrium to
attain any point in int(F™) if perfect cheap talk and error-reporting noisy cheap talk are

available.

Theorem 7 If Assumptions 1, 2, 3, 4 and 5 are satisfied and perfect cheap talk and error-
reporting noisy cheap talk are available, then the folk theorem holds: for any v € int(F™*),

there exists 6 < 1 such that, for all § > 6, v € E (8).

In Chapter 3, we provide sufficient conditions to dispense with both perfect cheap talk
and error-reporting noisy cheap talk. These sufficient conditions are generic if Assumption

6 is satisfied:

Theorem 8 If Assumption 6 is satisfied, then both perfect cheap talk and error-reporting
noisy cheap talk are generically dispensable in Theorem 7: if Assumptions 1 and 6 are

satisfied, then for a generic signal distribution {¢q (y | @)}, , for any v € int(F™), there exists

y,a’
6 < 1 such that, for all § > 6, v € E (6).

Assumptions 3, 4 and 5 are also generic under Assumption 6 and so omitted in the
statement of Theorem 8.

From now on, we arbitrarily fix v € int(F*) and construct an equilibrium to support v

in a Nash equilibrium.
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1.5 Overview of the Argument

This section provides an intuitive explanation for our construction. Following Hérner and
Olszewski (2006), we see a repeated game as repetition of Tp-period review phases. Tp will
be formally defined later. In Section 1.5.1, we explain that our equilibrium is “phase-belief-
free” and how it makes our equilibrium immune to coordination failure at the beginning of
each phase. Section 1.5.2 offers the basic structure of the review phase.

To explain the details of the review phase, we assume perfect and error-reporting noisy
cheap talk is available as explained in Section 1.3.2. With these communication devices, in
Sections 1.5.3, 1.5.4 and 1.5.5, we offer the detailed explanation of the review phase.

Finally, we explain how to dispense with the communication devices in Section 1.5.6.

1.5.1 Phase-Belief-Free

As Horner and Olszewski (2006), the equilibrium is phase-belief-free. Each player ¢ has
two Tp-period-finitely-repeated-game strategies, denoted by o;(G) and o;(B). Since Tp-
period-finitely-repeated-game strategies are not fully specified strategies in the infinitely
repeated game, we call them “action plans” in the context of the infinitely repeated game.
At the beginning of each review phase, for each player i, independently of her history, any
continuation strategy that adheres to one of the two action plans ¢;(G) and o;(B) in the
review phase is optimal. We say that player ¢ taking o;(z;) with z; € {G, B} in the review
phase is “in state z; € {G, B}.

Intuitively speaking, o,;(G) is a “generous” action plan that gives a high payoff to player
i+ 1 (mod N) who takes either o;1(G) or o,,1(B), regardless of the other players’ state
profile z_¢; ;41 € {G, B} 2. On the other hand, ¢;(B) is a “harsh” action plan that gives a
low payoff to player i + 1 regardless of player (i + 1)’s action plans (including those different
from 0;41(G) and 0;11(B)) and x_(;;41). Hence, player (i — 1)’s state controls player i’s

value regardless of x_(;_1), replacing 7 with < — 1 in the previous two sentences. Since these
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two action plans are optimal at the beginning of the next phase, it is up to player i — 1
whether player i — 1 will take 0;_1(G) or o;_1(B) in the next phase. Therefore, player i — 1
with 0;_1(G) in the current phase can freely reduce player i’s continuation payoff from the
next review phase by transiting to o;_1(B) with a higher probability while player i — 1
with 0;_1(B) can freely increase player i’s continuation payoff by transiting to o;_;(G) with

a higher probability.'*

When we say “strategies” in the context of the infinitely repeated
game, they include the specification of the state transition probability. In summary, we do
not need to consider player (i — 1)’s incentive to punish player i after a “bad history” in

state G or to reward player ¢ after a “good history” in state B.

1.5.2 Structure of the Review Phase

The basic structure of the review phase is summarized as follows. At the beginning of the
review phase, the players communicate a state profile z € {G, B}". This communication
stage is named the “coordination block” since the players try to coordinate on x. The details
will be explained in Section 1.5.3.

Based on the result of the coordination block, the players play the finitely repeated
game for many periods. This step consists of multiple “review rounds.” The details will be
explained in Section 1.5.5.

Finally, at the end of the phase, the players communicate the histories in the coordination
block and review rounds. This stage is named the “report block” since the players report the

histories in the review rounds. The role of this communication will be explained in Section

1.5.4.

“Here, the changes in the continuation payoffs are measured by the differences between
player i’s ex ante value given x; ; at the beginning of the review phase and the ex post
value at the end of the review phase after player ¢ — 1 observes the history in the phase. See
Section 1.6 for the formal definition.

For example, if player ¢ — 1 with z;_; = G does not reduce player i’s continuation value,
then it means that the state of player ¢ — 1 in the next review phase is G with probability
one, so that the ex post value is the same as the ex ante value.
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1.5.3 Coordination Block

The role of the coordination block is to coordinate on z as in Hoérner and Olszewski (2006).
With the perfect cheap talk, each player tells the truth about her own state x; and the state
profile € {G, B} becomes common knowledge. In the review rounds, based on x, the
players play a(z) with a high probability on the equilibrium path. Intuitively, a(x) is the
mixed action profile taken in the “usual” histories when the state profile is x. See Section

1.6 for the formal definition of a(x).

1.5.4 Report Block

We introduce the report block where the players communicate the histories in the coordina-
tion block and review rounds. This communication enables us to concentrate on e-equilibrium
until the end of the last review round. Suppose that we have constructed a strategy profile
which is e-equilibrium at the end of the last review round if we neglect the report block. We
explain how to attain the exact equilibrium by using the report block.

Suppose that the perfect cheap talk and public randomization are available. Each player
1 is picked by the public randomization with probability %.15 The picked player ¢ sends the
whole history in the coordination block and review rounds (denoted by A*") to player i — 1.
That is, k™" is player i’s history from the beginning of the coordination block to the end
of the last review round.

Assume that player i always tells the truth about A", To make e-equilibrium exact
equilibrium, player i — 1 changes the continuation payoff of player i so that, for all ¢, after
h, it is exactly optimal to take an action prescribed by the equilibrium strategy. Since

the original strategy profile was e-equilibrium with arbitrarily small €, this can be done by

slightly changing the continuation strategy based on A" and hnain 16

BFor N > 3, the formal procedure is slightly different. See Section 5.9.

16With more than two players, player i — 1 also needs to know the histories of players
— (i —1,4). So that players —(i — 1,4) can send their histories to player ¢ — 1, we introduce
another communication stage after the report block, named the “re-report block.” Since this
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The remaining task with the perfect cheap talk and public randomization is to show the
incentive to tell the truth about h**™. Intuitively, with defining a linear space and norm prop-
‘2
with 2™ being the reported history. The optimal report A™@™ to minimize the expected
2

erly for the history, player i—1 punishes player ¢ proportionally to

main main | 7 main
P — | magn | fpain|

main main | 7, main
hi—l — |:hi—l | h‘z :|

punishment U | hf“ain} is to tell the truth: Amain — pmain 17
Since the adjustment for exact equilibrium is small, the small punishment is enough to in-

centivize player i to tell the truth. Therefore, the total changes in the continuation payoff

based on the report block do not affect the equilibrium payoft.

1.5.5 Review Rounds

Between the coordination block and the report block, the players play a T-period “review
round” for L times. Here, L € N is a fixed integer that will be determined in Section 2.6,

and

NG

T=(1-6)"

so that

T — oo and §*7 — 1 as 6 — 1. (1.8)

Intuitively, if the discount factor is large, T is sufficiently long to aggregate information
efficiently and, at the same time, the discounting over T periods is negligible since 67 goes to
unity. Throughout the paper, we neglect the integer problem since it is handled by replacing
each variable s that should be an integer with min%g\g n.

The reason why we have T" periods in each revievv_round is to aggregate private signals for

many periods to get precise information as in Matsushima (2004).'® There are two reasons

why we have L review rounds. The first reason is new: as we will explain, the signals of the

information sent by players — (i — 1,4) in the re-report block is used only to control player
i’s continuation payoff, the truthtelling incentive for players — (i — 1,4) is trivially satisfied.
See Section 5.10.

I"Note that this logic is the same as we show the consistency of generalized-method-of-
moments estimators.

18See also Radner (1985) and Abreu, Milgrom, and Pearce (1991).
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players can be correlated while Matsushima (2004) assumes that the signals are conditionally
independent. To deal with correlation, we need multiple review rounds.

The second reason is the same as Horner and Olszewski (2006). If we replace each period
of Horner and Olszewski (2006) with a T-period review round, then we need a sufficiently
large number of review rounds so that a deviator should be punished sufficiently long to
cancel out the gains in the instantaneous utility from deviation.

Below, we offer a more detailed explanation of the review rounds. In Section 1.5.5.1,
we concentrate on the first role of the L rounds by considering the case where the block
of Horner and Olszewski (2006) has one period, that is, the stage game is the two-player
prisoners’ dilemma. We will explain the general two-player game and the general more-than-
two-player game in Sections 1.5.5.2 and 1.5.5.3, respectively, where the second role of the L
rounds is important.

Whenever we consider the two-player case and we say players ¢« and j, we assume that

player j is player ¢’s (unique) opponent unless otherwise specified.

1.5.5.1 The Two-Player Prisoners’ Dilemma

In the two-player prisoners’ dilemma, we consider player i’s incentive to take o;(G) when
player j takes ¢;(G). The other combinations of (z;,z;) are symmetric. Remember that
since z is communicated via perfect cheap talk, x is common knowledge.

So that o;(G) is generous to player j, player i needs to take cooperation with ex ante high
probability. On the other hand, player j can reduce player ¢’s continuation payoff from the
next review phase based on her history within the current review phase (see the explanation
of the phase-belief-free in Section 1.5.1).

To incentivize player i to take C;, player j needs to punish player ¢ after observing a
suspicious history. On the other hand, for efficiency, player 5 should not punish player ¢ if
player i cooperates. To satisfy these two requirements simultaneously in a noisy environment,

player j needs to aggregate information over long 7' periods (review round).
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Information Aggregation Let us explain how player j aggregates information. Since
Assumption 3 implies that player j can statistically identify player ¢’s action, player j can

map her history in each period into a real number so that
E[mila] (y;) | oy, Ci] = E[mi[a] (y;) | o, Di] = u; (o, Di) — ui (o, Ci) (1.9)

where «; is player j’s equilibrium mixed action in that period and «; is the mixed action
that player j expects player 7 to take. Intuitively, conditional on «;, after observing a “good”
signal y; which occurs more likely after player ¢’s cooperation, player j gives a high point
m;[a] (y;) while after observing a “bad” signal y; which occurs more likely after player i’s
defection, player j gives a low point m;[a] (y;), so that the expected gain in points from
cooperation cancels out the loss in instantaneous utilities. We normalize 7;[a] (y;) by adding

or subtracting a constant so that
E[mila] (y;) | a;, Ci] = 0. (1.10)
Further, let @ be the maximum absolute value of the points:

u = max [m;[ef] (y;)| > 0.
7,0,Y5

As we will see in Lemma 12, this @ is well defined.
Recall that we have L review rounds. For each [th review round, player j aggregates

m;ila(l)] (y;¢) and creates player j’s score about player i:

i) = Yo mla](y)- (1.11)

t: Ith review round
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Here «; (1) is player j’s equilibrium mixed action in the [th review round and «;(l) is the
mixed action that player j expects player i to take (as will be seen, the players take i.i.d.

mixed actions in each review round).

Conditional Independence Following Matsushima (2004), assume that player i’s signals
were independent of player j’s signals conditional on any action profile a.

With z; = G, let o; (z) = (1 — 2p) C; + 2pD; with a small p > 0 be an action plan that
takes C; with high probability 1 — 2p. Intuitively, player j wants to incentivize player ¢ to
take a; () by aggregating information over the review round and the punishment should be
small if player i takes C; frequently.

This is done as follows. Let the change in player i’s continuation payoff be equal to

{—2aT+in(l)} , (1.12)

=1

where, in general, {X}_ is equal to X if X <0 and 0 otherwise. That is, player j adds the
scores from all the review rounds. From (1.9), the expected score decreases when player i
takes defection and this cancels out the gain in instantaneous utilities from defection. Hence,
as long as S, X,(I) < 2aT, player i is indifferent between cooperation and defection.

Hence, for e-equilibrium, we are left to show that player ¢ after any history believes that
Zle X; (1) < 2uT with a high probability and that efficiency is not destroyed.

From (1.9) and (1.10), the expected increase in the score in each period (that is, the
expected point) is non-positive. Therefore, by the law of large numbers, with @ > 0 and L €
N, for sufficiently large T, player ¢ believes that Zle X;(l) < 2aT with a high probability.
Since player i’s signals are independent of player j’s signals, player i cannot update any
information about player j’s signals about player 7 from player i’s history. Therefore, this
statement is correct after any history of player 7.

At the same time, since the expected value of 7;[a (1)](y;) under cooperation is 0, for

sufficiently small p, the ex ante value of X;([) is close to 0 and so the ex ante reduction of
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the continuation payoff is close to —2uT". Since there are L T-period review rounds, per-
period efficiency loss is equal to 24/ L, which can be arbitrarily small for large L. Therefore,

we are done.

Conditional Dependence Now, we dispense with conditional independence. That is,
player ¢’s signals and player j’s signals can be correlated arbitrarily. Since the expected
score is 0 under a constant cooperation, to prevent an inefficient punishment, player j cannot
punish player i after the score is excessively high (in the above example, more than 2uT).
On the other hand, if the signals are correlated, then it happens with a positive probability
that player ¢ believes that, judging from her own history and correlation, player j’s score
about player ¢ has been excessively high already. Then, player ¢ wants to start to defect.

More generally, it is impossible to create a punishment schedule that is approximately
efficient and that at the same time incentivizes player 7 to cooperate after any history. Hence,
we need to let player i’s incentive to cooperate break down after some history. Symmetrically,
player j also switches her own action after some history.

Intuitively, player ¢ switches to a constant defection after player i’s expectation of player
J’s score about player 7 is much higher than the ex ante mean. We want to specify exactly
when each player ¢ switches to a constant defection based on player i’s expectation of player

7’s score about player 1.

Reflective Learning Problem However, this creates the following problem: since player
1 switches her action based on player ¢’s expectation of player j’s score about player ¢, player
1’s action reveals player i’s expectation of player j’s score about player i. Since both “player
1’s expectation of player j’s score about player i” and “player i’s score about player j” are
calculated from player i’s history, player j may want to learn “player 7’s expectation of player
j’s score about player ¢” from “player j’s signals about player i’s action.” If so, player j’s
decision of actions depends also on player j’s expectation of player i’s expectation of player

j’s score about player i. Proceeding one step further, player i’s decision of actions depends

22



on player i’s expectation of player j’s expectation of player i’s expectation of player j’s score

about player ¢. This chain of “reflective learning” continues infinitely.

Error-Reporting Noisy Cheap Talk Cuts off the Reflecting Learning We want to
construct an equilibrium that is not destroyed by the reflective learning. From the discussion
of the report block, we can focus on e-equilibrium. This means that, to verify an equilib-
rium, it is enough to show that each player believes that her action is optimal with a high
probability (not probability one). To prevent the reflective learning, we take advantage of
this “e slack” in e-equilibrium and the noise in the error-reporting noisy cheap talk explained
in Section 1.3.2.

The basic structure is as follows. Recall that we have L T-period review rounds. At the
beginning of each [th review round, in a normal history (we will define the “normal” history

later), player j decides to take one of the following three mixed action plan

a;(z) = (1 —p)Ci+ pD;,
a; (1) =1 a;(z) = (1 —2p) Ci + 2pD;, (1.13)
a; (z) = (1= 3p) C; + 3pD;,

)

with probability
n/2,
L—mn,
/2,
respectively with small p,n > 0. Once player j decides «; (1), player j takes an action
according to a;(l) i.i.d. within the [th review phase.
Note that player j takes the same action plan «; (z) as in the case with conditional
independence with a high probability. If «; () # «;(z), then player j makes player i

indifferent between any action profile sequence from the [th review round. This can be done
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by changing the transition probability to x; = B at the beginning of the next review phase.
See the definition of 7’ [a;(1)](y;) in Section 2.3.
At the end of each Ith review phase, player j’s history is partitioned into the following

two:

e player j’s score about player 7 has been “not erroneously high”: X;(l) < %T for all

[=1,..1 or

e player j’s score about player i has been erroneously high: there exists [ = 1, ..., [ with

X;(1) > LT,

In the former case, we say A;(l + 1) = G and in the latter case, we say \;(l + 1) = B.
Intuitively speaking, if A\;(I + 1) = G, then player i will be indifferent between C; and D,
in the (I 4 1)th review round and so «; (I) is optimal. On the other hand, if \;(I +1) = B,
then player i should switch to a constant defection from the (I + 1)th review round.

Player j informs player i of \;(I+1) by sending A;(I+1) to player ¢ by the error-reporting
noisy cheap talk with precision p = 1 — exp(—T'2). Player i observes f[i](\;(I +1)). If there
is an error, that is, if f[i](A\;({ + 1)) # A;({ 4+ 1), then the error is reported to player j, that
is, g[j](A\;(Il + 1)) = E with high probability 1 — exp(—T72). If the error is reported, then
player j will make player ¢ indifferent between any action profile from the (I + 1)th review
round. Again, see the definition of 7}’ [a;(1)](y;) in Section 2.3 for how to do this. Note that
this change of player j’s continuation strategy does not affect player ¢’s incentive since the
probability of an error and the probability of error-reporting are independent of player j’s
message.

Consider player ¢’s incentive at the end of the /th review round, calculating the optimal
action in the (I 4+ 1)th review round. We partition player ¢’s history into two classes: normal
and abnormal.

We say player ¢’s history at the end of the lth review round is normal if, for all the

previous rounds [ =1, ..., 1,
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1. player ¢ (symmetrically to player j) picks «;(l) = a;(x);

2. the realized frequency of player i’s action in the ith review round is actually close to

a;(x); and

3. player ¢’s signal frequency during the periods when player i takes cooperation in the
[th review round is close to the affine full of player i’s signal frequency with respect to
player j’s actions:

aff ({qZ (Ci;aj)}ajeAj) :

As defined in Assumption 3, ¢; (o) = (¢i(vi | @)),, is player i’s signal distribution under

Y

.

Otherwise, we say player ¢’s history is abnormal. If player i’s history is abnormal, then
player ¢ will make player j indifferent between any action profile. See the definition of
75 [ai(1)](y:) in Section 2.3 for how to do this. Note that this change of player i’s continuation
strategy does not affect player j’s incentive since whether player i’s history is normal or not
is not controllable for player j (Conditions 1 and 2 are determined by player ¢’s mixture and
Condition 3 takes the affine hull with respect to player j’s action).

After the normal history, player ¢ disregards player j’s message about \;(/+ 1) and keeps
taking a;(l + 1) in the (I + 1)th review round defined symmetrically to (1.13). The almost
optimality of this action plan is explained as follows: roughly speaking, since player ¢ has
taken C; very often in the previous rounds (see Conditions 1 and 2 of the normal history),
player ¢ can concentrate on periods when player ¢ took C; to infer player j’s score about
player .

If player i’s signal frequency is very close to the ex ante distribution under a;(z), then

player 7’s conditional expectation of player j’s score about player i is also close to the ex
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ante mean of the score, that is, player ¢ puts little belief on the event that A\;(l + 1) = B.
Since the length of the review round is T, this believe is no more than exp(—©(T)).*

If player 4’s signal frequency is not close to the ex ante distribution under o;(x), then
it is likely that player j took a;(x) (a; (v), respectively) if the frequency is skewed toward
i (Ci,C;) (i (Cy, Dj), respectively) compared to g; (C;, a; (z)) since a;(z) (o, (x), respec-
tively) takes C; (D;, respectively) more often than «;(z). In this case, player j makes any
action optimal for player i. Note that since player i’s signal frequency is close to the affine
hull of player i’s signal distributions with respect to a;, whenever player i’s signal frequency is
not close to the ex ante distribution under a;(z), it should be skewed either toward ¢; (C;, C;)
or ¢; (Ci, Dj).

Hence, in both cases, player ¢ is almost indifferent between C; and D;. Note that the above
discussion is only before player i learns about player j’s history from player j’s continuation
action plan.

Before proceeding to the learning problem, let us specify player i’s action plan after the
abnormal history (that is, at least one of Conditions 1, 2 and 3 is violated). In this case,
player ¢ obeys player j’s message: if f[i|(\;({ 4+ 1)) = G, then player i keeps taking a;(l + 1)
as prescribed by (1.13) in the (I + 1)th review round. If f[i](A\;(I + 1)) = B, then player i
switch to a constant defection from the (I + 1)th review round.

The remaining questions are (i) how we can make sure that the reflective learning does
not destroy an equilibrium, (ii) how we can incentivize player j to tell the truth about
Aj(l 4 1), and (iii) whether efficiency is preserved.

Consider the first question. When player ¢ obeys the message, the error is reported with
a high probability (if any) and player j’s action plan symmetrically defined to player i’s
action plan is independent of whether the error is reported or not. Hence, regardless of the
learning about player j’s continuation action plan, player i keeps a high belief on the event

that, if there is an error in f[i]();({ + 1)), then the error is reported to player j.

YFor a variable X7 which depends on T, we say X7 = exp(—©O(T)) if and only if there
exist ki, ks > 0 such that exp(—kT) < Xp < exp(—koT) for sufficiently large T.
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When player i disregards the message, there are two channels for the learning about
player j’s score through player j’s continuation action plan. The first one is player ¢’s signals
coming from player j’s message about A;(l + 1) by the error-reporting noisy cheap talk.
Since the order of noise, exp(—1'z), is much larger than the original belief on \;(I+1) = B,
exp(—O(T)), it is almost optimal for player i to disregard the message.

The second channel is through player j’s reaction to player ¢’s message. When player ¢
learns that player j will play a constant defection, this means player j has obeyed player ¢’s
message, which means player j makes player ¢ indifferent between any action profile sequence.
Hence, learning this event is not a problem.

When player i learns that player j will play a;(I + 1) as prescribed by (1.13), the prob-
lematic history of player ¢ is as follows: player i originally believes that player j’s history
should have been abnormal (for example, player ¢ believes that player j took a;(z)), player
i has sent \;(I +1) = B for some [ = 1, ..., 1 (that is, has told player j to defect), no error is
reported to player i, but player j will play «;(l + 1) as prescribed by (1.13). If player j took
a;(z) as player i believes, then player j should have obeyed the message. Hence, without an
error, it would be inconsistent. There are two possibilities: player ¢’s original belief about
player j’s history was wrong or although the error was not reported, player j’s signal was
wrong (f[j](M(l + 1)) = G) and player j has obeyed player i’s message. The second event
can happen with probability exp(—ZT%), which is bigger than the original belief about the
first event exp(—O(T")), and player i can attribute this inconsistency to the second case and
adhere to player i’s original belief about player j’s history.

Therefore, due to the noise in the error-reporting noisy cheap talk and e slack in e-
equilibrium, player ¢ can neglect the learning from player j’s continuation action plan.

Consider the second problem to incentivize player j to tell the truth about A;(l + 1).
Remember that player ¢ does not disregard the message only after the abnormal history.

Hence, player ¢ has made player j indifferent between any action profile sequence whenever
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player j’s message matters, which implies player j is indifferent between player ¢ cooperating
and defecting. Hence, the truthtelling incentive is satisfied.

Finally, with high probability 1 — 2p, player ¢ takes «;(l) = «a;(x) for each lth review
round. Then, by the law of large numbers, the realized frequency of player i’s action is
close to a;(x). Again, by the law of large numbers, player ¢’s signal frequency is close to
the affine full of player ¢’s signal frequency with respect to player j’s actions. Hence, player
1’s history is normal and takes cooperation with a high probability. Further, an error and

error-reporting do not happen with a high probability. Hence, efficiency is preserved.

Summary Let us intuitively summarize the equilibrium construction. Although the break-
down of cooperation after abnormal histories is inevitable, we need to verify that the reflective
learning does not destroy the incentives.

To make it possible for player i to take an optimal action depending on player j’s score
about player ¢, player j informs player ¢ of the optimal action via the error-reporting noisy
cheap talk.

When player ¢ calculates player ¢’s optimal action, although player i’s signal frequency is
not close to the true distribution under «;(x), as long as it is close to the affine hull of player
1’s signal distributions with respect to player j’s action, player ¢ believes that player j’s
action is not equal to a;(z) and that player ¢ is indifferent between any action. Therefore,
player i disregards player j’s message. Player ¢ can neglect the learning from player j’s
continuation action plan since there is noise in the error-reporting noisy cheap talk and we
can concentrate on almost optimality because of the report block.

When player i obeys player j’s message, on the other hand, the error (if any) should be
reported to player j and player j’s continuation action plan is independent of whether the
error is reported or not. Therefore, player i can obey the message without being worried

about a mistake, neglecting the learning from player j’s continuation action plan.
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1.5.5.2 General Two-Player Game

Now, we consider the second role of L, that is, we consider the general two-player game where
the block of Horner and Olszewski (2006) has more than one period. We still concentrate
on the two-player case.

Imagine that we replace each period in Horner and Olszewski (2006) with a T-period
review round. We need L review rounds so that, when player ¢ uses the harsh strategy,
regardless of player j’s deviation, we can keep player j’s value low enough. If player j
deviates for a non-negligible part of a review round, then by the law of large numbers, player
1 can detect player j’s deviation with a high probability. If player ¢ minimaxes player j from
the next review round after such an event, then player j can get a payoff higher than the
targeted payoff only for one review round. With sufficiently long L, therefore, player j’s
average payoff from a review phase can be arbitrarily close to the minimax payoft.

A known problem to replace one period in Horner and Olszewski (2006) with a review
round is summarized in Remark 5 in their Section 5. Player i’s optimal action in a round
depends on player j’s signals in the past rounds. Player ¢ calculates the belief about player
J’s past signals at the beginning of the round and starts to take an action that is optimal from
her belief. While player ¢ observing signals in that round, since player j’s actions depend on
player j’s signals in the past rounds, player ¢ may realize that player j’s actions are different
from what player ¢ expected from her belief about player j’s signals. Then, player ¢ needs
to correct her belief about player j’s past signals.

Realize that this is the same “reflective learning” problem as we have dealt with for
A;(l+1). Here, we will proceed as follows: first, as in (1.13), player j takes a;(l) = o, (2)
with a high probability. However, player j also takes action plans different from o (z)
with a positive probability, which are comparable to a; (r) and a; () in the two-player
prisoners’ dilemma. In a general game, player j takes a minimaxing action plan with a
positive probability in addition to those comparable to a; (z) and o (z).

Second, at the end of the /th review round, when player ¢ has a history such that

29



1. player ¢’s history is normal as defined in Section 1.5.5.1 and

2. for some past [th review round with [ < 1,...,1, player i observes a signal frequency

that is not close to the ex ante mean of player i’s signal distribution under o;(z),

then, player ¢ will minimax player j from the (I + 1)th review round with a high prob-
ability. However, there is a positive probability with which player i “forgives” player j and
keeps taking «;(l) defined in the first step. Player j’s strategy is symmetrically defined.
Importantly, since player j takes a minimaxing action plan in the first step, the support
of player j’s action plans in the next review round does not depend on whether player j’s
history satisfies Conditions 1 and 2.

Note that, whether or not player j deviates, player i’s history is normal with a high
probability as explained in Section 1.5.5.1. If Condition 2 is satisfied, then it is likely that
player j took an action plan different from «; (z). This is comparable to player ¢ putting
a high belief on a;(z) (a; (), respectively) if the frequency is skewed toward g¢; (C;, Cj)
(¢; (Ci, Dj), respectively) compared to ¢; (C;, a; ()) in the prisoners’ dilemma. If this belief
is correct, then player 7 makes any action optimal for player i. Therefore, player ¢ will punish
player j by taking a minimax action plan from the next review round with a high probability.

We are left to verify that player i’s learning about the optimal action from player j’s
continuation action plan does not change player i’s incentive. The new learning in addition
to the learning explained in Section 1.5.5.1 is whether player j will take a minimaxing action
plan or not. However, as we have explained above, the support of player j’s action plans in
the next review round does not depend on whether player j will minimax player ¢ or not as

long as player j’s history is normal. Hence, player ¢ cannot update the belief so much.

1.5.5.3 General More-Than-Two-Player Game

Finally, we consider a general game with more than two players. There are two problems

unique to a game with more than two players: first, if player i’s state z; is B, then player
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(1 + 1)’s value should be low. Since player 7 is in the bad state, player i can only increase
the continuation payoff of player ¢ + 1. That is, we cannot punish player ¢ + 1 by reducing
the continuation payoff. Hence, players — (i + 1) need to minimax player ¢ + 1 if player i + 1
seems to have deviated. With two players, player i is the only opponent of player ¢ 4+ 1
(141 = j in the two-player game) and so it suffices for player ¢ to unilaterally punish player
t + 1. Thus, the punishment explained in Section 1.5.5.2 works. On the other hand, with
more than two players, we need to make sure that players — (i + 1) can coordinate on the
punishment. This coordination can be done by communication among all the players about
who will be punished at the end of each review round. See Chapter 5 for the details.
Second, there will be a new problem when we dispense with the perfect cheap talk in the
coordination block. We will address this issue when we discuss dispensability of the perfect

cheap talk in Section 1.5.6.2.

1.5.6 Dispensing with Special Communication Devices

We are left to dispense with the special communication devices introduced in Section 1.3.2.
We first explain the dispensability in the two-player game and then proceed to the dispens-

ability in the more-than-two-player game.

1.5.6.1 Two Players

Dispensing with the Perfect Cheap Talk for + We explain how to replace the perfect
cheap talk for the coordination on x in the coordination block with messages via actions.
We proceed in steps.

First, we replace the perfect cheap talk with the error-reporting noisy cheap talk. By
exchanging messages by the error-reporting noisy cheap talk several times, each player ¢ can
construct the inference of x, denoted by z(i). The important properties to establish are (i)
x(i) = z for all # with a high probability, (ii) the communication is incentive compatible, and

(iii) after realizing that x(i) # x(j), that is, after player i realizes that player i’s inference is
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different from player j’s inference, player ¢ believes that player j should have realized that
there was an error in the communication and that player j has made player ¢ indifferent
between any action profile sequence in all the review rounds with a high probability. This

enables player i to stick to her own inference. See Chapter 6 for the details.

Dispensing with the Error-Reporting Noisy Cheap Talk Second, we replace the
error-reporting noisy cheap talk with messages via actions. Given the discussion above, by
doing so, we can dispense with the perfect cheap talk in the coordination block and the
error-reporting noisy cheap talk in the review rounds.

Consider the situation where player j sends a binary noisy cheap talk message m €
{G, B} to player i with precision p = 1 — exp(—T"%) with k£ € (0,1) (in Section 1.5.5.1,
k =1/2). With two players, player i — 1 is equal to player j. Remember that the important
properties that we use in Section 1.5.5.1 are (i) cheap, (ii) instantaneous, and (iii) precise
with probability 1 — exp(—0O(T"%)): there exist ¢y, cz,c3 > 0 such that, for sufficiently large
T, (ili-a) f[i](m) = m with probability no less than 1 — ¢p; (iii-b) if f[i](m) # m, then
glj](m) = E with probability no less than 1 — exp(—c,T*); (iii-c) any signal pair can occur
with probability no less than exp(—c3T*).

Instead of the error-reporting noisy cheap, player j (sender) sends the message via actions:

player j with message m determines z;(m) € {G, B, M} such that

m with probability 1 — 7,
zj(m) =4 {G,B}\ {m} with probability /2,

M with probability 1/2
and player j takes
(1—p)a§ + pa? if zj(m) = G,
o™ =0 (1= p)aP + paS  if z(m) = B,
305 + 3a? if zj(m) =M
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with p < % for T* period. That is, player j sends the “true” message ajj (m) _ o with high
probability 1—7. On the other hand, player j “tells a lie” with probability n: with probability

n/2, player j sends the opposite message z;(m) = {G, B} \ {m} and with probability 7/2,

player j “mixes” two messages: zj(m) = M and aj»” = %CL]G + %af . When player j tells a
lie, player 7 makes player i indifferent between any action profile, which corresponds to the

situation where the error is reported: g[j](m) = E.

receive
)

Player i (receiver) takes some mixed action « . Player 7 needs to infer the message
from her private history.

There are three difficulties: the message exchange is now (i) payoff-relevant, (ii) takes
time and (iii) imprecise.

Since T* < T with k € (0,1), the length of the communication is much shorter than
that of the review rounds. Therefore, we can deal with the first difficulty by changing the
continuation payoffs to cancel out the differences in instantaneous utilities. With T% <
T, this does not affect the equilibrium payoff, that is, the equilibrium payoff is mainly
determined by instantaneous utilities and changes in the continuation payoff from the T-
period review rounds. (ii) In addition, 7% < T implies that the second difficulty does not
affect the equilibrium payoff either.

(iii) We are left to consider the third difficulty. We want to create a mapping from player
i’s history to f[i|(m) € {G, B} to preserve (iii-a), (iii-b) and (iii-c).

The basic intuition is as follows. Suppose that player i calculates the log likelihood
between z;(m) = G and z;(m) = B. If one of them is sufficient larger than the other,
then player ¢ infers that the one with the higher likelihood is the true message. If the log
likelihoods for z;(m) = G and z;(m) = B are similar, then since the log likelihood is strictly

concave, player ¢ puts a high belief on the event that z;(m) = M, which means z;(m) # m

and player j makes player 4 indifferent. Therefore, pick f[i](m) € {G, B} arbitrarily.
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Since player j takes all the possible z;(m) with probability at least 7/2, the likelihood
conditional on m = G and that conditional on m = B are close to each other. Therefore,

the following inferences are well defined:

e if there exists z; € {G, B} such that, for all m € {G, B}, the likelihood of z;(m) = z;
is sufficiently higher than that of z;(m) = {G, B} \ {#;} conditional on m, then player

i infers f[i](m) = z;; and

e otherwise, for all m € {G, B}, conditional on m, player ¢ puts a high belief on z;(m) =

M and picks f[i](m) € {G, B} arbitrarily.

This satisfies (ili-a) and (iii-b) since (iili-a) f[i](m) = z;(m) with a high probability by
the law of large numbers and (iii-b) conditional on true m, if f[i|(m) # m, then it is very
likely that z;(m) # m and that player j makes player ¢ indifferent.

We are left to show that (iii-c) any signal pair can occur with probability no less than

exp(—coT*) for some c,. With full support of the distribution of signal profile y, this is true.

Dispensing with the Perfect Cheap Talk and Public Randomization in the Report
Block We are left to dispense with the perfect cheap talk and public randomization in the
report block about h3n,

First, we replace the perfect rich cheap talk to send h"®" with perfect cheap talk that can
send only a binary message. We attach a sequence of binary messages to h**™. To send h™
player i sends the sequence of binary messages corresponding to h"#". Expecting that we
will replace the perfect cheap talk with messages via actions, we make sure that the number
of binary messages sent is sufficiently smaller than 7. Otherwise, it would be impossible
to replace the cheap and instantaneous talk with payoff-relevant and taking-time messages
via actions. Since each period in each review round is i.i.d., it suffices that player i reports
how many times player ¢ observes an action-signal pair (a;,y;) for each (a;,y;) € A; x Y; for

each review round. Hence, the cardinality of the relevant history is approximately 7F14:lY:l,
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Since each message is binary, the number of binary messages necessary to send the relevant
history is log, T%14il1Yl | which is much smaller than 7.

Second, we dispense with the public randomization. Recall that we use the public ran-
domization to determine who will report the history such that (i) ex ante (before the report
block), every player has a positive probability to report the history, and that (ii) ex post
(after the realization of the public randomization), there is only one player who reports the
history.

To see why both (i) and (ii) are important, remember that the equilibrium strategy would
be only e-optimal without the adjustment based on the report block. Thus, to attain the
exact optimality, it is important for each player in the review rounds to believe that the
reward will be adjusted with a positive probability. Therefore, (i) is essential.

(ii) is important because, the logic to incentivize player i to tell the truth uses the fact
that player ¢ does not know h;mm (again, with two players, player i — 1 is player j). If player
1 could observe a part of player j’s sequential messages which partially reveal h;nain before
finishing reporting h"#" then player i may want to tell a lie.

We show that the players use their actions and private signals to establish the properties
(i) and (ii), without the public randomization.

Third, we replace the perfect binary cheap talk with noisy binary cheap talk. Before
doing so, we explain what property of the communication is important in the report block.
The role of the report block is for player j to adjust player ¢’s continuation payoff so that
0;(G) and 0;(B) are both exactly optimal. Since this adjustment does not affect player j’s
payoff, while player i sends hP3", player j (the receiver) does not care about the precision
of the message. On the other hand, if player i realizes that her past messages may not have
transmitted correctly in the middle of sending a sequence of messages, then we cannot pin
down player i’s optimal action plan after that.

Therefore, we consider conditionally independent noisy cheap talk such that, when player

i sends m € {G, B}, player j receives a signal fC[j](m) € {G, B}. The message transmits
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correctly, that is, f°i[j](m) = m, with a high probability. Player i receives no information
about f[j](m), so that player i can always believe that the message transmits correctly
with a high probability. Then, the truthtelling is still optimal after any history.

Finally, we replace the conditionally independent noisy cheap talk with messages via
repetition of actions. Although we do not assume conditional independence of signals a
priori or do not assume that 2 |Y;| < |A;]|Y;],? as long as the adjustment of the continuation
payoftf based on the messages is sufficiently small, we can construct a message exchange
protocol such that the sender always believes that the message transmits correctly with a

high probability. We defer the detailed explanation to Section 6.7.5.1 in Chapter 6.

1.5.6.2 More Than Two Players

With more than two players, we follow the same step as in the two-player case to dispense
with the communication devices. Each step is the same as in the two-player case with player
J replaced with player ¢ — 1 except for the following two differences: first, how to replace the
perfect cheap talk in the coordination block with the noisy cheap talk and second, how to
make sure that the players other than a sender and a receiver do not have an incentive to
manipulate the communication by changing their actions.

Recall that player ¢ informs the other players —i of z; in the coordination block. With
two players, there is only one receiver of the message. On the other hand, with more than
two players, there are more than one receivers of the message. If some players infer z; is
G while the others infer z; is B, then the action that will be taken with a high probability

in the review rounds may not be included in {a(z)} . Since we do not have any bound

o
on player i’s payoff in such a situation, it might be of player i’s interest to induce this.
Since we assume that the signals from the error-reporting noisy cheap talk when player

1 sends the message to player j are private, if we let player ¢ inform each player j of z;

**The latter implies that we cannot use the method that Fong, Gossner, Horner, and
Sannikov (2010) create A’ (y’) in their Lemma 1 to preserve the conditional independence
property.
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separately, then player ¢+ may want to tell a lie to a subset of players. In Chapter 7, we
create a message protocol so that, while the players exchange messages and infer the other
players’ messages from private signals in order to coordinate on x;, there is no player who
can induce a situation where some players infer z; is G while the others infer z; is B in order
to increase her own equilibrium payoff. Yamamoto (2012) offers a procedure to achieve this
goal with conditionally independent monitoring. Our contribution is a non-trivial extension
of his procedure so that it is applicable to a general monitoring structure.

When we dispense with the error-reporting noisy cheap talk, in the two-player game, it
suffices to verify that the sender has an incentive to tell the truth (take actions as prescribed
by the strategy) and the receiver has an incentive to receive a message as prescribed by the
strategy. With more than two players, we also need to make sure that players other than
the sender and the receiver do not have an incentive to deviate in order to manipulate the
receiver’s signal distribution and inference. See Chapter 7 for the formal treatments of this

incentive problem.

1.6 Finitely Repeated GGame

In this section, we consider a Tp-period finitely repeated game with a “reward function.”
Intuitively, a finitely repeated game corresponds to a review phase in the infinitely repeated
game and a reward function correspond to changes in the continuation payoft.

We derive sufficient conditions on strategies and reward functions in the finitely repeated
game such that we can construct a strategy in the infinitely repeated game to support v.
The sufficient conditions are summarized in Lemma 9.

Let 017 : H'? — A (A;) be player i’s strategy in the finitely repeated game. Let X7 be
the set of all strategies in the finitely repeated game. Each player ¢ has a state z; € {G, B}.

In state z;, player i plays o; (z;) € 277,
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In addition, locate all the players on a circle clockwise. Each player ¢ with x; gives a
“reward function” 74y (z;, - : 6) : H/"™ — R to the left-neighbor i + 1 (identify player N + 1
as player 1).>! The reward functions are mapping from player i’s histories in the finitely
repeated game to the real numbers.

Our task is to find {o; (2;)},, ; and {mis1(2i, - : 6)}4,4 such that, for each i € I, there are

two numbers v, and v; to contain v between them:
v, < v; < U (1.14)

and such that there exists T with limg_.; 677 = 1 which satisfies the following conditions:

for sufficiently large ¢, for any ¢ € I,

1. for any combination of the other players’ states z_; = (z,)nz € {G, B}, it is

optimal to take o; (G) and o; (B):

Tp

0;(G),0;(B) € arg max [E Zét_lui (ar) + mi(zi_, B 8) | 0l o_i(z_y) | ;
o Pex; P t=1

(1.15)

2. regardless of x_(;_), the discounted average of player i’s instantaneous utilities and

player (i — 1)’s reward function on player i is equal to v; if player (i — 1)’s state is good

(x;—1 = G) and equal to v, if player (i — 1)’s state is bad (z;_; = B):

Tp 5.3 _
1-6 v if vy =G,
B | D8 s () e W 2 6) | o) = (1.16)
- t=1 v, ifx; 1 =B
for all z_(;_1y) € {G, B}~
Intuitively, since limg_.; % = ﬁ, this requires that the time average of the expected

sum of the instantaneous utilities and the reward function is close to the targeted

payoffs v; and v;; and

2 The players are inward-looking,.
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3. ;T;If converges to 0 faster than m;(z;_1, hinlH : 0) diverges and the sign of m;(z;_1, hinlﬂ :
8) satisfies a proper condition:
lims_, ;T;If SUp, | Tt |mi (@i, hlrtt . §)| =0,
(G, RI76) <0, (1.17)

mi(B, bl 8) > 0.

We call (1.17) the “feasibility constraint.”

As seen in Section 1.5, (1.17) implies that player i — 1 with x;_; = G can reduce player
1’s continuation payoff by transiting to x;_; = B with a higher probability while player
1—1 with x;_; = B can increase player ¢’s continuation payoff by transiting to x;_; = G

with a higher probability.

We explain why these conditions are sufficient. As explained in Section 1.5, we see the
infinitely repeated game as the repetition of Tp-period review phases.

In each review phase, each player i has two possible states {G, B} 3 z; and player ¢ with
state x; takes o;(x;) in the phase. (1.15) implies that both 0;(G) and o;(B) are optimal
regardless of the other players’ states. (1.16) implies that player i’s ex ante value at the
beginning of the phase is solely determined by player (i — 1)’s state: o;_1(G) gives a high
value while o;_1(B) gives a low value.

Here, m;(x;_1, h;[ffr . 8) represents the differences between player i’s ex ante value given
x;_1 at the beginning of the phase and the ex post value at the end of the phase after player
i — 1 observes hj "t w21, k7T 2 8) = 0 implies that the ex post value is the same
as the ex ante value since player ¢ — 1 transits to the same state in the next phase with
probability one. With z;_; = G (B, respectively), the smaller m;(G, k""" : 6) (the larger
(B, h;[ffr 1 0), respectively), the more likely it is for player i — 1 to transit to the opposite
state B (G, respectively) in the next phase. The feasibility of this transition is guaranteed

by (1.17).
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The following lemma summarizes the discussion:

Lemma 9 For Theorem 7, it suffices to show that, for any v € int(F™*), for sufficiently
large &, there exist {v;,v;}icr with (1.14), Tp with lims_; 6™ = 1, {{o; (¥:) }eicfc,B) bier
and {{7m;(z;—1,- : 0)}s,_1c{c,B} }ier such that (1.15), (1.16) and (1.17) are satisfied in the

Tp-period finitely repeated game.

Proof: See Section 1.9. g

From now on, when we say player i’s action plan, it means player i’s behavioral mixed
strategy o; (z;) within the current review phase (or, the finitely repeated game). On the
other hand, when we say player i’s strategy, it contains both o; (z;) and 7;1(x;, - : §) which
determines player ¢’s continuation strategy from the next review phase.

Let us specify v, and v;. This step is the same as Horner and Olszewski (2006). Given
x € {G, B}, pick 2" action profiles {a(2)},c(q pyv- As we have mentioned, player (i —1)’s
state ;1 refers to player i’s payoff and indicates whether this payoff is strictly above or
below v; no matter what the other players’ states are. That is, player (i — 1)’s state controls

player i’s payoff. Formally,

maXBui(a(x)) < < minGui(a(:E)) for all i € I.
TiTi_1= T 1=

For example, in the two-player prisoners’ dilemma, for x = (G, G), a;(x) = C;.

Take v, and v; such that

max{v;‘, max ui(a(a;))} <wv, <v; <T; < min_wu(a(z)). (1.18)

z:x;_1=B r:x; 1=G

Remember that v} is player ¢’s minimax value. From now on, without loss, we assume that
a*; is a perfectly mixed action plan: a*; (a_;) > 0 for all a_; € A_;. Otherwise, perturb o*,
slightly so that each player j € —i takes all the actions in A; with a positive probability and
(1.18) still holds.
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Action profiles that satisfy the desired inequalities may not exist. However, if Assumption
1 is satisfied, then there always exist an integer z and 27 finite sequences {a;(x),...,a,(x)}
ze{G,py~ such that each vector w;(z), the average discounted payoff vector over the sequence
{a(x),

-, 0;(7) }zeqc, By, satisfies the appropriate inequalities provided 6 is close enough to 1. The
construction that follows must then be modified by replacing each action profile a(x) by the
finite sequence of action profiles {a1(z), ..., a.(z)},eqc,pyv. Details are omitted as in Horner
and Olszewski (2006).

Given p > 0 that will be determined later, for each i, given a (), we perturb a; (z) to
a;(x) so that player ¢ takes all the actions in A; with a positive probability no less than 2p:
taking a; (z) with probability 1 — 2 (|A;] — 1) p and take a; # a; (x) with probability 2p. For
example, in the two-player prisoners’ dilemma, for z = (G, G), a(z) = (1 — 2p) C; + 2pD; as
in (1.13).

Let {w(z)}

2e{G,B}N be the corresponding payoff vectors under « (x):

w(z) = u(a(z)) with z € {G, B} . (1.19)
As we will see in Section 2.6, with sufficiently small p, (1.18) implies
r:z;_1=G

max{vj,x'inangi(x)} <y <v; <U; < min_ w;(x). (1.20)
1=

Below, we construct {o; (z;)}s,; and {m;(x;_1,- : 6)}s, .. satisfying (1.15), (1.16) and

(1.17) with 9; and v, defined above in the finitely repeated game.

1.7 Coordination, Main and Report Blocks

In this section, we explain the basic structure of the Tp-period finitely repeated game. At

the beginning of the finitely repeated game, there is the “coordination block.” In the finitely
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repeated game, the players play the action-plan profile a(z) depending on the state profile
T = (Tn),e; €1G,B V. Since =; is player i’s private state, player ¢ informs the other players
—1 of x; by sending messages about x;.

As seen in Section 1.5, we first assume that the players can communicate x via perfect
cheap talk. The players take turns: player 1 tells x; first, player 2 tells x5 second, and so
on until player N tells zy. With the perfect cheap talk, this block is instantaneous and
x becomes common knowledge. Second, we replace the perfect cheap talk with the error-
reporting noisy cheap talk. As we will see, with two players, this block is still instantaneous
while with more than two players, this block now consists of many periods. More importantly,
2 is no longer common knowledge. Finally, we replace the error-reporting noisy cheap talk
with messages via actions. Since the players repeat the messages to increase the precision,
this block takes time.

After the coordination block, we have “main blocks.” One main block consists of a review

round and a few supplemental rounds. The review round lasts T periods with

N[

T=(1-6)"

as seen in Section 1.5. After that, for each player i, each player j € —i sends messages
about what is player i’s optimal action in the next round. As explained in Section 1.5, we
first assume that player j sends the messages via error-reporting noisy cheap talk. With
the error-reporting noisy cheap talk, this message is sent instantaneously. Then, we replace
the error-reporting noisy cheap talk with messages via actions. Since the players repeat the
messages to increase the precision, sending the messages takes time.

Let hi"2i" be a generic element of player i’s history at the end of the last main block, that
is, player ¢’s history in the coordination block and all the main blocks.

After the last main block, we have the “report block” where each player reports k"2, We

first assume that the players decide who will report the history by the public randomization
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device and that the picked player reports h"*™ by the perfect cheap talk. Then, this block
is instantaneous. Second, we dispense with the public randomization. Third, we replace the
perfect cheap talk with conditionally independent (noisy) cheap talk. Fourth, we dispense
with the conditionally independent cheap talk.

When we say h;fpp *1 this denotes player s history at the end of the report block, that

is, h;”*! contains both A" and what information player 4 receives about (h@ain) _in the
nel

report block.

1.8 Almost Optimality

As seen in Section 1.5, we first show that player i’s strategy is “almost optimal,” or that
the strategy profile is “c-equilibrium” with & = exp(—©(7'z)) until the end of the last main
block if we neglect the report block. After that, based on the communication in the report
block, player ¢ — 1 adjusts the reward function so that player i’s strategy is exactly optimal
after any history in any period of the review phase if we take the report block into account.

We divide the reward function into two parts:
Ti(@iy, P 6) = aman (g R ) 4 PO (g RIPET L6),

Note that 72 (z; ;, han : §) is the reward based on player (i — 1)’s history except for the

report
7

report block and that (2i_1,h "™ 2 6) is the reward based on player (i — 1)’s whole

history including the report block. As we will see, 7P (z;_1, h' 7' : §) is the adjustment
that we mention above.

As a preparation to prove the existence of m; with (1.15), (1.16) and (1.17), we first

construct 7#" such that
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1. oy(z;) is “almost optimal with exp(—O(T'2)) if we ignore the report block”: for all

i €I and x € {G, B}", for any 7 and h] in the coordination and main blocks,

MaX,, ¢ main 1 [ 6 Mg (ag) + TR0 (g, B2 8) | B0, O'fi<x7i)]

B [S005, 8 i () + T (o, B 6) | B ()]

N

< exp(—O(T?)). (1.21)

Here, Y0 is the set of all possible strategies in the coordination and main blocks;

and

2. (1.16) and (1.17) are satisfied with 7; replaced with 7"#™ (neglecting 7;*°").

% %

main

That is, our first objective is to construct o; (z;) and 7" (z,_;, A" : §) satisfying
(1.21), (1.16) and (1.17). After constructing such 7" our second (and final) objective is
to construct the action plan in the report block and the adjustment 7} such that o;(z;)
and m; = P 4 7P gatisfy (1.15), (1.16) and (1.17).

In Chapter 2, we pursue these two objectives in the two-player prisoners’ dilemma with
the special forms of cheap talk. Given Chapter 2, we are left to extend the result to the
general two-player game and the general N-player game with N > 3 and dispense with the
special forms of communication. In Chapter 3, we summarize what new assumptions are
sufficient for each extension. In the following chapters, we offer the proof: in Chapters 4
and 5, we extend the result to the general two-player game and the general N-player game,

respectively, with special forms of communication. In Chapters 6 and 7, we dispense with

the special forms of communication in the two-player game and N-player game, respectively.
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1.9 Appendix of Chapter 1

1.9.1 Proof of Lemma 9

To see why this is enough for Theorems 7 and 8, define the strategy in the infinitely repeated

game as follows: define

1= S (G, hIPH L 8)

p(G R 8 =1

6r v —v;
1—§mi(B,h"H: 6)
Tp+1 . _ 3 9 Tl —1
p(B, 5 0 b)) = ST Ry : (1.22)

If (1.17) is satisfied, then for sufficiently large 8, p(G,hI"t' @ 6), p(B,hiP 2 6) € [0,1]
for all hin N !, We see the repeated game as the repetition of Tp-period “review phases.”
In each phase, player i has a state z; € {G, B}. Within the phase, player ¢ with state x;
plays according to o; (z;) in the current phase. After observing h!"*! in the current phase,
the state in the next phase is equal to G with probability p(z;, hZTP *1.6) and B with the
remaining probability.

Player (i — 1)’s initial state is equal to G with probability p~! and B with probability
1 — pi~! such that

pf)_lt_}i + (1 - pi‘l)gi = ;.

Then, since

Tp
(L=6) 6" s (ar) + 6™ [p(G, A 2 8)i + (1= p(G, b7 2 6)) v)]
t=1
1-6 [&
P _ - Tp+1 . P
— (1-4) 7 {;5'5 Y (ag) 4+ (G, RIP 5)} + 67P;
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and

Tp
(1—90) Z 6wy (ay) + 677 [p(B, hIPE 6) 5 + (1-p(B, hlPFL §)) v

t=1

Tp
1-6
= (1-6") 1_ s7r {Z‘SHW (a) + mi(B, bt 5)} +6""y,,
- t=1
(1.15) and (1.16) imply that, for sufficiently large discount factor 6,

1. conditional on the opponents’ state, the above strategy in the infinitely repeated game

is optimal;

2. regardless of x_(;_y), if player i — 1 is in the state G, then player i’s payoff from the
infinitely repeated game is v; and if player ¢ — 1 is in the state B, then player i’s payoff

is v,; and

3. the payoff in the initial period is p’1v; + (1 — p!, 1)y, = v; as desired.
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Chapter 2

Two-Player Prisoners’ Dilemma

2.1 Special Case

In this chapter, we illustrate the proof of the folk theorem by focusing on a special case where
(i) public randomization is available, (ii) perfect cheap talk is available, (iii) error-reporting
noisy cheap talk with precision p € (0,1) is available, (iv) there are two players (N = 2),

and (v) the payoff structure is prisoners’-dilemma
wi(D;, C;) > wi(Cy, Cy) > wi(D;, Dj) > w;i(Cy, Dy), (2.1)
and for all 4,
v € int([ug (D1, Ds), ui(Cy, C2)] X [uz(Da, Dy),us(Cs, C1)]). (2.2)

We comment on each of these five simplifications.

Public Randomization As mentioned in Section 1.5, the players use public randomiza-
tion in the report block to determine who will report the history @ such that (i) ex ante

(during the main blocks), every player has a positive probability to report the history, and
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that (ii) ex post (after the realization of the public randomization), there is only one player
who reports the history.

Specifically, we assume that the players can draw a public random variable y? from the
uniform distribution on [0, 1] whenever they want.

In Chapters 6 and 7, we show that the public randomization is dispensable and that the

players use their actions and private signals to establish the properties (i) and (ii).

Perfect Cheap Talk Perfect cheap talk will be used in the coordination block to coordi-
nate on z and in the report block to report the whole history hPain.

In Chapters 6 and 7, we show that the perfect cheap talk is dispensable. As explained
in Section 1.5, for the coordination block, we first replace the perfect cheap talk with the
error-reporting noisy cheap talk and then replace the error-reporting noisy cheap talk with
messages via actions. For the report block, we first replace the perfect cheap talk with the

conditional independence (noisy) cheap talk and then replace the conditional independence

cheap talk with messages via actions.

Error-Reporting Noisy Cheap Talk Between Players j; and ¢ with Precision p €
(0,1) We assume that player j has an access to the error-reporting noisy cheap talk to send
a binary message m € {G, B} to player i with precision p, as explained in Section 1.3.2.

As we will see below, in the two-player game, p will be either p = 1 — exp(—T%) or
p=1—exp(—T3) while  for (1.2), (1.3) and (1.5) is a fixed number. Noting that j =i — 1
and ¢ = j — 1 with two players, the properties that we will use are summarized in the

following lemma:

Lemma 10 The signals by the error-reporting noisy cheap talk between j and ¢ with pre-

cision 1 — exp(—T"*) with k = 1/2,2/3 satisfy the following conditions:
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1. for any m € {G, B}, player i’s signal f [i] (m) is correct with a high probability:

Pr({f[i] (m) =m} [ m) > 1 - exp(~T");

2. for any m € {G, B}, f[i](m) € {G,B} and fy[i](m) € {G, B}, after knowing m,
fli] (m) and f5[i](m), player ¢ puts a high belief on the events that either f [i] (m) is

correct or g [j] (m) = E. That is,

Pr({f[i] (m) =mor g[j] (m) = E} | m, f[i] (m), fa[i](m))
= 1 —exp(—O(T"));

3. forany m € {G, B} and g; [j] (m) € {G, B}, if g[j] (m) = m (the error is not reported),

then player j puts a high belief on the event that player i’s first signal is correct:

Pr({f [i] (m) = m} [ m,{g[j] (m) = m}, gs[5](m)) > 1 — exp(—O(T"));

and

4. for any m € {G, B}, any signal profile can happen with a positive probability:

Pr ({(f [i] (m), gl7l(m), f2[i](m), g2[7](m)) = (f, g, f2, 92)} | m)
> exp(—O(T"))

for all (f,g, f2,92).

Proof: The only nontrivial statement is Condition 3. Since 7 is fixed, it suffices to show

that

Pr({f[i] (m) = m} [ m,{g[j] (m) = m}) > 1 — exp(~O(T*)).
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By Bayes’ rule,

Pr({f[i] (m) = mj} | m,{g[j] (m) = m})
Pr({f il (m) = g[j] (m) = m} [ m)
Pr ({g ] (m) = m} | m)

1 — exp(—2T%)
1 —exp(=Tk)"’

as desired. g

Condition 1 implies that the signal is correct with a high probability. Condition 2 implies
that, even after player ¢ realizes that her signal is not correct (f[i](m) # m), player ¢ believes
that player j realizes the mistake (that is, g[j](m) = F) with a high probability. On the other
hand, Condition 3 implies that, after observing g[j](m) = m, player j believes that player i
received the correct signal (since otherwise player ¢ should have received g[j](m) = E) with a
high probability.! Further, Condition 4 implies that all the players believe that any mistake
happens with a positive probability. As seen in Section 1.5, this is important to solve the
reflective learning problem.

On the other hand, with more than two players, p will be p =1 — exp(—T%) while 7 for
(1.2), (1.3) and (1.5) is a fixed number. As for Lemma 10, we can summarize the important

features of the error-reporting noisy cheap talk in the following lemma:

Lemma 11 The signals by the error-reporting noisy cheap talk satisfies the following con-

ditions:

1. for any m € {G, B}, player i’s signal f [i] (m) is correct with a high probability:

N|=

Pr({f[i] (m) =m} [ m) = 1 — exp(=T2);

2. for any m € {G, B}, f[i](m) € {G, B} and f5]j — 1](m) € {G, B}, after knowing m,

f1i] (m) and fa]j — 1](m), player i puts a high belief on the events that either f [i] (m)

"'We use this property only in Section 6.2.
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is correct or g[i — 1] (m) = E. That is,

Pr({f il (m) =m or g[i —1] (m) = E} [ m, f [i] (m), f2[j — 1](m))

> 11— exp(—0(T?));

and

3. for any m € {G, B}, any signal profile can happen with a positive probability:

Pr({(f [i] (m), gli = 1](m), folj — 1](m), g2[i — 1)(m)) = (f. g, f2. 92)} | m)
> exp(—O(T?))

for all (f,g, f2, 92)-

We do not have a condition corresponding to Condition 3 of Lemma 10.

As seen in Lemmas 10 and 11, the learning from f5 and ¢, is negligible for the almost
optimality. Hence, while we are considering the almost optimality, we neglect f; and gs,
which will play roles when we consider the exact optimality in Section 2.8.

In Chapters 6 and 7, we show that we can replace the error-reporting noisy cheap talk

with messages via actions, so that we can keep the important features summarized in Lemmas

10 and 11.

History with Cheap Talk and Public Randomization Since the players communicate
via cheap talk, the players store the signals from the cheap talk in the history. When a sender
sends a message m via perfect cheap talk (error-reporting noisy cheap talk, respectively) then
the players observe a perfect signal m (private signals f, g, f» and go depending on their
indices, respectively). In addition, the sender observes the true message. With abuse of
notation, when the communication is done before the players take actions in period ¢, we

include these observations to the history in period ¢ of player 4, h.
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In addition, since the players coordinate the future play via public randomization, the
players store the realization of the public randomization in the history. Again, when a public
randomization device is drawn before the players take actions in period ¢, we include the

realization of the public randomization device to the history in period ¢ of each player i, hf.

Two Players As explained in Sections 1.5.5.3 and 1.5.6.2, the two-player case is special
in the following three aspects: first, if player (i — 1)’s state x;_; is B, then with more than
two players, players —i need to coordinate on minimaxing player ¢ if player ¢ seems to have
deviated. Second, when the players coordinate on z; in the coordination block, we need to
make sure that no player can induce the situation where some players infer x; is G while the
others infer z; is B. Third, while player j sends a message to player n, no other players can
manipulate player n’s inference. See Chapter 5 for the first problem and Chapter 7 for the
second and third problems.

Below, we concentrate on the two-player case. Since we assume two players, let player j

be player ¢’s unique opponent.

The Prisoners’ Dilemma Remember that we take a(x) such that (1.18) holds. If (2.2)

is the case, then we can take

Then, as we mentioned in (1.20), we can take

o) =

with sufficiently small p > 0. Then, it happens to be the case that «; (z) with z; = B is very

close to minimaxing player j at the same time of satisfying (1.20).
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In a general game, «;(x) with x; = B is not close to a minimaxing action plan. Since
player ¢ with o;(B) needs to keep player j’s payoff low with a non-negative reward for any
action plan of player j, player ¢ needs to switch to a minimaxing action plan if player 7
believes that player 5 has deviated with a high probability.

For this reason, Horner and Olszewski (2006) have a block consisting of more than one
period and in each period, if player ¢ observes a signal indicating player j’s deviation, then
player ¢ switches to a minimaxing action. As explained in Section 1.5, in our equilibrium,
if player ¢ observes signals indicating player j’s deviation in a review round, then player @
minimaxes player j from the next review round. See Chapter 4 for the formal treatment of

the general two-player game.

Summary In summary, for the proof in Chapter 2, we assume that the perfect cheap talk,
error-reporting noisy cheap talk and public randomization are available, all of which are
shown to be dispensable in Chapter 6.

We focus on the two-player prisoners’ dilemma: I = 2 and A; = {C;, D;} satisfying (2.1).
Further, we focus on v with (2.2).

We can take a(x) such that

(2.3)

a;(z)
(1-2p)D;+2pC; ifx;=B
with small p > 0 to be determined.
In addition, for notational convenience, whenever we say players ¢ and j, unless otherwise
specified, i and j are different.
For the rest of Chapter 2, we prove the folk theorem in this special case: we arbitrarily fix

v with (2.2) and then construct a strategy profile (action plans and rewards) in the finitely

repeated game with (1.15), (1.16) and (1.17).
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2.2 Structure of the Phase

In this section, we formally define the structure of the Tp-period finitely repeated game

(review phase), whose structure will be explained below. Tp depends on L and T. L € N

[ SIS

will be pinned down in Section 2.6 and 7' = (1 — §) 2.

As seen in Section 1.7, at the beginning of the phase, there is the coordination block.
The players take turns to communicate x. First, player 1 sends x; via perfect cheap talk.
Second, player 2 sends zo via perfect cheap talk. For notational convenience, let the round
for x; denote the moment that player i sends x;.

After the coordination blocks, there are L “main blocks.” Each of the first (L — 1) main
blocks are further divided into three rounds. That is, for [ € {1,...,L — 1}, the Ith main
block consists of the following three rounds: first, the players play a T-period review round.
Second, there is a supplemental round for A;(l + 1). Third, there is a supplemental round
A2(l +1). As seen in Section 1.5, \;(I + 1) € {G, B} is an index of whether player i has
observed an “erroneous score” in the review rounds 1,...,/. In the supplemental round
for \;(I + 1), player ¢ sends A\;(I + 1) via error-reporting noisy cheap talk with precision
p=1—exp(—T2).

The last Lth main block has only the T-period review round.

Let T'(I) be the set of T periods in the [th review round. In addition, in each lth review
round, each player i randomly picks one period ¢;(1) from T'(1): Pr({t;(I) =t}) = 7 for all
t € T(l). Let T;(1) = T(I) \ {t:(1)} be the other periods than ¢;(I) in the ith review round.
As we will see, player ¢ “excludes” period t;(I) when she determines her continuation action
plan so that player j cannot learn player i’s history in period ¢;(I) by observing player ¢’s
continuation action plan. As will be seen in Section 2.8, this is important to incentivize
player ¢ to tell the truth in the report block.

After the last main block, there is the report block, where player ¢« who is picked by the

public randomization reports the whole history h@ain,
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N

Given this structure, we show that, for sufficiently large 6, with Tp = L (1 — §) 2, there

exist o; (z;) and m;(z;, A27T ¢ 8) satisfying (1.15), (1.16) and (1.17).
I

2.3 Preparation

Before constructing an equilibrium, we define functions and statistics useful for the equilib-
rium construction.

First, we formally define the point 7;[a] (y;) as briefly explained in Section 1.5.5.1. Specif-
ically, for each o € A(A), we want to create a statistics (point) m;[a](y;) that cancels out

the differences in the instantaneous utilities for different a;’s:
ui(as, o) + Bmle](y;) | ai, o] (2.4)

is independent of a; € A;, as in (1.9).
Further, we want to make sure that if &« = « (z), then the expected sum of the instanta-

neous utility and ;[ (2)](y;) satisfies
wilai, a;(2)) + B [mila(@)](y;) | ai, o;(2)] = wi(z) (2.5)
for all a; € A;. This corresponds to (1.10) in Section 1.5. From (1.19), this implies

S 0 if T; = G,
B [mi[a(2)](y;) | alz)] = (2.6)

Since Assumption 3 implies that player j can statistically infer player i’s action, the

existence of such 7; is guaranteed.

Lemma 12 If Assumption 3 is satisfied, then there exists @ > 0 such that, for each i € I,

a € A(A) and {a (2)},c(g pye. there exists m;[a] : V; — [—u, u] with (2.4) and (2.5).
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Proof: See Section 2.9. g
Note that the bound for m;, @, is independent of x and «;. Hence, by re-taking u if

necessary, we can make sure that, for all i € I and a € A (A), we have
ui(ai, ;) + E[m[a)(y;) | ai, 0] € [—a,a for all a; € A;. (2.7)

Second, define

. <O0forally; ifz; =G,
™ o] (y5) (2.8)
>0forally, ifz;=D

such that, for all ¢ € I,

ui(ai, o5) + B [ [a;](y;) | @i, o] (2.9)

is independent of a; € A; and «o; € A (A;) and included in [—24, 24].

The existence of such 7}’ [o;](y;) is guaranteed: arbitrarily fix a; € A; and define

., mila;, ay)(y;) —u ifz; =G,
™ lay](y;) =
ﬂi[ai, Oéj](yj) +u if T = B.

Then, Lemma 12 and (2.7) imply (2.8). In addition, (2.9) holds for all a; € A;. To make

sure that (2.9) holds for all a;; € A (A;), add or subtract the payoff difference with respect

to a; € A(A;) to cancel out the difference, keeping (2.8). Since 7}’ [;](y;) can depend on
«;, this is possible.

Third, since, again, Assumption 3 implies that player j can statistically infer player i’s

action, player j can give a reward that cancels out the effect of discounting:

Lemma 13 If Assumption 3 is satisfied, then for each i € I, there exists 70 : Nx A;xY; — R

such that

8wy (ar) +E [72 (¢, a50,Yj) | ] = u; (ay) foralla; € Aand t € {1,...,Tp} (2.10)
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and
Tp

Z sup |72 (t, az0,y50)| =0 (2.11)

t=1 Y t:Yit

po 1=0
5011 — 877

N

for Tp = ©(T) with T'= (1 — §) 2.

Proof: See Section 2.9. 1

The intuition is straightforward. Since player j can identify player ¢’s action, player j
rewards player 7 if player ¢ takes an action with a lower instantaneous utility in earlier periods
rather than postponing it. Since the discount factor converges to unity, this adjustment is

small.

2.4 Equilibrium Strategies

Given the preparation above, we define o; (z;) in the coordination and main blocks and

TP (25, BP0 6). See Section 2.8 for the definition of o;(z;) in the report block and

)

mP (g, BSPH 16).

In Section 2.4.1, we define the state variables that will be used to define the action plans
and rewards. Given the states, Section 2.4.2 defines the action plan o;(x;) and Section
2.4.3 defines the reward function 7 (z;, h;nain : 0). Finally, Section 2.4.4 determines the

transition of the states defined in Section 2.4.1.

~

2.4.1 States z;, \;(I+1), \;({+1) and 6;(1)

The state z; € {G, B} is determined at the beginning of the review phase and fixed. With
the perfect cheap talk, after player 2 sends x5 in the coordination block, x becomes common
knowledge. Hence, from now on, we use z; for the definition of player ¢’s strategy after the
coordination block.

As seen in Section 1.5, \;(I + 1) € {G, B} is player j’s state. Intuitively, \;({ + 1) = B

implies that player j has observed an erroneous score about player ¢ in the /th round or
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before. As will be formally defined in Section 2.4.4, \;(I+ 1) is determined at the end of the
[th review round.

On the other hand, since player j’s reward on player i in the (I 4+ 1)th review round
depends on \;(I + 1) as seen in Section 1.5, it is natural to consider player ¢’s belief about
A;(l+1) = G. The space for player i’s possible beliefs about A;(l + 1) = G in each period ¢
in the (I + 1)th review round is [0, 1] and it depends on the details of a history hf. However,
we classify the set of player i’s histories into two partitions: the set of histories labeled as
A; (I +1) = G and that labeled as \; (I + 1) = B. Intuitively, \;(I+1) = G (A\;(I+1) = B,
respectively) implies that player i believes that A\;(I + 1) = G (\;(I + 1) = B, respectively)
is likely.

To make the equilibrium tractable, S\j(l + 1) depends only on player i’s history at the
beginning of the (I 4+ 1)th review round and is fixed during the (I + 1)th review block, as
will be defined in Section 2.4.4. Given z € {G, B}? and \;(I 4+ 1) € {G, B}, player i takes
an i.7.d. action plan within the (I + 1)th review round.

Further, as we have briefly mentioned in Sections 1.5, player j makes player 7 indifferent

main
A

between any action profile after some history. If she does in the [th review round, then m
will be Y77 [a;](y;-) for period 7 in the Ith review round and after with «;, being an
action plan that player j takes in period 7. 6;(I) € {G, B} is an index of whether player j

uses such a reward. See Section 2.4.3 for how the reward function depends on 6,(l) and see

Section 2.4.4 for the transition of the states.

2.4.2 Player i’s Action Plan o, (z;)

In this subsection, we define player i’s action plan o;(x;). In the coordination block, player

1 tells the truth about x;.
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In the each Ith review round, player ¢ with o;(z;) takes an i.i.d. action plan «a;(l) as

follows: given p > 0, remember that

(@) (1=2p)C;+2pD; if z; =G,
o;\Tr) =

In addition to «;(x), we define o;(x) and &;(x) as in Section 1.5.5.1:

(
@Z<LL‘) =

\

(
o(z) =

\

Intuitively, in equilibrium, with a high probability, player ¢ takes «;(x). However, with some
small probability, player i takes &;(z) (taking C; more often) or o, (z) (taking D; more often):
with n > 0,
o if j\j(l) = (@, then player ¢ believes that the score has not been erroneous and that
player i is almost indifferent between any action. As in Section 1.5.5.1, player i takes

a;(x) with a high probability.
— with probability 1 — n, player i takes a;(l) = a;(z);
— with probability Z, player i takes a;(l) = a;(x); and
— with probability 7, player i takes o;(l) = o;(x); and

o if S\j(l) = B, then player ¢ believes that the score has been erroneous and that player

1 should take a static best response to player j’s action plan. Therefore, player ¢ with

~

A;(l) = B takes D, with probability one.

In the supplemental round for X;(l 4+ 1), player i sends the message A;(I + 1) truthfully

via error-reporting noisy cheap talk with precision p = 1 — exp(—7'2). We assume that the

29



players cannot manipulate p.> That is, in the supplemental round for \;(I + 1), only the

error-reporting noisy cheap talk with p =1 — eXp(—T%) is available.

2.4.3 Reward Function

In this subsection, we explain player j’s reward function on player i, 7" (x;, h;nam : 0).

i

Reward Function The reward 7" (z;, b : §) is written as

7

L U . | | !
. . —2uT + lel 7Tzr'nam<x7 he, l) if Ly = G,
W?aln(xja h;naln . 5) = Z Z wf(aj,t, yj,t) + J

1=1 t€T(l) 2uT + ZIL:1 T (x, thaina ) ifz;=B.
(2.12)

Note that the first term cancels out the effect of discounting. Intuitively, 780 (x, h;-nai“, l) is

the reward for the [th review round.

Reward Function for the /th Review Round Next we define 7" (z, hi*",[) for each

Il =1,..., L. There are following two cases: in the [th review round,

1. if 6;(1) = B, then player j makes player ¢ indifferent between any action profile by

AP, B = Y w o (1] (y50)- (2.13)

teT(l)

Remember that by (2.8),

<0 if Xy = G,
> oyl S

teT (1) >0 ifz; =B.

Intuitively, this means (1.17) is not an issue after 6;(!) = B; and

2. otherwise, that is, if §;(I) = G, then consider the following two subcases:

2The same constraint is applicable whenever a player sends a message via error-reporting
noisy cheap talk with precision p € (0, 1).
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(a) if player j has observed an erroneous score, that is, if \;(I) = B, then w}"™ (z, k", [)

is a constant 7;(z, \;(1),1) to be determined; and

(b) if player j has not observed an erroneous score, that is, if A\;(I) = G, then player
J monitors player ¢ by player j’s score about player ¢ in the [th review round,
denoted by X (I).

As we will see, if 2-(b) is the case, then player j takes «a;(z) in the ith review

round.

We formally define Xj(l). Intuitively, X;(l) is the summation of reward that
makes any action optimal to player i: »_,pq) Tl (%)](y;:), except that player j
keeps period t;(!) separated as mentioned in Section 2.2. That is, player j’s score

about player ¢ is defined as

X0 =) mla(@)](y)- (2.14)

teTy O

Then,
T (@, WP, 1) = (e, Ay (D), 1) + X5 + 7 oy (2)] (y5,0))- (2.15)

Note that the reward in the separated period t;(1), m;” [o;(@)](y;, 1)), makes player

i indifferent between any action in period ¢;(1).

Therefore, in total, if 2 is the case, then

i, Aj(1), 1) + X, (1) + 7 [ey ()] (ys0,0) 3 A1) = G,

iz, A (D), 1) it \;(1) = B.
(2.16)

7_[_;:nain(l,’ h;‘nainy l) _
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Here, 7;(z, Aj(1),1) is a constant with

S 0 if T = G,
>0 ifa; =B

that will be determined in Section 2.7 so that (1.21), (1.16) and (1.17) are satisfied.

2.4.4 Transition of the States

In this subsection, we explain the transition of the players’ states. Since x is fixed in the

phase, we consider the following four states:

2.4.4.1 Transition of \;(I + 1) € {G, B}

As mentioned in Section 1.5, A\;(l + 1) € {G, B} is player j’s index of the past erroneous
score. The initial condition is A\;(1) = G. Inductively, given \;(I) € {G, B}, X\;(l + 1) is
determined as follows: if \;(l) = B, then \;(l +1) = B. That is, once \;(l) = B happens,
it lasts until the end of the phase. If \;(I) = G, then \;(I + 1) = G if and only if the score

in the [th review round is not erroneous. That is,

1. if
S %T if T = G,
xm{ =" , (2.18)
> LT ifg; =B,
then A\;(l 4+ 1) = G; and
2. if
> %T if T; = G,
X; (1) ) , (2.19)

then \;(I+1) = B.
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Let us check feasibility (1.17). First, after A\;(I + 1) = B, (2.17) implies
S 0 if X = G,

7_{_Zr‘nain(x’ h;nain7 l)

Therefore, to show (1.17), by (2.12) and (2.17), it suffices to show that, with [ being the last

review round with \;(l) = G (if A\;(I) = G for all [, then [ = L),
S 2uT if T = G,

7
(1)
> —2uT if z; = B.

SZ_LT if$j:G,

Note that, except for the /th review round, (2.18) holds. In addition, by Lemma 12, for

[ with \;(1) = G,
X; ()
In total,
i‘Xj(l) g(l:—l)%T+uT<2uT if 2; = G,
>—(I-1)2T —al > —2uT if z; = B,

as desired.
2.4.4.2 Transition of \;(I + 1) € {G, B}

As we have mentioned in Section 2.4.1, A\;(I + 1) € {G, B} is the partition of player i’s
histories. Intuitively, player i believes that \;(I + 1) = S\j(l + 1) with a high probability.

Since \;(1) = G is common knowledge, define \;(1) = G. We define \;({) inductively. If
A;(1) = B, then \;(I + 1) = B. Hence, once \;(l) = B happens, it lasts until the end of the

phase. Hence, we concentrate on how S\j(l +1) € {G, B} is defined conditional on j\j(l) =G
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As we have explained in Section 2.4.2, player j sends A;(I + 1) via error-reporting noisy
cheap talk and player i observes a signal f[i]()\;(I+1)) € {G, B}. Player i constructs A;(I+1)
from her history in the /th review round and f[i|(A\;(I + 1)).

Suppose player ¢’s history in the [th review round satisfies the following three conditions:
1. player ¢ takes a;(l) = a;(x);

2. the empirical distribution of a;;’s is close to «;(x); that is,

tET

_ Z 1(1”_ i < € (220)

with € being a small number to be determined; and

3. player i’s signal frequency in the periods where player i takes a;(x) in T;(I) is close to

the affine hull of player 4’s signal distributions with respect to player j’s action.

Before formally defining Condition 3, let us explain the intuitive meaning of these con-
ditions. With these conditions, player ¢’s history is normal as explained in Section 1.5.5.1.
First, from Condition 1 and 2, for sufficiently small p and e, player i takes a; () for most
of the time. Hence, we concentrate on the set of periods where player i takes a;(x) in T;(1),
denoted by
Ti(l, ).

Second, if player i observes a signal frequency close to the ex ante mean under o;(x), then
player ¢ believes that if player j takes a;(l) = «;(x), then player j also observes the signal
frequency close to the ex ante mean with a high probability by the law of large numbers.
This means player j’s score is not erroneous. In addition, if player j takes «; (1) # «; (),
then player ¢ will be indifferent between any action profile sequence as will be seen in Section
2.4.4.3. Therefore, when player i is told to defect from the error-reporting noisy cheap talk

(fli](A\;(I + 1)) = B), player i believes that this is an error with a high probability.
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Third, if player i observes a signal frequency far from the ex ante mean under o;(x), then
since player ¢’s signal frequency is close to the affine hull of player i’s signal distributions
with respect to player j’s action, player i’s signal frequency is skewed toward either C; or
D;. If player i’s signal frequency is skewed toward Cj, then player ¢ believes that player j
takes a; () rather than «; (x) and if player i’s signal frequency is skewed toward D;, then
player i believes that player j takes a; (z). Again, after player j takes a; (I) # «; (), as
we will formally define in Section 2.4.4.3, player ¢ will be indifferent between any action
profile sequence. Therefore, when player i receives f[i](\;(I + 1)), player i believes that this
is irrelevant information.

Therefore, it is almost optimal for player i to disregard f[i](A;(I + 1)) and to have A;(I +
1)=G.

In other cases, player i obeys the message: \;(I 4+ 1) = f[i](A;(I +1)).

We are left to formally define Condition 3. Recall that ¢; («) is the vector of player i’s

signal distribution given a, ¢; (@) = (¢i (yi | @)),,cy,- In particular, we define

i (v) = qi (ai(z), aj(z)) .

In addition, let Q,(a;) be the affine hull of player i’s signal distributions with respect to

player j’s action given a;:

Q;(a;) = aff ({%‘(% aj)}ajeAj) N ]R'f"‘.

Here, since the signal frequency should be non-negative, we restrict our attention to ]R'f"‘.

In particular, with a; = a;(z), we define

Q; (r) = Q, (ai(r)).

65



We also consider the matrix representation of Q;(a;):

Q;(a;)

{Yi € RLY” P Qilai)yi = qi (ai)} :

Note that all the signal frequencies should be on the simplex over Y;. Hence, by affine

transformation, we can assume each element of Q; (a;) and q; (a;) is included in (0, 1):

Lemma 14 For each i € I and a;, we can take );(a;) such that all the elements are in (0, 1).

Proof: See Section 2.9. g
With T;(l, z) being the set of periods when player i takes a; (x) in the Ith review round,
Condition 3 is equivalent to the condition that the distance between player i’s signal fre-

quency and Q;(z) is small:

1

Q,(z) — 0] teg(;@) 1,,|l <e (2.21)
Instead of using (2.21) directly, we consider the following procedure. First, with L;,
being the number of rows for Q;(x), we define an L;, x 1 vector 1g,(,) as follows:® after
observing y;, player i calculates @Q;(z)1,,. Then, player ¢ draws L, , random variables from
the uniform [0, 1] independently. If the /th realization of this random variable is no less than
the Ith element of Q;(x)1,,, we define the [th element of 1¢,(,) equal to 1. Otherwise, the
Ith element of 1¢,(,) is 0. By definition, the distribution of 1¢,(,) is independent of player

7’s action.

Condition 3 is satisfied if

3Remember that, in Chapter 1, for a random variable x € X, we define 1, as a | X| x 1
vector such that, if x = z, the element corresponding to Z is equal to one and the other
elements are zero. Here, 1¢,(,) is a vector each of whose element can be either 0 or 1. These

are not contradictory since @Q;(x) is not a random variable.
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e Qi(z) (|T U] 2teTi(La) 1ym> and zw ()] 2=teTi(L) L@i(a) are close:

Qi(x) Z 1,, | - Z 10,0 <i; (2.22)

1

tET (Lz) tGT l,x)
and
* T ZtET (12) 1Qi(z) and q; (z) are close:
€
Z 1o — U (2)|| < —. (2.23)
K
tET (l,z)

By Lipschitz continuity of Q; (z) and triangle inequality, for sufficiently large K, (2.22)
and (2.23) implies (2.21). In addition, by definition, the probability of (2.23) is independent
of player j’s action.

Consider (2.22). For p,e < 1, if Conditions 1 and 2 are satisfied, the length of T; (I, z) is
proportional to 7"

IT: (I, z)| = ©(T).

Hence, by the law of large numbers, conditional on player i’s history {a;, vi+}, (2.22) does

not hold with probability

plQi (@) ({ais, Yittier, ) = exp(—=O(T)).

We want to make this probability completely independent of player j’s action plan.
For that purpose, let p[Q;] be the maximum of p[Q; (z)]({ais, Yit},cr,p) With respect to
{aiy, yivt}teTi(l) and z. For some {a;,, yivt}teTi(l) and z, if p[Q;(x)]({ai+, yivt}ten(z)) is less than
p[Q:], then player i draws a random variable from the uniform [0, 1]. If this realization is
no less than plQi] — plQ; (#)]({ait, Yit}ier, ), then player i behaves as if (2.22) were not

satisfied.
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Then, in total, player ¢ behaves as if (2.22) is not satisfied with probability p[@;]. From

now on, when we say (2.22) is satisfied, it means that

1 1 €
; e Y L e Y low| <=
CON T | T ) e

teT;(l,x) teT;(l,x)

and the realization of the random variable explained above is more than p[Q;] — p[Q; (x)](
{ait, Yit}ier,py)- This implies that the probability of (2.22) is independent of player j’s action
plan.

In summary, we define the transition of 5\3’(1 + 1) as follows: if player i’s history in the

[th review round satisfies the following two conditions, then player ¢ disregards the message

and \; (I +1) = G:
1. player ¢ takes a;(l) = a;(x); and
2. (2.20), (2.22) and (2.23) are satisfied, which implies (2.21).

Otherwise, player ¢ obeys the message and

~

A (U+1) = flil(N(T+1)). (2.24)

2.4.4.3 Transition of 0;(l + 1) € {G, B}

As we have seen in Section 2.4.3, 6;(l + 1) = B implies that player j uses the reward (2.13)

and player 7 is indifferent between any action profile in the (I + 1)th review round by (2.9)

geport ) )

(except for the incentives from 7

If 6;(l) = B, then 0;(l + 1) = B. That is, once #,(l) = B happens, it lasts until the end
of the phase. Hence, we concentrate on how 6;(l + 1) € {G, B} is defined conditional on
6;(l) = G.

8;(l + 1) = B if one of the following four conditions is satisfied:
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1. when player j sends A;(l + 1) by the error-reporting noisy cheap talk, the error is
reported:

glil(A; (L + 1)) = E;

2. at the beginning of the (I + 1)th review round, player j with S\j(l + 1) = G takes
a; (I 4+ 1) # a;(z). With abuse of notation, for this condition, we include the case with

[+ 1=1 (that is, [ = —1); and

3. (2.20), (2.22) or (2.23) is not satisfied for player j (with indices ¢ and j reversed).

Otherwise, 0;(1 +1) = G.

We summarize the implications of the transitions of 6.

First, player j makes player ¢ indifferent between any action profile after receiving
g[7l(A;(I+1)) = E. Since player ¢ believes that, whenever her signal is wrong: f[i](\;({4+1)) #
A;(I+1), player j receives g[j](A;(l+1)) = E and so any action will be optimal with a high
probability. Therefore, (2.24) is an almost optimal inference.

Second, consider how player j constructs S\Z(l + 1). Reversing the indices ¢ and j in
Sections 2.4.4.2, whenever player j uses the signal of the error-reporting noisy cheap talk
fl7l(Ai(l+1)), 8;(1+ 1) = B has been already determined. This implies that player j makes
player i indifferent between any action profile (including player j’s action plan), whenever
player i’s message has an impact on player j’s continuation action plan. Hence, player i is
indifferent between any message.

Third, consider all the cases where player j does not take a;(z) in the (I + 1)th review

round:

e if o;(14+1) # a;(z) with A;(I+1) = G, then Condition 2 is the case and so 8;(I+1) = B;

and

o if X(l + 1) = B, then by the above discussion, player j has obeyed player i’s message,
which implies 6;(l + 1) = B.
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In total, if a;(1 4+ 1) # «;(x), then player ¢ is indifferent between any action profile.
Fourth, the distribution of #;(I 4+ 1) is independent of player i’s action plan. To see why,

consider each of the three conditions inducing (I + 1) = B:

1. the probability of error is exp(—T72) for all Ai(L+1);
2. with \;(I+1) = G, a; (I + 1) is determined by player j’s own randomization; and

3. (2.20) is determined by player j’s own randomization and (2.22) and (2.23) are inde-

pendent of player i’s action plan (with indices ¢ and j reversed).

2.5 Player ¢’s Belief about Optimal Actions

Given the above strategy, we want to formally show that player ¢ believes that player ¢’s
inference of \;(I+1) is correct (A;(I4+1) = X\;(I+1)) or any action is optimal (6;(1+1) = B)
with high probability 1 —exp(—©(T'2)), conditional on that player j has the state \;(I+1) =
G. Notice that if S\Z(l + 1) = B, then player j has obeyed player i’s message and any action
is optimal for player i (6;(I + 1) = B).

First, consider the case where player ¢ obeys the signal f[i](A;({ + 1)). Suppose that
player i could know A;(l + 1) (she cannot in private monitoring). Consider the two possible
realizations of the signals in the supplemental round for \;(141). If f[i](A;(1+1)) = A\;(1+1),
then player i receives a correct message. If f[i](A\;(I + 1)) # A;(I + 1), then with probability
1 —exp(—O(T %)), player j should receive the signal telling that player ¢ did not receive the
correct signal, that is, g[j](\;(1 + 1)) = E. If g[j](A\;(l + 1)) = E, then as seen in Section
2.4.4.3,0;(l+1) = B, as desired.

Notice that, symmetrically to player i’s action plan o;(z), player j’s continuation action
plan is independent of g[j](\;(I + 1)) (except for the report block). Therefore, the learning
from player j’s continuation action plan does not change player i’s belief.

On the other hand, suppose player ¢ disregards the signal f[i](A;({ +1)). As seen in

Section 2.4.4.2, player i believes either
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1. player j’s score is not erroneous with a high probability if player ¢ observes a signal

frequency close to the ex ante mean under a;(z); or

2. player j takes either a; (v) or a; (z) rather than o (x) with a high probability if player

i observes a signal frequency far from the ex ante mean under «;(x).

Since the length of the review round is 7', the belief on the above two events is no less
than 1 — exp(—©(T")), before learning from player j’s continuation action plan.
The learning from player j’s continuation action plan changes the belief in the following

. 3L L
two ways. First, { f [i]()\j(l))}~ reveals {/\j(l)}~ . However, since the error occurs with a

1 =1
positive probability <exp(—@(T%))> h exp(—O(T2)), the update of the belief is sufficiently
small compared to the original belief 1 — exp(—©(T")).

Second, player i in the /th review round conditions that 5\]([) = G (as mentioned, oth-
erwise, 0;(I) = B and player i is indifferent between any action profile). This conditioning
changes player i’s belief on player j’s history in the following way: player ¢’s belief on player
j’s history where player j obeys player i’s message f []]()\Z(ZN)) can be decreased. For ex-
ample, if player i sends )\z(i) = B and the error is not reported, then the probability that
FlI((0) = G is small. However, this decrease is at most by exp(—O(T'2)) since any
signal profile can occur with positive probability exp(—@(T%)) in the supplemental round
for )\Z(l~) On the other hand, player i’s belief on player j’s history where player j disre-
gards player #’s message f[j](X;({)) remain unchanged. In total, the update of the belief is
(exp(—@(T %))> = exp(—O(T'2)), which is sufficiently small compared to the original belief
1 —exp(—O(T)).

Formally, we can show the following lemma:

Lemma 15 For all  and L, there exists 77 such that, for all n < 7, there exist p, € such that,
for all p < p and € < &, for any history h! with ¢ being in the Ith review round, conditional
on A (I) = G for all [ <1 and (1), player i after k! believes that j\j(l) = \;(l) or 6,(I) = B.
Proof: See Section 2.9. 1
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As we have mentioned, the statement is conditional on ;\Z(i) — @ for all [ < 1. We also

condition on a;(1) since given A;(I) = G, a;(l) is independent of \;(1).

2.6 Variables

In this section, we show that all the variables can be taken consistently satisfying all the
requirements that we have imposed: u, L, n, p and €.

First, @ is determined in Lemma 12, independently of the other variables (note that @ is
independent of o (z)).

Second, fix L so that

* u — . u
max {x{%a:XB u; (a(x)), v} } + 2L <w; <7 < I:I:glilc u; (a(x)) — 2L. (2.25)

This is possible because of (1.18).

Third, given @ and L, fix 1) so that Lemma 15 holds and for all n < 7,

max { max u; (a(x)) ,vf} + 2% +nL <2u — min {min u; (a(x)) ,vf})

< v, <y < .miPGui (a(x)) — 2% —nL <2u + maxu; (a (x))) . (2.26)

This is possible because of (2.25). As explained in Section 2.4.2, a small 7 implies that the
event that player i with A;(1) = G takes o (I) = a; () with a high probability.
Fourth, fix n < 1. Then, we can take p and € so that Lemma 15 holds. Take ¢ < € and

p < p so that

max{ max. w (x),v} (p)} + 2% +nL (211 — min {min w; (z),v] (p)})

< v, <7; < min w; (z) — 2% —nL (2@ + max w; (:v)) . (2.27)

z:x; =G
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Here,

v (p) = max ui(ai,0(2))
‘T =D0,a4

is the maximum payoff that player i can get if ; = B and player j takes a;(x). Since a;(z)

*

with z; = B takes D; with probability 1 — 2p, for sufficiently small p, v;

(2

(p) is sufficiently

close to the minimax value v;. Together with (1.19), for sufficiently small p, (2.26) implies

(2.27).
Since Tp = LT and T = (1 — 6)7%, we have
lim 6% = 1.
6—1

Therefore, discounting for the payoffs in the next review phase goes to zero.

2.7 Almost Optimality of o;(x;)

7

We have defined o;(x;) and 7™ except for 7;(x, A;(),1). In this section, based on Lemma
15, we show that if we properly define 7;(x,[), then o;(x;) and 7" satisfy (1.21), (1.16)

and (1.17):
Proposition 16 For sufficiently large ¢, there exists 7;(z, A;(), ) such that

1. o4(x;) is almost optimal conditional on A;(I) = G: for each I € {1,..., L}, conditional

(a) for any period ¢ in the [th review round, (1.21) holds; and

(b) when player i sends the message about A;(I+1) by the error-reporting noisy cheap
talk, (1.21) holds;*

*With [ = L, this is redundant.
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2. (1.16) is satisfied with ; replaced with 7", Since each z; € {G, B} gives the same

value conditional on z;, the action plan in the coordination block is optimal;” and

3. mhain gatisfies (1.17).

7

Proof: See Section 2.9. §
Here, we offer the intuitive explanation. First, we construct 7;(x, A;({), 1), assuming that

the players follow o;(z;). We want to make sure that

e for (1.16), player i’s value from the [th review round

1 main main
TE Z ui(ag) + 7 (2, b1 | @

teT(l)

is close to @; (v;, respectively) if z; = G (z; = B, respectively), A;(1) = A,;(I) and

Hj(Z) — G for all [ < I. Note that the last condition implies that player j takes

a;(l) = a;(x); and

o for (1.17), m;(x, A\;(1),1) < 0 (7;(x, A\;(1),l) > 0, respectively) if z; = G (z; = B,

respectively), as seen in (2.19).

If \;(1) = \;(1) = G, then the players take a(z) and from (2.5), player i’s value from the

Ith review round is close to w; () except for ;(x, A;(1),1). Hence, if we determine

<0 T = G,
7_7'1‘(.7}, )‘J(l)al>
Z 0 Xy = B

properly, we can make sure that player ¢’s value from the [th review round is close to v; if

z; =G and v, if z; = B.

>This is not precise since we will further adjust the reward function based on the report
block. However, as we will see, even after the adjustment of the report block, any z; € {G, B}
still gives exactly the same value and so the strategy in the coordination block is exactly
optimal.
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If z; = G and Xj(l) = \;(l) = B, then player i takes a best response to player j’s action
a;(z) and the average instantaneous utility during the /th review round is more than w;(z).
The reward is 0 except for 7;(z, A;(1),1). Therefore, from (2.27), player i’s value from the
lth review round is close to v; if we properly determine 7;(x, A;(1),1) < 0.

If z; = B and S\j(l) = \;(l) = B, then player i takes a best response to player j’s
action a;(x). Since aj(x) is close to the minimaxing action D;, the average instantaneous
utility during the /th review round is v}(p) < v;. The reward is 0 except for 7;(z, \;(1),1).
Therefore, from (2.27), player i’s value from the [th review round is close to v; if we properly
determine 7;(z, \;(1),1) > 0.

Second, we verify 1-(a): in the [th review round, it is almost optimal for player i to follow
o;(x;), conditional on S\Z(i) = @ for all [. Lemma 15 guarantees that, for almost optimality,
player i can assume A;(1) = A;(I) or 6,(I) = B. If the latter is the case, then any action is
optimal. Hence, we concentrate on the case with A;(I) = A;({) and 6;(1) = G, which implies
that player j takes o;(x).

For the last Lth review round, player ¢ maximizes

%E Z wi(ag) + w0 (2, R D) | @ (2.28)
teT (1)

with [ = L. If \;(L) = \;(L) = G, then 7" (z, pan L) is the summation of m;[a ()] (),
which makes any action optimal for player i. If \;(L) = \;(L) = B, then 7" (z, [ )
is constant and so player ¢ wants to take a static best response to a;(x). Therefore, D; is
almost optimal in order to maximize (2.28). Therefore, o;(x;) is almost optimal for the Lth

review round.
We proceed backward. Suppose that player i follows o;(z;) from the (I + 1)th review
round and consider player ¢’s incentive in the [th review round. Note that we define 7; such

that player ¢’s value is almost independent of A;(I + 1) as long as player i follows o;(z;)
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from the (I 4 1)th review round and “\;(I + 1) = X;(I + 1) or 6,(1 +1) = B.”S In addition,
Lemma 15 implies that player i in the main blocks believes that “\;(I + 1) = A;(I + 1)
or §;(I +1) = B” with a high probability. Further, Section 2.4.4.3 guarantees that the
distribution of #;(l + 1) = B is independent of player i’s action plan. Therefore, for almost
optimality, we can assume that player ¢ in the [th review round maximizes (2.28), assuming
that A\;(1) = Xj(l) and 6;(I) = G. Therefore, the same argument as for the Lth review round
establishes that o;(x;) is almost optimal for the /th review round.

Third, 1-(b) is true since, as seen in Section 2.4.4.3, whenever player ¢’s message affects
player j’s continuation action, player ¢ has been indifferent between any action profile. In
addition, although player ¢’s message and signal observation affect player i’s posterior about
the optimality of 5\j(l + 1), the effect is sufficiently small for almost optimality (see the
discussion in Section 2.5).

Fourth, 2 is true since except for rare events \;(I) = B, \i(I) = B, 6;(1) = B or §,(I) = B,
the players take «(z) in the [th review round and player j uses the reward (2.16). By
construction of 7;(z, A;(1),1), the ex ante value is v; (v;, respectively) if z; = G (z; = B,
respectively).

Finally, from Section 2.4.4.1, 7" satisfies 3 since we take 7;(z, A;(1),1) < 0 (7;(z, A;(1),1) >

0, respectively) if ; = G (B, respectively).

report
%

Therefore, we are left to construct the action plan in the report block and 7 such

that o;(2;) and 7P + 7P satisfy (1.15), (1.16) and (1.17) based on Proposition 16.

2.8 Exact Optimality

report
7

In this section, we explain the action plan and the reward =« in the report block.

6In the above discussion, we have verified that this claim is correct for the case with
6;(1+1) = G (with L replaced with [ + 1).
For 6;(l + 1) = B, player i is indifferent between any action profile sequence, as desired.
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2.8.1 Preparation

We start with proving two Lemmas about incentivizing player i to tell the truth about hain,
As we will see, player i conditions that player j believes that player i’s score about player
J is not erroneous: j\j(l) = (. In this case, player j takes a fully mixed action plan.
When player i reports her history (a;, ;) for some period ¢ in the coordination or main

blocks, player j punishes player ¢ proportionally to
A 2
Hlaj,t7yj,t —E |:]‘aj,t7yj,t | Yity Qi ajﬂf] || :

Here, 1 is an |A;] |Y;| x 1 vector whose element corresponding to (a;,y;) is one and

aj,t,Yj,t

other elements are zero. (a;¢, ;) is player i’s message.

Intuitively,” player ¢ wants to maximize
I 2
—E |:H1aj,t7yj,t — B [1aj,t,yj,t | ity it aj,t] H | Yie, @i, e - (2.29)

We assume that player ¢ knew player j’s action plan «;,. Since player j takes a fully mixed
action plan conditional on S\Z(l) = (G, Assumption 5 implies that the truthtelling is uniquely

optimal:

Lemma 17 If Assumption 5 is satisfied, then for each 4, any fully mixed action plan o, €
A (A;) and player ¢’s history (ai¢, yit) € Ai X Y;, (@it Yir) = (@ir, ¥ir) is a unique maximizer

of (2.29).

Proof: By algebra. &
Take ex ante value of (2.29) before observing y;, assuming the truthtelling (a;, 9;:) =
(@it Yit):
- E |:H]‘aj,t,yj,t — B [La; ;0 | Ui @i, ] H2 | @iy, aj7t] : (2.30)

"That is, except that player ¢ can learn about (a;, ;) from the continuation play between
period ¢t and the report block.
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As in Lemma 12, we can show the existence of player j’s reward on player ¢ which cancels

out the difference in (2.30) for different a;,’s:

Lemma 18 If Assumptions 3 is satisfied, then for any j € I and «; € A (4;), there exists
II;[e;] - Y; — R such that

K [Hi[aj](yj> | aivaj] - E |:H1ajyyj —E []'aj»yj ’ yiaalﬁaj} H2 | aiva]} =0

for all a; € A;.

Proof: The same as Lemma 12. g

2.8.2 Report Block

report
%

Given these two lemmas, we explain the action plan and the reward 7 in the report
block. As briefly mentioned in Sections 1.7 and 1.8, player i reports h*™ to player j if
player 4 is picked by the public randomization. Player j calculates 7;**"" based on the
reported history A" so that o;(z;) is exactly optimal against o;(z;) and w4 7fPort,

With the perfect cheap talk, the players could report h*™ simultaneously and instan-
taneously. However, as seen in Section 1.5, for the dispensability of the cheap talk, it is
important to construct the report block so that only one player sends the message and that
the cardinality of the messages is sufficiently small.

For the first purpose, the players use public randomization. Player 1 reports hPain if
yP < % and player 2 reports hy@n if P > % Below, we consider the case where player
reports the history.

From Section 2.2, there is a chronological order for the rounds. Hence, we can number
all the rounds serially. For example, the round for x; is round 1, the round for x, is round

2, the first review round is round 3, the supplemental round for A\;(l + 1) is round 4, the

supplemental round for As(l 4 1) is round 5, and so on.
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Let hi™! be player i’s history at the beginning of the (r + 1)th round. The reward from

the report block is the summation of the rewards for each round:

VRERY

report Tp+1 . - § : report r4+1 7r+1

r

Here, fz?“ is player i’s report about k™. Precisely, to reduce the cardinality of the messages,

player i reports the summary of h}™'. The details will be determined below. Note that the

reward for round r, ;P (h;*l, hr L r), depends on the history until the end of round 7.

We define 7} <h§+1, hrtt 7“) such that

1. during the main blocks, for each period ¢ and each hf, player i believes that it will be

optimal to tell the truth about h}™; and

2. based on the truthful report AI*!, 7P will be adjusted so that o;(x;) is exactly

optimal.

1 can be achieved by using the punishment similar to (2.29), which will be formally
proven in Section 2.9.6. Here, suppose that we have shown the truthtelling incentive 1 and
let us concentrate on the adjustment 2.

Since we need to keep the cardinality of the messages sufficiently small, we consider the
summary statistics #7 for the history in each round 7: for round 1, let #} be x1, the message
sent by the perfect cheap talk in round 1. Similarly, for round 2, let #2 be zs.

For round 7 corresponding to a review round, for each (a;,y;) € A; x Y;, let #5(a;, y;)
be how many times player i observed an action-signal pair (a;,;) in round 7. Let #7 be a
vector (#(e0, )

For round 7 where player ¢ sends a message m via error-reporting noisy cheap talk, let

ai,Yi

#7 be player i’s message and signals (m, g[i](m), g2[i](m)).5

8 Although we neglected the secondary signals fs[i](m) and gs[i](m) for the almost opti-
mality, for the exact optimality, we need to take into account the belief updates from the
secondary signals.
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For round 7 where player ¢ receives a message m via error-reporting noisy cheap talk, let

#7 be player i’s signals (f[i](m), fo[i](m)).
Let b = {#f}F -, be a summary of player 4’s history at the beginning of round r + 1.

report
%

By backward induction, we construct 7 (h;“, hitt r). For round r corresponding
to a review round, let (T'(r,a:)), ¢4, € T4 be the set of strategies that take a; for T'(r, a;)
times in round 7.

In the last round (the Lth review round), since player j determines her continuation
strategy treating each period within a past round identically, player ¢’s belief about player
J’s continuation strategy at the beginning of the Lth review round conditional on «;(L) and
Ai(L) = G is determined by b7. Conditional on (L), the learning from signal observations is
redundant. Hence, conditional on a;(L) and \;(L) = G, player i’s value of taking (T'(r, i),
only depends on b} regardless of {a;;,y;:} in the Lth review round. Since Proposition 16
holds conditional on (L) and \;(L) = G, for all (T'(r, a;)),, consistent with the equilibrium
strategy, player i’s value of taking (7'(r, a;)), does not change by more than exp(—O(T2)).

On the other hand, from player i’s report, player j can know h] and how many times
player i took a; in round r. Let (#](a;)), be this number. With abuse of notation, we say
player i reports that she took (T'(r,a;)),. if T (r,a;) is equal to #;(a;) for all a;.

i

Therefore, based on the report of ] and (7'(r,a;)),,, player j can construct ;" Ort(h;f“,

ﬁf“,r) such that, given b}, a;(L) and S\Z(L) =G,

e between all (T(r,a;)), that should be taken with a positive probability, player i is

indifferent after any history in the Lth review round; and

e if player i reports (7'(r,a;)), that should not be taken on the equilibrium path, then
player j punishes player . We make sure that this punishment is sufficiently large to

discourage any deviation after any history.

In addition, player j adjusts player ¢’s learning at the beginning of the Lth review round.

Let V;(h7) be the expected increase of player i’s continuation payoff at the beginning of round
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r if player ¢ could know \;(l) and 60;(1), where the [th review round is the first round to come
after round r (if round r is the Ith review round for some I, then | = l~) By Proposition 16,
Vi(b7) is very small. Player j adds V;(h!) to the reward so that player i does not have an
incentive to improve the learning until the beginning of round r.

Then, we proceed backwards. In the review rounds, the key differences from the last

review round are

e player i’s history in round r affects player i’s expected continuation payoff from the

next round through learning. This effect is canceled out by adding V;(hi*!); and

7

e the distribution of ;(1) for the future rounds and whether player j obeys the message
can affect player ¢’s continuation payoff conditional on S\Z(ZN) = (@ for the future rounds,

but the distribution of §;(I) and whether player j obeys the message is independent of

player i’s action plan. Hence, this effect does not affect the optimality.

Hence, the same argument holds.

For round r where player i sends a message m, we replace (T'(r,a;)), with the set of
possible messages m’s in the above discussion.

For round r where player 7 receives a message m, player ¢ does not take an action.

Therefore, by backward induction, we verify that o;(x;) is optimal, taking all the contin-
uation strategies into account after a deviation given the truthtelling incentive. See Section

2.9.6 for how to incentivize the players to tell the truth.

2.9 Appendix of Chapter 2

2.9.1 Proof of Lemma 12

By linear independence of (g; (a;, @;)),.c 4. (Assumption 3), for all o, there exists m;[a] : Y; —

R such that

ui(ai, o) + B [mle](y;) | ai, 5] = 0.
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Without loss, we assume that m;[a](y;) is upper hemi-continuous with respect to a. Since
A (A) > a is compact, there exists @ such that m;[a] : Y; — [—u, 4] for all @« € A(A). We

can add or subtract a constant so that (2.5) is satisfied. Re-take u if necessary.

2.9.2 Proof of Lemma 13

This follows from Assumption 3 as Lemma 12. Since (1 — 6" u; (a;) converges to 0 as §

N

goes to unity for all ¢ € {1,...,Tp} with Tp = O((1 — §)" 2), we have

: 6
(ISHI% sup |7Ti (ta Qjt, yjﬂf)‘ =0,
—rte{1,....,Tp},a5,4,y4,t

which implies (2.11).

2.9.3 Proof of Lemma 14

Let m be the minimum element of Q;(x) and M be the maximum element of Q;(z). Let

(Qi(@))y n+Im|+1

M2maz (0,1) and q;(z) be the vector

Qi(z) be the matrix whose (I,n) element is

(gi(=)),+|m|+1 c (07 1)

whose [th element is [M+2[m[+2

Since aff ({qi(ai, aj)}aj c A,») C aff ({1,,}4,ev;), without loss of generality, we can assume
that the first row of Q;(z) is parallel to (1,...,1) and that the first element of q;(x) is 1.

We will show

{mieRIQoyi=a@) = Q@ =6 ={yer: A0y =a @)}

L Q;(z) C Q(x)
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Suppose that y; € Q, (). Then,

. (Qi(2)yi), m[ +1
L)Y, = —f- 1,...,]_ I3
(Q()y>z M+ 2iml+2 a2z Ly
first row of Q;(x)
(9 (2)), Im| +1

(M +2[m[+2 " [M[+2[m[+2 (G:());
as desired.
2. Qi(z) D Q; ()

Suppose that y; € Q, (x). Then, for all , (Qz(a:)yl> = (q; (z)),, that is,
I

@)y ml +1
|M|—}-2|m|i|-2 |M|+2|m|+2( e 1)y (2.31)
(qi(7)), Im| + 1

IM|+2|m|+2  |[M|+2|m|+2’

Ify; & aff ({1,,},,ev;), then

@)y, w1
M| +2m|+2  |M|+2m|+2"" "7
|m| + 2

|M\+2|m\+2;yi’l

L e (el ml +1
IM|+2m|+2 |M|+2m|+2 |M|+2|m|+2

and so contradiction to (2.31) with [ = 1.

If y; € aff ({1,, }y.ev;), then (2.31) implies

Qi(@)ys), _  (qi(x)),
M| +2|m|+2  |M|+2|m|+2’

or (Qi(x)y:), = (ai(x)), and so y; € Q; ().
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2.9.4 Proof of Lemma 15

We consider the proof for a more general strategy of player j. Given some fixed set A;(x) €

28(49) of player j’s mixed actions, player j determines a;(l) as follows:
e o;(l) = aj(x) with probability 1 — n; and
o for each a; € A;(x), a;(1) = a; with probability rr-izn.

If the latter is the case, 6;(l) = B. That is, the latter corresponds to the case where

~

a;(1) # a;(x). The other conditions for A;(1), A\;(1) and 8;(!) are the same.

Now, let us prove Lemma 15. Once \;(I) = B is induced, then \;(I') = B for all the

following rounds. Hence, there exists a unique [* such that \;(l) = B is initially induced in
the (I* + 1)th review round: A\; (1) =--- =X\ ({*) =Gand \; (I*+1)=--- = \; (L) = B.

Similarly, there exists I* with \; (1) = --- = A\;(*) = G and \;(I* +1) = - - -

)\; (L) = B.

IfX\(L)=G (S\J (L) = G, respectively), then define I* = L (I* = L, respectively).

Then, there are following three cases:

~

2941 I*=1I

This means \; (1) = \; (I) for all [ as desired.

2.9.4.2 [*>[*

This means that player ¢ obeys the message in the supplemental round for )\j(i* +1):
N+ 1) = FEIOG I+ 1)),
By Lemma 10, player ¢ believes that, conditional on Aj(i* +1),

N +1) = fONF+1) =M\ +1) =G

84



or glj](\;(I* + 1)) = E with probability no less than 1 — exp(—O(T'2)). If the former is
the case, then [* < I* (contradiction). If the latter is the case, then 8;(I* + 1) = B, as

desired. Since player j’s continuation action plan in the main blocks does not depend on

g[](\;(I* + 1)), we are done.

2.9.4.3 I <I*
There are following two cases. First, if player i obeys the message in the supplemental round

for A;(I* 4+ 1), then by the same reason as above, we are done.
Second, player i disregards f [z](S\ (I* 4+ 1)). As seen in Section 2.4.4.2, player ¢’s history

in the [*th review round satisfies

1. (2.20): Hﬁ > ter) Lais al(:c)H < g; and

2. (221): || iy Sienea e — Q@) <.
There are two cases: first, if player i’s signal frequency in T;(I*, z) is sufficiently close to
(2.32)

the ex ante distribution:

1
0 2)] o1, —al@)| <n

teT;(1*,x)

Then, for sufficiently small p, € and 7, player ¢ believes that
if $j = G,

o) it
X; (%) i
> I if g, = B,

that is, \;(I* + 1) = G, with probability 1 — exp(—©(T))
Lemma 19 Fix @ and L. For any i € I, | € {1,...,L} and z, suppose player j takes an
aj(z), player ¢

action as described above. There exist 7, p, € such that, for all n < 5, p < p and € < E,

if player ¢’s history satisfies (2.20), (2.21) and (2.32), then given «; (I*)
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believes that
X; (I (2.33)
> o7

with probability 1 — exp(—©6(T))
Proof: For sufficiently small p and ¢, T;(l, z) (the set of periods where player i takes a; (z))

is sufficiently long and (2.33) is satisfied if the score in T;(l, x) is not erroneous

while player i takes a; ()

For sufficiently small 1, p and ¢, the distribution of {y;},
is close to the ex ante mean and so the conditional expectation of the score in T;(l, x) is close

to the ex ante mean
<iim ifg, =G
= 2L j ’
E| Y mla@) ) | Widens @ @), a;(@) ]
teTi(l,z) > 14T ifa; =B
Note that, for sufficiently small p, the ex ante mean of m;[a (2)]|(y;:) given a; (x),a; (z) is

sufficiently close to that given « (x), which is zero
In such a case, by Hoeffdling’s inequality, player ¢ believes that

24 : _
S §ZT if Q?j = G,

Z milo ()] (yy,0) )
Z 73

teT;(l,x)
) is not close to the ex ante distribution

with probability 1 — exp(—©(T)), as desired. B
in T.(I* o

Second, if player i’s signal frequency in T;(l

Z 1yzt_ ’i

7,37, 2)] z*
tET (I*,x

>.
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Then, player i believes that player j does not take a;(l*) = a; (z):

Lemma 20 Foranyi € I,[ € {1,..., L} and x, suppose player j takes an action as described
above. There exists 77 > 0 such that, for all n < 7, there exists p > 0 such that, for any

p < p, there exist € and {A;(z)}  such that for all ¢ < g, if player i’s history satisfies

L |7 > ver,) Yai — oz,(:v)” <&

2. \T,-(ll,ai)| Eten(z,m) 1y, — Q; (a:)” < ¢; and

3. Wlaai” ZtGTi(l,x) 1yi,t —q; (-7:) H 2 m,
then player 7 puts a belief at least 1 — exp(—©(T)) on the events that a;(l) # a;(z).

Proof: For notational simplicity, let f; be player ¢’s signal frequency in the periods where

player i takes a;(x) in T;(1):

1
= 1, .
d | T3(1, ) 2 L.

teT;(l,x)

Fix n > 0. Note that from 3,

1
700 2)| > o1, —al)| =0
t

eT; (l,"l))

Suppose player i’s history in the [th review round is {aimyi,t}te:ﬁ(z)‘ The likelihood

between a; € A; (x) against «(x) is given by

Pr (aj ] {ai,t;yi,t}teT(l))
Pr <aj(a:) | {ai,tayi,t}teT(l))
Pr <{yi7t}teTi(l,m) | ai(z), aj)
Pr ({0} enyn | (o). 0y (2))

Pr ({yi,t}teTi(l,ai)

ai#ai(z) Pr ({yiat}tETi(lvai)

a;, aj) Pr (vin | @ins o) Pr(oy)

X )
a;, aj(a;)) Pr (g | @i, 05()) Pr(a;(z))
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where T; (1, a;) is the set of periods in the /th review round with a;; = a;. We want to show
that if 1, 2 and 3 are satisfied, then this likelihood is exp(©(T')) for some a; € A;(x) with
a; # a;(z).

For this purpose, we want to show that

log Pr ({?Ji,t}teTi(z,x) | az‘(ﬂ?)ﬂj) =T (1, 2)] Y filyi) log ai(yi | ai(x), o)
Yi
is sufficiently bigger than log Pr <{yivt}teTi(l o | ai(@), aj(:v)>.

Instead of working on «;, we work on the distribution directly. Define

ti = qi(ai(z), ;) — qi () .

By Taylor series, we have

> fily)log ai(yi | ai(x), ay) (2.34)

Yi
0o

> fily)log g (yi | #) + ) (=)™ Zfz ) (ti(y:)"

Qz yz | IE))

with ¢; (v | ©) = ¢; (yi | ai(x), a;(z)). We want to show that the second term in the second

line is sufficiently large.
First, we concentrate on the case where f; € Q, (z) and consider the subspace of player

i’s signals, Q; (z). There exists K7 > 0 such that, for each p > 0, for any e, < Kjp, we have

Be, (¢:(z)) € Q; (x)

since oy;(z) mixes all a; € A; with probability at least p. Here, B., (¢;(x)) is the closed ball

with radius e, > 0 and center ¢;(x) in the linear space aff ({1%}%@@) N Q; (z).
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Let Ce, (gi(x)) be the surface of B, (¢;(x)). Intuitively, we will define A;(x) such that
{gi(a;(x), aj)}ajeAj(x) is a discretization of Ce, (¢;(x)).

Since || f; — ¢;(z)|| > n from 3, for sufficiently small p, for any e, < K;p, we have

fi ¢ Be, (¢:(2)) -

In addition, since ¢ (y | @) has full support, for sufficiently small p, for any e, < Kip, we

have
_ ti (Y 1
t= max (y:) <z,
1,2,t;,y: €Yi, 0, €EA(Af) G (yi | ai(a:), aj) 3

(2.35)

where the maximization with respect to ¢; is subject to 3¢; € B, (¢;(x)) with t; = ¢; — q; ().

Given any e, € (0, Kip], given f; € Q;(x) with || fi — ¢;(z)|| > 7, define t; such that
¢ () +t; is on C¢, (¢; (v)). Since ||t;|| = e,, fi & Be, (q;(z)) and ||fi — ¢; (z)|| < 1, there
exists b > e, such that

ti=b(fi —q(x)).
Then,

> )0 = (Z(fxyi)f%-l).

" ¢ (yi |

Since >, ( fily))? ” (yl,-|a:) is uniquely minimized at f; = ¢; (x) and the minimized value is

1, we have
. ) 1
min i) —————= —1=¢€pa@)a;@) > 0.
firl fi—ai(@)[I=n %: (fi(s)) qi (yi | ) n,ai(zx),0 ()

Since A (4;) is compact, there exists e, independent of p such that

1=28e,>0.

‘ 1
min min i\Yi -
iel Firll fimai(z )||>n2<f (v:))" qi (

i | T
ai(2) € Asery (1) EA(A;) vi | z)

Therefore, for any f; with ||f; — ¢;(x)|| > 7, there exists t; such that
e g (z)+t € Ce, (g;(z)); and
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e we have

> fz'(yz)(;ti(yi) > 8ey€p-

" % (yi | )

By (2.34), we have

> fily)og (ai(yi | @) + ti(ys)

Yi
00

= Zfz‘(yi)log%(yi|$)+2( ) 1Zf, yZ
2 Zfi(yi)log% (yi | ©) + (1 — Z (f)n> 8e,e,p

n=1

> Z fi(yi)log q; (yi | x) + 4eye,.

Yi

The last inequality uses the fact that ¢ < 3 (See (2.35) for the definition of ). Therefore,

min max {Z fz yz long yl Zfz Yi long(yl | 'T)} Z 4677€P‘

,T QZECE (Q'L
fi€Q;(x) g

By Assumption 2, there exists £, > 0 such that, for sufficiently small p,

Cop (a:()) € Acy = {0 € A ({1} ey, )+ 0i() = &, for all yi € i}

Since ), fi (yi) log ¢i(y;) is Lipschitz continuous in f; € Q;(z) and ¢; € A.,, there exists M

such that there are M points in Ce, (¢i(z)), denoted by C (¢i(x)), such that

, ;€CM (g;
f,'ezQi()qE " (q:(2))

min max {Z fz yz long yz Zfz yz 10gq1<yl | I)} Z 3677€P'
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Now we consider the case with f; ¢ Q; (z). From 1 and 2, there exists (s;(vi)),,,cy, such

that

fi+si € Qix),

Isill < e

Again, since >_, f; (yi)log ¢i(y;) is Lipschitz continuous in f; € Q;(z) and ¢; € A.,, there

exists € > 0 such that, for all s; with [|s;|] < e, we have

H}i}l q_ecnl\lj%x( N {Z (fi(yi) + si(y)) log qi(y:) — Z (fi(yi) + si(y)) log qi(y; | x)}
fieQ@ P Ly vi

= €pep.

Therefore, in total, for sufficiently small p, for any e, € (0, K1p|, there exists a finite set

C’é‘f (gi(x)) such that, if Conditions 1, 2 and 3 are satisfied, then

7:€CY (qi(z))

max {Z fi(i) log i ys) Zfz vi) log ¢i(y; | x)} > e,e,. (2.36)

Fix n > 0 and then p > 0 and e, = K;p so that the above statement is true. By definition
of Q;(x), there exists a set of M player j’s strategies, denoted by A;(x), such that, for each
point ¢; € C’é\f (gi(x)), there exists a mixture o; € A; () such that ¢; = ¢;(y; | ai(x), ).
Then, (2.36) means that, if Conditions 1, 2 and 3 are satisfied, then there exists a; € A;(z)

such that

log Pr ({yi:t}tETi(l,w) | a;(x), aj> —log Pr <{yi,t}teTi(l7$) | ai(x), a; (x))

> |T;(l,z)|eqe, > (1 —21A;| p — 2¢) e, K1 pT.

The last inequality uses definition of «; () and Condition 1.
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On the other hand, consider the periods when player i takes a; # a; (x). Note that, for

all o € A; (z),

Hence,

|log qi (Z/z \ az',Oéj) — log ¢; (yi | !L‘)\

= |log (qi(yi | ®) +ti(ys)) —logqi (vi | )| < p.

Pr <{yi’t}t§ZTi(l7ai) | ai, aj)

ai#ai(z) Pr ({yi,t}teTi(l,ai)

v

exp(—p Z |Ti (1, a:)])

i, O ($)> aita(x)
> exp(—p3 |4 pT)

if we take € < p. The last inequality follows from |T; ({,a;)| < 3|A4;|pT. To see why

|T; (1, a;)| < 3[Ay] pT', suppose not. Then, |T; (I, a;)| > 3[A;| pT. Then, >, ., oy [T (I, ai)| >

3|A;| pT', which means |T; (I, z)| < (1 =3|A4;|p)T < (1 —2|A;|p —¢)T for € < p, which

contradicts to Condition 1.

Therefore, in total,

v

Pr <aj ! {@i,byi,t}teT(l))
Pr (ozj(x) | {ai,tayi,t}teT(l)>

Pr ({y@-,t}teTi(l@) | ai(z), aj)
Pr ({yi,t}teTi(l,x) | ai(x), O‘J'(gc))

Pr <{yi’t}t¢Ti(l7ai) | @i, aj) Pr (yin) | @in. ;)  Pr(a )
aiai(e) Pr <{yi,t}tETi(l,ai) | a5, (m)) Pr (yie,) | @iy, () Pr (e (2))

X

1
exp (1= 2|4 p — 26) ey — p3|Ail) 9T) -

exp (6 (7))
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Pr(yi,ti Wit 1), ) by As-

for sufficiently small p and e, as desired. Here, we can neglect
Pr(yi,ti(l)‘ai,ti(l):a]’(z)>

sumption 2. §
In summary, we take 7, p and € so that Lemmas 19 and 20 are satisfied. Then, if player

1 disregards the message,

1. if

1
T2 > L, —a)| <n

teT;(1*,x)

then player ¢ believes that a;(1*) # a;(z) (which means 6,(I*) = B) or

with probability 1 — exp(—©(T')); and

2. if
1

— 1,. —a(@)| >n,
EErIR et B

tGTi(l*,.’E)
then player i believes that o;(I*) # a;(z) (which means 6;(I*) = B) with probability

1 —exp(—O(T)).

These bounds are before learning from player j’s continuation action plan. The learning
from player j’s continuation action plan changes the belief in the following two ways. First,

- 3L L
{ Flil(A; (D)) }~ reveals {)\j(l )} . However, since the error occurs with positive probability

L \L
(exp(-6(14))) " = exp(-6(T
the original belief 1 — exp(—O(T)).

= e~

=1
)), the update of the belief is sufficiently small compared to

N

Second, player ¢ conditions that 5\](l~) = @ for all [ < [. This conditioning changes player
1’s belief on player j’s history in the following way: player i’s belief on player j’s history where
player j obeys player i’s message f []]()\Z(Z)) can be decreased at most by exp(—@(T%)) for

the supplemental round for \;(l) since any signal profile can occur with positive probability
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exp(—O(T'2)) in the supplemental round for A;(I). On the other hand, player i’s belief on

player j’s history where player j disregards player i’s message f[j](\;({)) remains unchanged.
L A\L
In total, the update of the belief is <exp(—@(T 5))) — exp(—O(T'2)), which is sufficiently

small compared to the original belief 1 — exp(—©(T')), as desired.

2.9.5 Proof of Proposition 16

For 3, it suffices to have

S 0 if T = G,

[Ti(x, Aj(1),1)] < max;q2|u; (a)| T (2.38)

for all z € {G,B}?, \;(I) € {G,B} and | € {1, ..., L}.

N

To see why (2.37) and (2.38) are sufficient, notice the following: (2.38) with 7T = (1 —6)~
implies

lim =0.

6—1 6TP

sup

T hmain
]

7_‘_lmain (.’L’, h;nain’ l)

=1

See the discussion in Section 2.4.4.1 to see why (2.37) is enough for (1.17).

Now, we are left to prove 1 and 2. 1-(b) is true by the reasons that we have explained in
Section 2.7.

We will verify 1-(a) by backward induction. Section 2.4.4.3 guarantees that the distri-
bution of 6;(I) is independent of player i’s action plan and so we can neglect the effect of
player 4’s action plan on 6;(l). Further, for a moment, forget about the first term in 7"
—2uT (2uT, respectively) for x; = G (x; = B, respectively).

In the Lth review round, for almost optimality, we can assume that \;(L) = 5\j(L) and
that player j uses (2.16) by the following reason: by Lemma 15, conditional on \;(L) = G,
player i has a posterior no less than 1—exp(—©(T'2)) on the event that A;(L) = A;(L) or any

action is optimal. Since the per-period difference of the payoft from two different strategies
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is bounded by U = 2i + max;, 2 |u;(a)|, the expected loss from assuming A;(L) = A;(L)
is no more than exp(—O(T'2))UT. Therefore, for almost optimality, we can assume that
N(L) = S\j(L). Further, if (2.13) is used, then any action is optimal. Therefore, we can
assume that player j uses (2.16).

In addition, if player j does not play o;(z), then it means that 6,(L) = B and that any
action is optimal for player ¢ (that is, (2.13) is used). Hence, we can concentrate on the case
where player j plays a;(z).

If \;(L) = A;(L) = G, then any action plan is almost optimal for sufficiently large T since
Lemma 12 implies that the marginal expected increase in X;(L) cancels out the marginal
decrease in instantaneous utilities. If \;(L) = \;(L) = B, then D; is strictly optimal since
the reward (2.16) is constant. Therefore, o;(x;) is optimal. Remember that in the period
t;(L) excluded from X;(L), ;" [o](y;4,(1)) makes any action optimal.

Further, if player j uses (2.16) and \;(L) = j\j(L), then player i’s average continuation

payoff at the beginning of the Lth review round except for 7;(x, A\;(L), L) is

w;(z) it A;(L) = \(L) = G,

u;(D;, (1 — 2p) C; + 2pD;) > w;(x) if 2; = G, \(L) = \j(L) = B

wi(Dy, (1= 2p) Dj + 2pCy) < max{max w;(z), v (p)} if 2; = B, N;(L) = (L) = B.

v (2.39)

Hence, there exists 7;(x, \;(L), L) with (2.37) and (2.38) such that player i’s average con-

tinuation payoff is equal to min, wi(z) if ; = G and max{max,.,,—pw;(z),v;(p)} if
z; = B.

Therefore, we define 7;(z, A;(L), L) such that player i’s value from the Lth review round

is independent of A;(L) as long as A\;(L) = A;(L).” In addition, Lemma 15 implies that

player i in the main blocks does not put a belief more than exp(—©(T'2)) on the events

9In the above discussion, we have verified that this claim is correct for the case with

Otherwise, player ¢ is indifferent between any action profile sequence, as desired.
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that \;(L) # Xj(L) and player ¢’s value depends on action profiles in the Lth review round.
Further, again, we can neglect the effect of player ¢’s action plan on 6;. Therefore, for almost

optimality, we can assume that player i in the (L — 1)th review round maximizes

E| D wila)+ 7™ (@, ™ L—1) |z, (2.40)
teT(L—1)
assuming \;(L — 1) = A\;(L — 1).

Therefore, the same argument as for the Lth review round establishes that o;(x;) is
almost optimal in the (L — 1)th review round.

Further, if player j uses (2.16) and \;(L — 1) = A;(L — 1), then player i’s average payoff
from the (L — 1)th review round except for 7;(x, \;(L — 1), L — 1) is given by (2.39). The
cases where (2.13) will be used in the Lth review round will happen with probability no
more than 7 (player j takes o;j(L — 1) = o(x) with probability 1 — n) plus some negligible
probabilities for not having (2.20), (2.22) or (2.23). When (2.13) is used, per period payoff
is bounded by [—24,2u] by (2.9).

Therefore, there exists 7;(x, A\;(L —1), L — 1) with (2.37) and (2.38) such that if player j
uses (2.16) and \;(L — 1) = A;(L — 1), then player i’s average continuation payoff from the
(L — 1)th and Lth review rounds is

min__ _, w;(z) —n (211 + minmjzg wz(a;)> ifz; =G,

)

*

max{maxg.,,—p w;(z), v} (p)} + 1 (22 — max{max,.,,—p w;(z), v (p)}) if z; = B.

Recursively, for [ = 1, 1-(a) of the proposition is satisfied and the average ex ante payoff

of player i is

minz:zj:G wi(z) — Ln <2ﬂ + minz:zj:G w,(:p)) if x; =G,

max{maxg.,,—p w;(x), v} (p)} + Ln (2u — max{max,.,,—p w;(x),v; (p)}) if z; = B.

» Y
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Note that, in the first review round, player j uses (2.16) and S\j(l) = A;(1) = G with
probability one.

Taking the first term —2uT" (2aT, respectively) for z; = G (x; = B, respectively) into
account, the average ex ante payoff is

y

min,__, wi(z) — 2 — Ly (2& +min,

- wz(ac)) if x; =G,

max{max,.,,—p w;(x), v}
(M- @), 07 ()} R

+28 4 Ln (2u — max{max,.,,—p w;(z), v} (p)})

7

From (2.27), we can further modify 7; (z, G, 1) with (2.37) and (2.38) such that o;(z;)
gives U; (v;, respectively) if z; = G (B, respectively). Therefore, 2 of the proposition is

satisfied.

2.9.6 Formal Construction of the Report Block

We formally construct the action plan in the report block and 7, so that player i tells the
truth about A"®" and that o, (z;) is exactly optimal. Here, we do not consider the feasibility
constraint (1.17). As we will see, 7" is bounded by [~7~!, 7~'] and we can restore (1.17)
by adding or subtracting a small constant depending on x; without affecting efficiency or
incentive.

Let A;(r) be the set of information up to and including round r consisting of
e what state x; player j is in;

e what action plan «;(l) player j took in the ith review round if round r is the /th review

round; and

e (1) = G in the Ith review round if round r is the Ith review round or after.

We want to show that o;(z;) is exactly optimal in round r conditional on A;(r). Note
that A;(r) contains z; and so the equilibrium is belief-free at the beginning of the finitely

repeated game.
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The following notations are useful: as defined in Section 2.8, # is the summary of player
t’s history within round r, b is the summary of player ¢’s history at the beginning of round
r, and (T'(r, a;)),, is the set of player i’s strategies that take a; for T'(r, a;) times in round r
ex ante (if round r corresponds to a review round). On the other hand, let #’Z-" be player i’s

be such that, according to player ¢’s report #;, player ¢ takes

a;

report of #! and (T(r, ai)>
each qa; for T (r,a;) times in round r. In addition, let ¢, be the first period of round r.

For round r corresponding to a review round, we divide a review round into Ti review
subrounds. Each kth subround is from period ¢, + (k — 1) T3 +1 to period t, + kT3 with
ke {1,...,T1}. Let T(r,k) be the set of periods in the kth subround of round r. Let
#7(k)(az, y;) € {1, ..., T4} be how many times player i observed an action-signal pair (a;, ;)
in the kth subround of round r and #; (k) be (#;(k)(ai, v:)),, ,,-
When player i is picked by the public randomization device with probability %, player

1 sends the messages via perfect cheap talk: sequentially from round 1 to the last round,

player ¢ reports the history as follows:
e if round r corresponds to a review round, then

— first, player ¢ reports the summary #/;
— second, for each subround k, player i reports the summary #7(k);

— third, public randomization is drawn such that each subround k is randomly
picked with probability 7-1. Let k(r) be the subround picked by the public

randomization; and

— fourth, for k(r), player i reports the whole history {ais, Yi.t},cr(. () in the k(r)th

subround;

e if player i sends a message by the error-reporting noisy cheap talk in round r, then

player i reports #/, which is her true message m and signals g[i](m) and gs[i](m); and
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e if player ¢ receives a message by the error-reporting noisy cheap talk in round r, then

player i reports #7, which is her signals f[i|(m) and fs[i](m).

Remember that we want to use binary perfect cheap talk as mentioned in Section 1.5.
For round r corresponding to a review round, for each #7 € {1, ..., T}H4I¥il we can attach
a sequence of binary messages {G, B} so that the sequence uniquely identifies #!. The
length of the sequence is | 4;| |Y;| log, T'. Similarly, for each #7(k), we can attach a sequence
of binary messages {G, B} with length 1 |A;||Y;|log,T. For each (a;,y;), we can attach a
sequence of binary messages {G, B} with length log, |A;| |Y;|. Then, the number of binary
messages to send the fourth message {ait, Yit}crp(r) 15 1082 [Ai] Y] T1i. Hence, in total,
the length of the messages is @(Ti). For the other rounds, the length of the necessary

messages is at most 3. Therefore, in total, the number of messages we need is
O(T1). (2.41)

As a preparation to show the incentive to tell the truth, we prove the following lemma:
Lemma 21 If Assumption 5 is satisfied, then given p > 0, there exists £ > 0 such that

1. there exists g,-(h?“ain, a;,y;) such that, for each [ € {1,..., L} and t € T(l), conditional
on \;(l) = G, it is better for player i to report (a;;,y;;) truthfully: for all A and
i with A;(I) = G, conditional on (1) = G,

K [gi(h?ai“, Gigs Die) | P (i 9i0) = (aig, Yir)] (2.42)

> B [gi<h;'nain’ Gig Gie) | hE0, (g, Gig) 7 (aig, yi,t)] + 70D,

where (a;+,9;+) is player i’s report about (a;, ;) in the report block;
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2. for the round where player i sends the message by the error-reporting noisy cheap talk,

it is better to report (m, gli](m), go[i](m)) truthfully:

o ) 013
| e, (i, glil(m), gali)(m) ) = (m, glil(m), guli)(m) |
) e
| b, (1, gli](m), ga[il(m) ) # (m, glil(m), gufi)(m))

where (ﬁz, gm), gW)) is player ¢’s report in the report block about the message

and signals of the supplemental round; and

3. for the round where player ¢ receives the message from the error-reporting noisy cheap

talk, it is better to report (f[i](m), f2[i](m)) truthfully:

g| o0 . ) -
| e, (Fm), lil(m) ) = (£1(m), fali)(m))
s et . ) ey
|| b, (Flilm), £l)m)) # (Fli)(m), falilm) |

—

where ( fli](m), 2[2](m)) is player 4’s report in the report block about the signals of

the supplemental round.

Proof: 1. Note that with j\z(l) = G, player j takes aj, that takes each action with

probability no less than p. We show that

main ~ ~ ~ 2
gl(hg y Qi ts yi,t> = _l{tj(l) = t} Hlaj,t:yj,t - E[laj,t,yj,t ’ Qi t5 Yits aj»t] H

works.'? To see this, consider the following two cases:

19Kandori and Matsushima (1998) use a similar reward to give a player the incentive to
tell the truth about the history.
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(a) if t;(I) # t, then any report is optimal since g;(h™", d; ¢, 9iz) = 0; and

(b) ift;(I) = t, then period ¢ is not used for the construction of player j’s continuation
action plan. Hence, player i cannot learn a;,, y;, from h**". Hence, player i, after

knowing ¢;(I) =t and «a;, wants to minimize

P 2
min E [Hlawyj,t — E[laj,t,yj,t | Qi Uity Ozj,t]H | Gty Yis Oéj,t] .
a"L t:yzt

Lemma 21 implies that (a;¢, 9i+) = (@i, ¥;¢) 1S a unique minimizer.

Since A;(x) 3 a;; is finite, we are left to show that there exists € > 0 such that,

for any " [ and ¢t € T (1), player i puts a belief at least €7 on ¢;(I) = t.

From now on, we condition on player j’s history at the beginning of the [th review

round with (1) = G.

Let #7(1)(a;, yj, 1g;(x)) denote how many times player j observed each pair (a;, y;, 19, ())
in the Ith review round and #3([) be a vector (#;(1)(a;,y;, 1Qj(z)))(aj’yj71Q]-(x))' Note
that the distribution of player j’s continuation action plan from the next round is fully
determined by #7(1) and (a;+;), Yjt; ()5 1;().e;0))- Hence, it suffices to show that, if
player i could know {a; +, yir }rerqy, #;(1) and (aj¢ ), Yje;0)5 1@, ()1, )5 Player i puts

a belief at least €7~" on ¢;(I) = t for each t.

For any ¢ and ¢’ € T'(I), the likelihood ratio between t;(I) = ¢ and ¢;(I) = t' is given by

Pr (t;(1) = t | {air, Yir breray, (D), #5 (0 (@50,0) Uit 00 1 ).1,)))
Pr (tj(l) t| {G”,y”}TeT(l yai(l), # ( ), (ajt 1) Yt (1) ]-QJ(:L" t;(1) ))
P (#0000 Lo @ aw) | {0 Yir trerw, a;(1 =t
— Pr(#50 (@,0 %50 1as00) | i i brera) J<z> t; <z> t)

1
min q(a;, y;, 10, | ai, yi, (1))

Y

€ |minq(aj,y;, 1g,@) | @i, ¥, a;(1)),
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where the minimum is taken with respect to a;, y;, 19, (z)- By Assumption 2 and Lemma

14, there exists £ > 0 such that

1
min q(a;, Y5, 1Q, ()| @i, Y, (1))

[min q(aj,Yj, 1q, @)l ai, yi, ;(1)),

Since A;(z) 3 «;(l) is finite, we can take & independently from a;, y;, o;(l). Hence, we

have

Pr (t;(1) =t | {air yirr frerys @i (1), #5(0), (a50,00 Vi, ) 105 (2).6,0)))

> &Pr(t;(1) = t" | {air, Yir brery (1), #5 (1), (@58,00 i, 00 Lo, @)4,0)) -

Since there exists at least one ¢ with

Pr (t;(1) =t | {air Yirbreray #5 (), (00,0 Vit Loy @yy@)) = TN,

we are done.

. From (1.5),
gi(h;'naina m? gm)a gm))
= [0 — By | £151m) i, 5T, il G|

works. Since player j’s continuation action plan is independent of f; [j] (m), condition-

ing on A" does not change the optimality.
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3. From (1.3),

—

gi(h3™™, fli](m), f2[i](m))

- ngz[j](m) = Bl ugiom | . gljl(m), Fi)(m), £21i1(m) H2

works. Since player j’s continuation action plan is independent of gs [j] (m), condition-
ing on A" does not change the optimality. I
Since p is fixed in Section 2.6, € is now fixed. Given this preparation, by backward
induction, we construct 7 " (h;“, ﬁ:“, 7‘> for each r such that

)

VR

report Tp+1 | _ report r+1 7r+1
T (g I 6) = Y (hj NG ,7‘)

T

makes it optimal to tell the truth in the report block and that o;(z;) is exactly optimal.

report

Formally, 7; (h;*l, iLz—H,T) is determined as follows. If player i is not selected by

the public randomization device or there exists [ such that the Ith review round is before or

equal to round 7 and X;(I) = B, then

)

7T1Teport (h;—H, iL:—H, ,,,,) = 0. (245)

report
%

Otherwise, 7 <h§+1, ﬁ;?“, r) is the summation of the following rewards and punish-

ments.

Punishment for a Lie One component of " (h;“, fzf“,r) is the punishment for
telling a lie. For round r corresponding to a review round, the punishment is the summation

of the following three:

e the number indicating player i’s lie about {a;, vi+} teT(rk(r))’

> TEg(h gy, i) (2.46)

teT (r,k(r))
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e the number indicating player i’s lie about #](k):

T )T LQ#E) £ D Lo (2.47)

teT (rk(r))
where 15, , 4., is an |A;| |Y;| x 1 vector such that the element corresponding to (G, Ji)
is equal to 1 and the others are 0. Here, the term T' 1 cancels out T_%, the probability

that each k is selected to be k(r) by the public randomization; and

e the number indicating player ¢’s lie about #:
T x1 {#z‘ # #me)} . (2.48)
k

If player ¢ sends a message by the error-reporting noisy cheap talk in round r, then player
i reports (m, g[i](m), g2[i](m)). Player j punishes player i if it is likely for player i to tell a
lie by

T3 g, 1, gl (m), g2l (m)). (2:49)

If player i receives a message from the error-reporting noisy cheap talk in round r, then

player i reports (f[i](m), fa]i](m)). Player j punishes player i if it is likely for player i to tell
a lie by

T g, (i, il (m), £l (m)). (2:50)

Cancel Out the Expected Punishment by Telling the Truth Note that even if

player i tells the truth, the expected punishment is positive for (2.46), (2.49) and (2.50)

and the expectation of the punishment is different for different actions and messages.!’ We

cancel out the differences in ex ante values of the punishment between different actions and

messages:

"1On the equilibrium, (2.47) and (2.48) are 0 after any history.
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e if round r is a review round, then player j gives player ¢

> Yt = t}1{t € T (r,k(r) YT *Tife; (D] (y5.); (2.51)

teT(r)

e if player ¢ sends the message in round r, then player j gives player ¢
TTL(f [j] (m)); (2.52)

and

e if player ¢ receives the message in round r, then player j gives player i
T (m). (2.53)

Here, IL;(f [] (m)) (IL;(m), respectively) is defined so that the differences in (2.49) ((2.50),
respectively) among messages are canceled out ex ante before sending (receiving, respec-
tively) the message, as we define II;[;](y;+) in Lemma 18. Assumption 3 guarantees the
existence of such a reward.

Then, in each period of the main block, given truthtelling in the report block, before
taking an action or sending a message, the ex ante punishments from (2.46), (2.47), (2.48),

(2.49), (2.50), (2.51), (2.52) and (2.53) are zero.

%

Reward for the Optimal Action Another component of ;" (h/*!, A+t r) is the re-
ward for taking an equilibrium action in round 7 (or, punishment for not taking an equi-

librium action). From {#I} we can calculate b = {#7}._ . Let br be player j’s

F<r—1’

inference of b} based on player i’s reports {#f} .
r<r—1

If round r corresponds to a review round, then based on the reports 6;7 and #7, player j

gives the reward
fi(B7, 7 0(1)), (2:54)
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which is to be determined. Here, «;(r) is player j’s action plan in round r.
If round r corresponds to a round where player ¢ sends the message m, then based on

the reports 6;’ and m, player j gives the reward

fi(b. ), (2.55)
which is to be determined.
We will take f; such that
(07, 7, ay(r)), fi(br, i) € =T (V=D por (N (2.56)

for all b7, #7, a;(r) and 7.

Incentive to Tell the Truth Before specifying f;, we establish player ¢’s incentive to tell
the truth. For the reports about the last round, all the reports about the previous rounds
are sunk. Hence, what the reports affect is the punishment and f; for the last round. Both
are zero for A\;(L) = B. Hence, player i can condition \;(L) = G. From (2.56), the effect
on f; is bounded by ©(T~"=1=%) while the marginal effect on punishment from telling a
lie is at least ©(T~W=Y73) from (2.46), (2.47), (2.48), (2.49), (2.50) and Lemma 21. Hence,
truthtelling is strictly optimal.

Given the incentive to tell the truth about the last round, the same argument holds for
the second last round, and so on. By induction, we establish player i’s incentive to tell the

truth for all the rounds.

Ex Ante Expected Punishment Given the truthtelling incentive and (2.51), (2.52) and
(2.53), in each period of each main block, before taking an action or sending a message, the
ex ante punishments from (2.46), (2.47), (2.48), (2.49), (2.50), (2.51), (2.52) and (2.53) are

zero.
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Determination of f; We determine f; by backward induction.

In the last round (the Lth review round), since player j determines her continuation
strategy treating each period within a past round identically, player i’s belief about player
J’s continuation strategy at the beginning of the Lth review round conditional on «;(L) and
Ai(L) = G is determined by h7. Conditional on a;(L), the learning from signal observations
is redundant. In addition, given the truthtelling incentive, the expected punishments from
(2.46), (2.47), (2.48), (2.49), (2.50), (2.51), (2.52) and (2.53) are zero and can be ignored.

Hence, conditional on «;(L) and S\Z(L) = G, player i’s value of taking (7'(r,a;)), only
depends on b7 regardless of {a, s, i} in the Lth review round. Let v(b7, o (r), (T(r, ai)),,)
denote this value. On the other hand, from player ¢’s report, player j can know h] and how

many times player ¢ took a; in round r. Therefore, player j can calculate f; such that, if 6:

is an on-path history,
o if (T(r, a;))a, is an equilibrium action plan given 6:, then

_ U(AL O‘j(ﬂa (T*(T, ai))ai) - U(A;a O‘j(r)ﬂ (T(T‘, ai))ai)
Pr(player i is picked by the public randomization)

b}, #7, a(r)) (2.57)

so that player i is indifferent between any equilibrium action plan. Here, (T*(r, a;)),,
is such (T'(r,a;)),, that minimizes v(b7, o (r), (T(r, a;)),) among those taken with a

positive probability in equilibrium after 6;"; and

o if (T(r,a;))a, is not an equilibrium action plan given 7, then

f1<6:a j :7 Oéj(?")) = _T_l_(N_l)_4 (258)
On the other hand, if 6;’ is an off-path history, then f; is defined to be 0.

We can take f;(b7, %7, o;(r)) satisfying (2.56) since (i) the original action plan is almost

optimal by Proposition 16 conditional on a;(L) and A;(L) = G, (ii) we have established the
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incentive to tell the truth, and (iii) from (ii) and II;, the ex ante punishments from (2.46),
(2.47), (2.48), (2.49), (2.50), (2.51), (2.52) and (2.53) are zero.

Consider player i’s incentive on the equilibrium path. With \;(L) = B, then 7} (h;“, hr+t, 7“) =
0 and 6;(L) = B. Hence, any action sequence is optimal. With \;(L) = @, (2.57) makes
player i indifferent between all the (T'(r, a;)), ’s that are taken with a positive probability in
equilibrium after 7, regardless of {a;;,y:;} in the Lth review round. In addition, (2.58) is
sufficiently large to discourage any deviation after any history on the equilibrium path since
the equilibrium action plan is almost optimal except for the report block.

Therefore, we are done with the last round. We proceed backward.

For the /th review round, given fA)ZT and #g, we can calculate the following effects of player
1’s history in the [th review round on the continuation payoff from the next round: given 6:

and #7{, player ¢’s optimal action plan from the next round is determined. Given this,

e the effect on f; for round 7 > r + 1 (this is well defined since we proceed backward);

o the effect on (2.46), (2.47), (2.48), (2.49), (2.50), (2.51), (2.52) and (2.53) for round
7 > r+ 1. Since all are zero, we neglect this effect;

o the effect on the distribution of \;(/). By Proposition 16, as long as player i can learn
A;(1), this effect can be neglected. See below for the effect on learning;

e the effect on the distribution of 6,(/). Since the distribution is independent of player
1’s action plan, we neglect this effect; and

o the effect on player i’s learning about A;({) and 6;(1).

Hence, we can concentrate on the effect on f; and player i’s learning about \;(1) and 6,(1).
Since f; for round 7 > r+1 is bounded by (2.56) (replace r with r+ 1), the former is bounded
by [~O(T "~ W=1=5) @(T-"~(N=1=5)], For the latter, let V;(h7, #7) be the expected increase

of player i’s continuation payoff at the beginning of round r + 1 if player i could know \;()
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and 6;(l) from round r + 1. Note that X;(l) and 6;(I) fully determine player i’s optimal
action from the next round. Proposition 16 implies V;(h], #7) = exp(—@(T%)).

Player j constructs fi(ﬁf, i T, aj(r)) in the following two steps: first, player j makes player
¢ indifferent between all the #] in terms of the above two effects so that player ¢ does not
have an incentive to affect f; for round 7 > r + 1 or improve the learning at the beginning
of round 7 + 1 (ex post). This is bounded by [~ (T~ W-1=%) @(T—-(N-1=5)],

Second, given the first step, player j makes player i indifferent between all the (T'(r, a;)), s
that are taken with a positive probability in equilibrium after 6: and discourages player ¢
from any deviation after any history on the equilibrium, as in the Lth review round.

The total adjustment can be bounded by [T "~ N-1=4 7-r=(N=1)=4] " a5 desired.

For round r corresponding to a round where player ¢ sends a message m, we replace
(T'(r,a;)),, with the set of possible messages m’s in the above discussion.

For round r corresponding to a round where player ¢ receives a message m, player ¢ does
not take an action.

We can proceed until the first round and show the optimality of o;(x;) recursively.

Finally, without the reward in the report block, for all x € {G, B}?, 0,(x;) gives a payoff
v; for x; = B and v; for ; = G. In this section, we have established the exact optimality of
oi(x;) conditional on z;. Since the summation of the reward in the report block is bounded
by T71, for all z € {G, B}?, o,(z;) is optimal against o;(z;) and gives a payoff close to v,
for z; = B and v; for z; = G. By adjusting the reward based on z;, we can make sure that
o;(z;) is optimal against o,(z;) and the payoff is v, for z; = B and 9; for x; = G. Since
o;(z;) is optimal conditional on z;, it is optimal for both players to send z; truthfully in the

coordination block (although player 2, the second sender, knows z; when she sends z5).
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Chapter 3

Overview of the Extensions

In the following chapters, we prove the folk theorem for a general game without cheap talk
or public randomization (Theorem 8) in steps. Remember that the arguments in Chapter 1
are valid for all the steps.

We offer an overview of the structure and summarize exactly what generic conditions we

need to prove Theorems 7 and 8 in each step.

3.1 Structure

First, in Chapter 4, we show the folk theorem for the general two-player game with the
perfect cheap talk, error-reporting noisy cheap talk and public randomization.

Second, in Chapter 5, we show the folk theorem for the general more-than-two-player
game with the perfect cheap talk, error-reporting noisy cheap talk and public randomization.

Note that, by the end of the second step, we have shown Theorem 7. Hence, we are left
to show Theorem 8, dispensing with the perfect cheap talk, error-reporting noisy cheap talk
and public randomization.

Third, in Chapter 6, we prove the dispensability in the two-player game. We proceed in
steps. In the coordination block, we replace the perfect cheap talk with the error-reporting

noisy cheap talk. Then, we dispense with the error-reporting noisy cheap talk in the coor-
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dination and main blocks. On the other hand, in the report block, we dispense with public
randomization, after which we replace the perfect cheap talk with conditionally independent
noisy cheap talk. Then, we dispense with the conditionally independent cheap talk.
Fourth, in Chapter 7, we dispense with the perfect cheap talk, error-reporting noisy cheap
talk and public randomization in the more-than-two-player game. The main difference from
the two-player case is how to construct the coordination block without the perfect cheap

talk but with the error-reporting noisy cheap talk.

3.2 Assumptions

Given the above structure, we mention what generic assumptions are sufficient to prove

Theorems 7 and 8 in each step. Again, all the assumptions are generic under Assumption 6.

3.2.1 General Two-Player Game with Cheap Talk and Public Ran-

domization

In the the general two-player game with the perfect cheap talk, error-reporting noisy cheap
talk and public randomization, no additional assumption is necessary, that is, Assumptions

1, 2, 3 and 5 are sufficient.

3.2.2 General More-Than-Two-Player Game with Cheap Talk and

Public Randomization

With more than two players, we also assume Assumption 4 so that player j can identify
which of two players ¢ and n is more suspicious in deviations since for each player j, there
are more than one opponents.

Assumptions 1, 2, 3 and 5 are maintained as they are.
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3.2.3 General Two-Player Game withOUT Cheap Talk

Now we consider how to dispense with the perfect cheap talk, error-reporting noisy cheap

talk and public randomization device in the general two-player game.

3.2.3.1 Coordination Block

With cheap talk, each player communicates x; via perfect cheap talk. We need to consider

the protocol to coordinate on x; by sending messages via actions.

Error-Reporting Noisy Cheap Talk First, we replace the perfect cheap talk in the
coordination block with the error-reporting noisy cheap talk. To do so, we do not need any

new assumptions.

Messages via Actions Second, we replace the error-reporting noisy cheap talk with mes-
sages via actions. Since we replace the perfect cheap talk in the coordination block with
the error-reporting noisy cheap talk, this step enables us to dispense with the perfect cheap
talk in the coordination block and the error-reporting noisy cheap talk in the main blocks.
In this step, we make an assumption to make sure that we can create a message protocol
to preserve the important features of the inferences which were guaranteed with the error-
reporting noisy cheap talk (see Lemma 10). A sufficient condition will be Assumption 39 in

Chapter 6.

3.2.3.2 Report Block

With public randomization, the players coordinate on who will report the history by the
public randomization device. In addition, the picked player reports the history via perfect

cheap talk.
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Dispensing with Public Randomization We first dispense with the public randomiza-
tion device. So that the players can coordination through their actions and private signals,

Assumption 40 in Chapter 6 is sufficient.

Conditionally Independent Noisy Cheap Talk We second replace the perfect cheap
talk with conditionally independent noisy cheap talk. For this step, no new assumption is

necessary (except for the availability of the conditionally independent noisy cheap talk).

Messages via Actions We third replace the conditionally independent noisy cheap talk
with messages via actions. As seen in Section 1.5.6, we need to create a statistics of a receiver
to infer the messages from a sender so that the sender cannot get any information about
the realization of the statistics through her private signals. See Assumption 41 in Chapter
6. Note that we do not assume that 2|Y;| < |A;||Y;| for all 4,5 with ¢ # j. Hence, we
cannot use the method that Fong, Gossner, Horner, and Sannikov (2010) create A’ (3?) in

their Lemma 1, which preserves the conditional independence property.

3.2.4 General More-Than-Two-Player Game withOUT Cheap Talk

Finally, we consider how to dispense with the perfect cheap talk, error-reporting noisy cheap
talk and public randomization device in the general more-than-two-player game.

Before proceeding to the explanation of message exchange protocols, note that when
the players exchange messages via actions, the message exchange becomes payoff relevant.
Therefore, for each player i, player ¢ — 1 changes player i’s continuation payoff to cancel
out the differences in instantaneous utilities. Since the sender of a message may be different
from players ¢ and ¢ — 1, to control player i’s continuation payoff properly, player ¢ — 1 needs
to identify the sender’s message and player i’s action simultaneously. We will introduce

Assumption 48 in Chapter 7 for this purpose.
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3.2.4.1 Coordination Block

In Chapter 5, each player communicates x; via perfect cheap talk in the coordination block.

Error-Reporting Noisy Cheap Talk We first replace the perfect cheap talk with the
error-reporting noisy cheap talk. As we have explained in Section 1.5.6.2, with more than
two players, it is important to create a message protocol so that, while the players exchange
messages and infer the other players’ messages in order to coordinate on x;, there is no
player who can induce a situation where some players infer x; is G while the others infer x;
is B. Since the signals from the error-reporting noisy cheap talk are private as we will see
in Section 1.3.2, we need a more sophisticated communication protocol than the case with

two players. For that purpose, we will add Assumption 49 in Chapter 7.

Messages via Actions Then, we replace the error-reporting noisy cheap talk with mes-
sages via actions. So that we can create a message protocol to preserve the important features

that were satisfied by the error-reporting noisy cheap talk, Assumption 51 is sufficient.

3.2.4.2 Report Block

We make the more-than-two-player-case counterparts of Assumptions 40 and 41 to dispense
with the public randomization and perfect cheap talk in the report block. So that the players
can coordinate through their actions and private signals, we add Assumption 53. In addition,
to construct a statistics to preserve the conditional independence property, Assumption 54

is sufficient.

114



Chapter 4

General Two-Player Game with

Cheap Talk

In this chapter, we prove Theorem 7 (folk theorem with cheap talk) for the general two-player
game with the perfect cheap talk, error-reporting noisy cheap talk and public randomization
devices.

Since there are only two players, when we say players ¢ and j, unless otherwise specified,

player ¢ is different from player j.

4.1 Valid Lemmas

Since we maintain Assumptions 3 and 5, Lemmas 12, 13, 17 and 18 are still valid. Also,

since the error-reporting noisy cheap talk is available, Lemma 10 holds.

4.2 Intuitive Explanation

The basic structure is the same as in the prisoners’ dilemma: in each finitely repeated game,

there are L review rounds and several supplemental rounds. In each review round, player j

115



monitors player ¢ by making a score:

i)=Y mila(@)](y.)-

tET; (1)
If the realization of X;(!) is far from the ex ante mean, then player j will have A\;({+1) = B
and switch to a constant reward 7;(x, B, + 1).

Remember that player j with z; = B and \; (I + 1) = B needs to give a non-negative
constant reward. On the other hand, player j with harsh strategy o;(B) and m; needs to
ensure that player ¢’s payoff is below v, regardless of player i’s action plan.

In the prisoners’ dilemma, a;(x) with z; = B defined to satisfy (1.18) happens to be the
minimaxing action. Hence, for sufficiently small p, player i’s payoft is below v; regardless
of player i’s action plan with a non-negative reward. However, in a general game, a;(z)
with z; = B is not always a minimaxing action. Therefore, player j with z; = B and
A;j (I +1) = B needs to switch to the minimaxing action if player j thinks that player ¢ has
deviated.

Reversing the indices i and j, we incentivize player ¢ with x; = B and \; (I + 1) = B to
switch to the minimaxing action if player ¢ thinks that player j has deviated. The logic is

based on Lemma 15.! That is, if
1. player i takes «;(l) = ay(x);
2. the empirical distribution of a;;’s is close to «;(z); and

3. player i’s signal frequency in the periods where player ¢ takes a;(x) in T;(() is close to

the affine hull of player i’s signal distributions with respect to player j’s action,

then whenever player ¢ observes a signal frequency far from the ex ante mean under
aj(z), player i believes that player j takes o;(l) # «j(x). After a;(l) # a;(z), player j

makes player ¢ indifferent between any action profile, which means player i is willing to

Tn Section 2.9, we have proven Lemma 15 for a general game.
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take the minimaxing action. Intuitively, d;(I + 1) € {G, B} indicates whether or not player
i minimaxes player j from the (/4 1)th review round. Since the above three conditions
are satisfied with a high probability regardless of player j’s deviation, player j is punished

sufficiently severely.

4.3 Structure of the Phase

As in the prisoners’ dilemma, after the [th review round, we have the supplemental rounds
for \;(I+1).

In addition, player ¢ with A\;(I + 1) = B and d;(l + 1) = B minimaxes player j in the
(I41)th review round. Since player i’s reward function is constant after \;(I+1) = B, player
7 wants to take the static best response to player ¢’s action. To best respond to player i,
player j wants to know d;(I 4+ 1). Therefore, we also introduce the supplemental round for
d;(I+1) so that player ¢ can send d;(I+ 1) via error-reporting noisy cheap talk with precision

p=1-— exp(—T%). The truthtelling incentive will be verified later.

4.4 Preparation

Before constructing the equilibrium, we make three preparations.

4.4.1 Minimax and Values

Fix o} be a player j’s minimaxing strategy against player . Given v;, take u sufficiently
small so that

v, > v (B) = max{ max_ u(a (z)), u;} +2u. (4.1)

T:x; =B

Given u, for sufficiently small p,

v (B) > max{ max_w;(z), max wu; (a; (z), 0 (z)) v*} +u. (4.2)

P
z:x;=B r:x;=B
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Re-take u if necessary to assume

@ > v; (B) +u,v; (B) — v} (4.3)

(]

4.4.2 Statistics to Monitor Player j

Instead of using player i’s signal directly, player ¢ constructs a statistics to infer whether

player j has deviated. The following is the lemma to construct such a statistics:

Lemma 22 If Assumption 3 is satisfied, then there exist go > ¢; such that, for all i € [
and a € A, there exists a function ¢ : Y; — (0, 1) such that player i can statistically infer

whether player j takes a; or not:

a 5 q2 if &j = aj,
B (vi) | aj, ai) =
q1 otherwise.
Proof: Assumption 3 guarantees the existence of such v¢. Further, we can assume that
v¢:Y; — (0,1) and ¢4, g2 € (0, 1) by applying an appropriate affine transformation of v’s. B
Intuitively, if m ZtETi(l,x) fy?(x) (yjt) is far from go, player 7 infers that player j has

deviated.

4.4.3 Perfect Monitoring

In this subsection, we consider a one-shot game with perfect monitoring parameterized with
I € N with the same sets of players and their possible actions. The result of this section
is used when we consider how player j punishes player i in the Tp-period finitely repeated
game with private monitoring.

In the game with parameter [ € {1,..., L — 1}, player j takes o;(x). Take a pure strategy
AP () € BR(ay(x)).
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Depending on player i’s action, d;(l + 1) € {G, B} is determined as follows: if player
i takes a;(z), then d;(l + 1) = G with probability one. If player ¢ takes a; # a;(z), then
d;(l + 1) = B with probability pé-“(x) and d;(l + 1) = G with the remaining probability
1- pé“(;v).

Player ¢’s payoff will be the convex combination of the following two variables:

1. “instantaneous utility”

u; (a;, aj(z)) +u ifa; = aZBR(x),

u; (a;, () if a; # aPf(x),

U; (GZ) =

that is, if player i takes aP%(z), player i gets a small “bonus” u > 0; and

2. “continuation payoft”

E Wi (d;(1+1)) | ai]

such that player ¢’s payoff is equal to

L—1

R

E (Wi (d;(1+1)) | ai]

i = a; L—l—i—lui

with

In this game, we can show the following lemma:
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Lemma 23 For any L > 2, ¢ > ¢ and u, there exist ¢ > 0 and p > 0 such that, for any

g < g and p < p, for any i € I, there exist {plfl(:v),ﬁé»“(:r) [} with

Pt (x) € [0,1]

P(r) = @ —q—(1-2(A] —1)p) qlﬁéﬁrl
—J 2 —q1

for all { =1,..., L — 1 such that, for {p?’l(x) L
L. if pi*(z) < pi™'(z) for all I, then it is uniquely optimal for player i to take aP®(z);
and

2. if pé-“(x) € 1_9;“@),]5;“@)] for all I, then

VisWi@) = —3T U

Intuitively, pt'

; (x) is the probability for player j to switch to minimaxing in the repeated

game. pé»“(a:) is sufficiently high so that player i is indifferent between taking a; (z) and

BR

aPR(z) except for a small “bonus” for a?#(x), which means player i should take a?%(z) as

stated in Statement 1 and the punishment is sufficiently severe as stated in Statement 2.

Proof: Fix u. Then, fix p, so that (4.2) holds for all p < p,.
If a;(x) = aPf(z), then take ﬁé-“(:c) = 0. The optimality of aP®(z) is obvious. In

addition, with u}(z) = @;(aP%(x)),

Vo= ) Q)
— L_;Hl(ui(ai(x),aj(x)) +u) + L[—Jl_frl ((L—Z—Ll)_v;(B) + +g)
< L—;Hlv"( ) (L—ZL—_l)lfjir(f)+a+g_L_1l+1g
1
= VVil(G)_—L_l+1Q,
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as desired. The inequality uses (4.2).

Otherwise, define ]5;“(3:) € (0,1) as the solution for

(L—1—-1)v(B)+u
L—1

With pit (z) = p; (),
o if player i takes a?®(x), then the payoff is

1 L—1 L—1

*

Wt e (B
and

e if player ¢ takes a;(x), then the payoff is at most

1 L—1 ((L—1-1)u(B)+a
L—l+1uz(a’<x))+L—l+1< L1 T

1 L—1 ((L—1-1)v(B)+a

< o (x) —

S Toig e Q>+L—l+1( L—1 u
1 L1 L—1 1

< @)+ (B + -

S Tt e (B e

Hence, it is uniquely optimal for player i to take a?®(x).

(L—1—1)v;(B)+a

Since g

addition, with ﬁéﬂ (x),

1 L—1 L—1
LY Y = »(B)+ =
Vi Tt e (B

1 1
< W (G)—L_—HIQSWiZ (G)—zu'

> v, for all pi*'(z) < pi*'(z), we have the same incentive. In

Hence, for sufficiently small p and ¢, we have V;' < W} (G) for all pi™ (z) € [pt™!(z), ' (z)]. n
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4.5 Equilibrium Strategy

As in Section 2.4, we define o; (z;) and 7" (z;, KP*™ : §). In Section 4.5.1, we define the
state variables that will be used to define the action plans and rewards. Given the states,
Section 4.5.2 defines the action plan o;(z;) and Section 4.5.3 defines the reward function
TP (25, AP0 6). Finally, Section 4.5.4 determines the transition of the states defined in

)

Section 4.5.1.

4.5.1 States z;, A\;(I+1), \;((+1), di(l +1), d;j(I+ 1) and 6,(I + 1)

The state z; € {G, B} is determined at the beginning of the phase and fixed. By the perfect
cheap talk, x becomes common knowledge.

As in the prisoners’ dilemma, A;(l + 1) € {G, B} is player j’s state, indicating whether
player j’s score about player ¢ has been erroneous. On the other hand, 5\3’([ +1) € {G, B}
indicates whether player i believes that \;(I +1) = G or A\;(l + 1) = B is likely.

As seen in Section 4.2, d;(I + 1) € {G, B} is player i’s state, indicating whether or not
player ¢ minimaxes player j. On the other hand, azj(l +1) € {G, B} indicates whether player
i believes that d;(l + 1) = G or d;(l + 1) = B (player j minimaxes player 7) is likely.

Further, as in the prisoners’ dilemma, player ;7 makes player 7 indifferent between any

main
A

action profile sequence after some history. If she does in the (I 4+ 1)th review round, then 7
will be >~ 77 [e;(1)](y;.-) for period 7 in the (I + 1)th review round and after. 6;(l+ 1) €
{G, B} is an index of whether player j uses such a reward. See Section 4.5.3 for how the

reward function depends on these four states.

4.5.2 Player i’s Action Plan o; (z;)

In the coordination block, each player sends z; truthfully via perfect cheap talk. Then, the

state profile  becomes common knowledge.

122



In the Ith review round, player i takes a;(l) € A(A;) i.i.d. within the round. «; (1)
depends on A;(1), d;(1) and d;(1):

1. if \;(I) = G, then
(a) if d;(1) = G, then, given some fixed set A;(x) of player i’s mixed action plans (see
Lemma 20 for the definition of A; (z));
i. a;(l) = a;(z) with probability 1 — »;
ii. a;(l) = o with probability 7; and
iii. for each a; € A;(z), ay(l) = a; with probability mn;
(b) if d;(1) = B;
i. a;(l) = af with probability 1 — n;
ii. a;(l) = ay(z) with probability 7; and

iii. for each a; € A;(x), a;(l) = a; with probability mU.
Note that the support of «; (I)’s is constant regardless of d;(1); and
2. if \;(I) = B, then

(a) if d;(1) = G, then o () = aB%(z); and

(b) if d;(I) = B, then BR;(a}).

In the supplemental rounds for A\;(I + 1) and d;(I + 1), respectively, player i sends the
message \;(l + 1) and d;(l 4+ 1), respectively, truthfully via error-reporting noisy cheap talk

with precision p = 1 — exp(—=T'2).

4.5.3 Reward Function

In this subsection, we explain player j’s reward function on player i, 7" (z;, h;nain : 0).

)
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Reward Function As in the prisoners’ dilemma, the reward 7" (z;, h;“ai“ : 0) is written

i

as

L

W?am(.’lij, h;nain : 6) = Z Z Wf(t,aj,tyyj,t) (47)

I=1 teT(l)
—2uT + S, wnain (g, hmein 1) if oy = G,

+
2aT + Y 1, A (z, R 1) if o = B.

Remember that T([) is the set of periods in the Ith review round, that the first term cancels

main

out the effect of discounting, and that 7}

(2, ", 1) is the reward for the /th review round.

Reward Function for the ith Review Round Next we define 7" (z, h**™, 1) for each

Il =1,..., L. There are following two cases: in the [th review round,

1. if §;(1) = B, then player j makes player ¢ indifferent between any action profile by

P (R0 =Y ey (D] (ye)- (4.8)

teT(l)

Remember that by (2.8),

<0 if X = G,
> oDl §

teT (1) >0 ifz; =B

and (1.17) is not an issue after 0;(I) = B; and

2. otherwise, that is, if §;(I) = G, then player j’s reward on player i is based on the state

profile z, the index of the past erroneous score \;(l), index of minimaxing d;(!) and
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player j’s score about player i, X;(():

i 1 main iz, G, d;(1),1) + X;(0) + 77 [y ()| (ws00) 3 A (1) = G,
(e, P T) =
(4.9)
Here, 7;(x, A\;(1),d;(1),1) is a constant with
S 0 if X = G,
Til@, A (1), d; (1), 1) (4.10)

that will be determined later so that (1.15), (1.16) and (1.17) are satisfied.

Note that, as in the two-player prisoners’ dilemma, one period ¢;() is randomly ex-

cluded from the construction of the score and we add 7;” [a; (x)](y;, 1)) separately.

In addition, as we mentioned in Lemma 23, player j with \;(l) = B and d;(I) = G
gives a small bonus on u for taking a?®(x). By Assumption 3, there exists m;[v;(1)](y;)
so that

u if a; = aPR(x),

B [ lo; (D](y;) | @i, 05(1)] =
0 if a; # aPf(z).

Player j with A\;({) = B and d,(l) = G adds
> m(D](y0) (4.11)
teT(l)

main

to m;

(z, k", 1). For sufficiently small u, 7[a;(1)](y;) is sufficiently small for all y;.

Hence, when we consider (1.17), we ignore (4.11).

4.5.4 Transition of the States

In this subsection, we explain the transition of player i’s states. Since z; is fixed in the phase,

we consider the following five states:

125



4.5.4.1 Transition of \;(I+ 1) € {G, B}

The transition of A\;(I 4+ 1) € {G, B} and the proof that (4.10) is sufficient for (1.17) are the

same as in Section 2.4.4.1.

4.5.4.2 Transition of \;(l + 1) € {G, B}

The transition of \;(I +1) € {G, B} is the same as in Section 2.4.4.2 except that, if player i
has A;(l) = G and d;(I) = B, then \;(I + 1) = G. As explained in Section 4.2, if d;(I) = B,
then player 7 believes that player j has made player 7 indifferent between any action profile.
Hence, the belief about A;(l) is irrelevant for almost optimality.

Specifically, A;(1) = G. If A;(I) = B, then A;(l +1) = B. Below, we explain how
Ai(1+1) € {G, B} is defined given \;(I) = G.

Suppose player ¢’s history in the [th review round satisfies the following two conditions,

then player ¢ disregards the message and

~

1. d;(I) = B, that is, player i believes that player j has taken a;(1) # a;(z) for | <1 —1;
or
2. d;(I) = G and the following two conditions are satisfied:

(a) player i takes ;(l) = ay(z); and

(b) (2.20), (2.22) and (2.23) are satisfied. Remember the discussion in Section 2.4.4.2,

which implies the probability of (2.22) is independent of player j’s strategy.

Otherwise, player i obeys the message and

~

A (L+1) = fI Oy +1)). (4.12)
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Note that (2.20), (2.21), (2.22) and (2.23) are well defined for the general game in Section

2.4.4.2.

4.5.4.3 Transition of d;(I + 1) € {G, B}

Remember that d;(I + 1) = B is the index of whether player ¢ minimaxes player j in the
(I + 1)th review round. For the first round, d;(1) = G (no punishment in the initial review
round). If d;(1) = B, then d;(I+1) = B. Below, we explain how d;(I+1) € {G, B} is defined
given d;(1) = G.

Intuitively, by Lemma 22, for periods where player i takes a; (x), if player i observes a
lot of low 7 (y;,), then it is more likely that player j takes a; (I) # a; (z).

Hence, if player i’s history in the [th review round satisfies the following four conditions,

then player ¢+ minimaxes player j from the next review round:

1. player i uses the harsh strategy: z; = B;

2. player i takes o;(l) = o;(z);

3. (2.20), (2.22) and (2.23) are satisfied, which implies (2.21); and
4. m ZteTi(l,x) ’Y?(z) (i) is low.

Otherwise, d; (I + 1) = G.
We are left to define Condition 4 formally. First, as Q;(x)1,, and 1g,), we define
F?(m) € {0,1} from fy?(m) (y:): player i after taking a; (z) and observing y;, player i draws a

random variable from the uniform [0, 1]. If the realization of this random variable is no more
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than yf(m) (y;), then F‘;(m) = 1. Otherwise, F?(x) = 0. Lemma 22 implies

Pr ({I‘C.L(J”) = 1} | a;,a; (m)) _ ) & if a; = a; (x),

1
o) otherwise.

Second, let Condition 4 be satisfied if

(z)

° |Ti(%,ac)\ DteT (i) V?(z) (yie) and 7 l.’x )] 2oteTi (L) I3y are close:

a(z q.
Z A2 (g, ) 2 Z m | <3 (4.13)
tET (I,x) tET (L,x)

and

e player i draws a random variable from the uniform [0, 1] and the realization of this

random variable is no less than

{Q2T — 4T =2 er P?,(t:C) }+
T —qT

7 (z)min < 1,

(4.14)

As we have adjusted the probability of (2.22) in Section 2.4.4.2, we adjust the probability
of (4.13) so that the probability of (4.13) is independent of {ai, Yt} cri)- When we say
(4.13) is satisfied, we take this adjustment into account.

Notice that, if d;(I + 1) = B, then (4.13) and (4.14) imply

2
Z ¥ (i) <(I2T—§(1T
teT;(l,x)
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Together with (2.20), we have

Z Vi) < g T 2q L
zt >~ 271 71 N1 YT 7 N
T; (l,z teTlx) T; (I, )] 37T (1, 2)|
- 1 9 1
< ¢ - =q
T—2(A4l-1)p 3" 1-2(4l-Dp
< @-3 (4.15)

for sufficiently small p. By Lemma 22, this implies that player i’s signal frequency is far away
from ¢; (z). Since (2.20), (2.22) and (2.23) imply that player i’s signal frequency is in the
affine hull of ¢; (a; (z) , a;) with respect to a; € A;, there exists a; € A; (z) with a; # a; (2)
such that player i’s signal frequency is skewed towards ¢; (a; (z),a;) and player i believes
that player j took a; € A; (x) with a; # «; (2) in the /th review round. As we will see in
Section 4.5.4.5, this implies that player i believes that any action will be optimal from the

(I + 1)th review round and will have an incentive to minimax player j.

4.5.4.4 Transition of d;(I + 1) € {G, B}

Player j sends d;(l + 1) via error-reporting noisy cheap talk in the supplemental round for

d;(l + 1). Player i always obeys the signal:

d;(1+1) = f[i](d;(1+1)). (4.16)

4.5.4.5 Transition of 0;(I+1) € {G, B}

As we have seen in Section 2.4.3, 6;(l + 1) = B implies that player i is indifferent between
any action profile (except for the incentives from ;™).

As in the two-player prisoners’ dilemma, if 6;(l) = B, then 6,(l + 1) = B. Hence, we
concentrate on how 0;(l + 1) € {G, B} is defined conditional on 6,(1) = G. 0;(l+ 1) = B if

one of the following five conditions is satisfied:

129



1. when player j sends \;(l) by the error-reporting noisy cheap talk, the error is reported:

glil(x () = E;

2. when player j sends d;(l) by the error-reporting noisy cheap talk, the error is reported:

glil(d;(1)) = E;

3. at the beginning of the (I 4 1)th review round, player j with \;(I + 1) = G and
d;j(l+1) = G takes o, (I + 1) # a;(x). With abuse of notation, we include the case
with [ = —1;

4. at the beginning of the (I 4 1)th review round, player j with \;(I + 1) = G and
di(l +1) = B takes a; (I + 1) # af. With abuse of notation, we include the case with

l=—1;o0r
5. (2.20), (2.22) or (2.23) is not satisfied for player j (that is, with indices i and j reversed).

Otherwise, 0,(1 +1) = G.

There are following four implications. First, as in the two-player prisoners’ dilemma,
player j makes player ¢ indifferent between any action profile after receiving g[j](m) = E
after sending some message m. Hence, it is almost optimal for player ¢ to obey the message.

Second, if player j obeys player i’s message about A;(I+1) (this is the necessary condition
for having \; (I + 1) = B) or player ¢’s message about d; (I + 1) affects player j’s continuation
strategy (\; (I +1) = B is the necessary condition for this), then 6,(I + 1) = B. Hence,
player ¢ is indifferent between any message.

Third, if A\;(I + 1) = G, then Conditions 3 and 4 imply that if “d;(I + 1) = G and
a;(l+1) # a;j(z)” or “di(I+1) = G and (I +1) # «aj,” then player i is indifferent between
any action profile.

Fourth, the distribution of §,(I 4 1) is independent of player ¢’s strategy.
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4.6 Player ’s Belief about Optimal Actions

As in the two-player prisoners’ dilemma, we formally show that player i believes that 5\j(l +
1) = A\;(l+1) or 6,(1 + 1) = B with high probability 1 — exp(—©(T'2)), conditional on that
player j has the state A\;(I+ 1) = G.

In addition, we show that if player i minimaxes player j (A;(I+1) = G and d;(I+1) = B),
then player ¢ believes that §;(l+1) = B with high probability 1 — exp(—@(T%)), conditional

on that player j has the state \;(I + 1) = G.

Lemma 24 For all w and L, there exists ¢ such that, for all ¢ < @, there exists 7 such
that, for all n < 7, there exists p and € such that, for all p < pand ¢ < g, forall 7 € I
and [ € {1,..., L}, for any history h! with ¢ being in the Ith review round, conditional on

Ai(l) = G for all [ <1 and «;(l), player i after ht believes that

1. A1) = \(1) or 0,(1) = B;

A~

(1) = d;(l) or 6,(1) = B; and

<.

3. if d;(1) = B, then 0,(l) = B.
with high probability 1 — exp(—©(T'2)).

Proof: The proof of the first claim is the same as in Lemma 15 except that player ¢’s
learning from player j’s continuation action plan is small since player j with \;(I) = G takes
any action A;(x) U {a}} with a positive probability no less than mn.

The second is proven by Lemma 10: player ¢ believes that, conditional on d;({),

or g[j](d;(l)) = E (this implies §;(I) = B) with probability no less than 1 — exp(—O(T2)).
Since player j’s continuation action plan in the main blocks does not depend on g[j](d;(1)),

we are done.
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Let us prove the third claim. First, Take ¢ and p; such that Lemma 23 holds. Fix q < q.

Given ¢, take 75, p, and &5 such that for all n < 7y, p < py and € < &y, (4.14) implies

1
700 2)] > o1, —al)| =0

teT;(l,x)

Finally, fix B < 7, such that Lemma 20 is satisfied. Then, for all n < 7, we can take take
p < min{p;, py} and € < &9 such that Lemma 20 holds for 7, p and e.

Then, take [* such that d;(I*) = G and d;(I*+1) = B. Then, for the [*th review round, the
premise of Lemma 20 is satisfied, which means player i believes 0;(I*) = B with probability
1 — exp(—O (T)) conditional on \;(I*) = G. As for the first claim, player ’s learning from

player j’s continuation action plan is small, as desired. &
yer Jj

4.7 Variables

In this section, we show that we can take all the variables necessary for the equilibrium

construction appropriately: @, g2, q1, u, q, L, n, p and €.
First, Lemma 12 determines # and Lemma 22 determines ¢; and gs.

Second, from (1.18), we have

max{v;‘, max uz(a(x))} <w; <v; <T; < min y;(a(x)).

r:x;=B zx; =G

Take u sufficiently small so that

v;(B)+tu<wy <v <v; < min w(a(z))

;=G

with v; (B) = v max{v}, maxXy.,;—p u;(a(r))} + 2u as defined in (4.1). Re-take u if necessary

to have (4.3).

132



Third, take L sufficiently large such that

L—-1)v;(B)+u U U
( )UL( )+U+g+2%<Qi<vi<@<x:r£iilcui(a(x))—2%.

Fourth, given L, ¢, ¢1,u, fix ¢1 and p; so that Lemma 23 holds.
Fifth, take p, < p; sufficiently small so that for all p < p,, (4.2) holds and
(L—1) v (B)+u

“ +2ﬂ <y, <v; <V; < mi (x) 2a
U — < <y <U; min w;(xr) — 2—.
L - L - z:x;=G L

Sixth, given u and L, take 7 so that Lemma 15 holds and for all n < 7, we have

(L —1)v; (B) +
L

(L —1)v; (B) +u>

u+g+2%+nL<2u—rril’£n 7

;=G

< v, <U; < min w;(z) — 2% —nL <2u + max w; (m)) . (4.17)

Finally, fix ¢ < @ sufficiently small. Then, we can take n <7, p < p, and € < &5 so that

(4.15) holds for fixed ¢ and Lemma 24 holds.

4.8 Almost Optimality

Based on Lemma 24, we now show that if we properly define 7;(z, A;(1),d;(l),1), then o;(z;)
and 7" satisfy (1.21), (1.16) and (1.17).

We show that o;(z;) satisfies the following proposition by backward induction:
Proposition 25 For all i € I, there exists 7;(x, A; (1), d;(),1) such that

1. o;(z;) is almost optimal conditional on S\Z(l) = G: for each [ € {1,..., L}, conditional

~

on \(l) =G,

(a) for any period ¢ in the [th review round, (1.21) holds; and
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(b) when player i sends the message about A;({+1) or d;(l+ 1) by the error-reporting

noisy cheap talk, (1.21) holds;?

2. (1.16) is satisfied with 7; replaced with 7@, Since each x; € {G, B} gives the same

i

value conditional on z;, the strategy in the coordination block is optimal;® and

3. mmain gatisfies (1.17).

7

Note that A;(1) = B implies 6,(I) = B and that player i can condition on \;(l) = G.

1-(b) follows from the following two facts: first, whenever player i’s messages change
player j’s action, 6,(l + 1) = B. Second, since there is an error of order exp(—0 (T 2)) after
any message, given Lemma 24, the effect on player i’s learning about the optimal action is
negligible.

To show 3, as in the prisoners’ dilemma, it suffices to have

S 0 if T; = G,
i@, A; (1), d; (1), 1) (4.18)
|Ti(x, Aj(1),d;(1),1)] < max;q2|u; (a)| T (4.19)

for all z € {G, B}?, \;(I) € {G, B}, d;(l) € {G,B} and | € {1,...,L}.
We are left to construct 7; so that 1-(a) and 2 are satisfied together with (4.18) and

(4.19). Below, we consider the cases with z; = G and z; = B separately.

4.8.1 Casel: z; =G

Note that d;(l) = G for all | if x; = G (see Section 4.5.4.3). Hence, the logic is the same as

in the prisoners’ dilemma.

2With | = L, this is redundant.

3This is not precise since we will further adjust the reward function based on the report
block. However, as we will see, even after the adjustment of the report block, any z; € {G, B}
still gives exactly the same value and so the strategy in the coordination block is exactly
optimal.
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We start backward induction from the Lth review round. Suppose that player j uses
(4.9) in the Lth round. If \;(L) = \;(L) and d,;(L) = d;(L), then from (4.9) and Section
4.5.2, if player i obeys o;(z;), then player i’s average continuation payoff except for 7; is
equal to w;(z) if A\;(L) = G and u;(aPf(z), () > w;(z) if A\;(L) = B.

Therefore, for [ = L, there exists 7;(z, \;(1),d;(l),!) with (4.18) and (4.19) such that
player i’s average continuation payoff is equal to w;(x) if (4.9) is used, A;(L) = A;(L), and
4y(L) = dy(L).

Consider the almost optimality of ¢;(x;). For almost optimality, Lemma 24 guarantees
that player i can always believe that (4.9) is used, that \;(L) = \;(L), and that d;(L) =
d;(L). Therefore, if \;(L) = G, then any action is almost optimal for player i and if A;(L) =
B, then “aPf(z) and BR; (), respectively, are optimal if d;(L) = G and d,;(L) = B,
respectively,” as desired.

Consider the (L — 1)th review round. Since (i) we have define 7;(x, \;(L),d;(L), L)
such that player i’s value from the Lth review round is independent of A\;(L) as long as
N(L) = ;\j(L), (ii)) Lemma 24 implies that player ¢ in the main blocks does not put a
belief more than exp(—O(T'2)) on the events that M(L) # M(L) and 6;(L) = G, (iii) the
distribution of 6;(L) is independent of player i’s strategy, and (iv) d;(L) is fixed, and so we

can assume that player ¢ in the (L — 1)th review round maximizes

%E tGT(XL:_I) ui(ag) + w0 (2, RPN L= 1) | x|
assuming \;(L — 1) = \;(L — 1) and d;(L — 1) = d;(L — 1).

Therefore, by the same reason as in the Lth review round, there exists 7;(x, A; (1), d;(1),1)
with (4.18) and (4.19) such that o; (z;) is almost optimal and player i’s average payoff
from the (L — 1)th review round is equal to w;(x) if (4.9) is used, A\;(L — 1) = A;(L — 1),
d;(L — 1) = d;(L — 1), and player i obeys o;(z;).
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If (4.9) is used in the (L — 1)th review round, then (4.8) will be used in the Lth review
round with probability no more than 7 (player j takes a;(L) # «;(x) with d;(L) = G or
a;(L) # of with d;(L) = B) plus exp(—O(T'2)) (player j obeys the message or an error is
reported in the supplemental rounds). When (4.8) is used, per period payoff is bounded by
[—24, 24| by (2.9).

Therefore, for | = L — 1, re-taking 7;(z, A;(1),d;(l),1) if necessary, player i’s average
continuation payoff for the next two review rounds is equal to w;(z) — 7 (2u + max; , w; (z))
in the limit as 6 — 1if player i obeys o;(z;).

Recursively, for [ = 1, 1-(a) is satisfied and the average ex ante payoff of player i from
the first review round is w;(x) — nL (2u + max; , w; (z)) if x; = G. Note that, in the first
review round, A;(1) = A;(1) = G and d;(1) = d;(1) = G.

Taking the first term —2u7 in (4.7) into account, the average ex ante payoff is w;(z) —
2% —nL (2u + max; , w; (z)) if z; = G.

From (4.17), we can further modify 7; (z, G, G, 1) with (4.18) and (4.19) such that o;(x;)

gives v; if x; = G. Therefore, 2 is satisfied.

4.8.2 Case 2: z; =B

The main difference from the case with z; = G is that, if ; = B, then player i needs to
take into account that player ¢’s action in the /th review round will affect the probability of
being minimaxed in the next review round (d;(l + 1) = B).

As in the case with z; = G, \(l) = B implies 6,(I) = B and player i is indifferent
between any action profile sequence. Hence, player ¢ conditions S\Z(l) = (. In addition,
the distribution of 6;(I + 1) is independent of player ¢’s strategy. Since 6;(I) = B does not
happen with probability more than 7 4 exp(—©(T'2)) in each main block, we can deal with
the effect of §;(I) = B as in the case with x; = G. Therefore, we assume that 0,(l) = G for

each round.
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Further, by Lemma 24, player ¢ can neglect the possibility of mis-coordination for almost
optimality. Hence, we assume that, for each I, \;(I) = \;(1), d;(1) = d;(I) and \;(l) = G.

In the Lth review round, consider the following cases:

1. if player j uses (4.9) and \;(L) = A;(L) = G, then any action is almost optimal. The

average payoff of player ¢ in the Lth review round except for 7; is w;(x);

2. if player j uses (4.9) and \;(L) = \;(L) = B, then there are following two cases:

(a) if d;(L) = d;(L) = G, then aP®(z) is optimal and gives the average payoff u?(z).

Note that we take (4.11) into account when we consider the payoff; and

(b) if d;(L) = d;(L) = B, then BR;(a}) is optimal and gives the average payoff v}.

Therefore, for | = L, there exists 7;(z, \;(1),d;(1),!) with (4.18) and (4.19) such that
player i’s average continuation payoff is equal to @+ w if 1 or 2-(a) is the case and v} if 2-(b)

is the case. Note that the former is higher than the latter by
u+u—v;. (4.20)

In the (L — 1)th review round,

1. if player j uses (4.9) and \;(L—1) = A\;(L —1) = G, then any action is almost optimal
since (i) the payoffs from \;(L) = G and \;(L) = B with d;(L) = G are the same and
(ii) Aj(L—1) = G implies d;(L) = G (See Section 4.5.4.3) and player i can neglect the

effect of player i’s action in the (L — 1)th review round on d;(L).

The average payoff of player i from the (L — 1) and Lth review rounds except for

~

mi(x, L —1,\;(L —1),d;(L — 1)) is no more than
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2. suppose that player j uses (4.9) and A\;(L — 1) = A\;(L — 1) = B. Now, A,;(L) is fixed

at B. Hence, the relevant cases are the following two:

(a) if d;(L —1) = d;(L — 1) = G, then aP%(x) is optimal.
To see why, remember that player j will have d;(L) = B with probability (4.14)
plus negligible adjustment based on (4.13). The marginal decrease of this proba-
bility by not taking the static best response is bounded by

marginal decrease of Pr (% {Fz(tx) = 1} | a; (:L‘)) pL ()

. <
P; (@) @ —q - T

On the other hand, the maximum gain of preventing d;(L) = B is equal to T'

times (4.20). Therefore, the expected gain is bounded by 7} (z) times (4.20).

Since (4.20) corresponds to the gain of preventing d;(L) = B for [ = L — 1 in
Lemma 23, player j should take aPf(z) for sufficiently large 6.1

Note that player ¢ does not have an incentive to take a; # a; (x),aPf(z) since

Pr (% {Fg‘f) = 1} | aj(ac)> is the same as aPf(z) and the instantaneous utility
gain is smaller than aPf(z).
Given player i’s strategy, if A;(L —1) = \;(L —1) = B and d;(L — 1) = d;(L —

1)(i) = G, then, conditional on 6,(L) = G, d;(L) happens with probability

7571 (x) min {1, ¢ —q-(1=2(A-1p) QI}

g2 — 1

from (4.14). Therefore, Lemma 23 guarantees that the average payoff from the

(L — 1)th and Lth main block is no more than

vi(z) +a y

1And so large T from (1.8).
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(b) if d;(L — 1) = azj(L — 1) = B, then d;(L) is fixed at B. Therefore, BR;(c}) is

optimal and this gives the average payoff v;.

Therefore, for | = L — 1, there exists 7;(x, \;(1), d;(1), 1) with (4.18) and (4.19) such that
player i’s average continuation payoff is equal to M +w if 1 or 2-(a) is the case
and o} if 2-(b) is the case.

Recursively, for [ = 1, Proposition 16 is satisfied and the average ex ante payoff of

(L—1)v;(z)+a

player ¢ at the first review round is T + u. Note that, in the first review round,

~

A;(1) = A\j(1) = G and d,(1) = d;(1) = G.

Taking the probability of having 6,(l) = B and the first term 2a7" in (4.7) into account,

(L=1)vi(z)
L

the average ex ante payoff is o u+ 2% + Ln (2@ — MiN; 4.z ;—B Vs (x))

From (4.17), we can further modify 7; (x, G, G, 1) with (4.18) and (4.19) such that o;(x;)

gives v; if x; = B. Therefore, 2 is satisfied.

4.9 Exact Optimality
The report block is the same as in the prisoners’ dilemma except that

1. for the proof for Lemma 21, player ¢ can also learn F?(m). Since F?(m) satisfies full

support 'y?(w)(yj) € (0,1), the same proof works;
2. Vi(h7,#7) also includes the effect on learning d;(1); and

3. we have additional supplemental rounds.
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Chapter 5

General N-Player Game with Cheap
Talk

In this chapter, we prove Theorem 7 (folk theorem) for the general N-player game with
N > 3, perfect cheap talk, error-reporting noisy cheap talk and public randomization. See
Chapter 7 for the dispensability of special forms of cheap talk and public randomization.

In this chapter, all the error-reporting noisy cheap talk has precision 1 — exp(—T%). In
addition, when we say player i with i ¢ {1,..., N}, it means player ¢ (mod N). In particular,
player 0 is player N and player N + 1 is player 1.

Fix v € int(F*) arbitrarily. We will find {o;(;)}, . and {m;(z;_1, hlIPFL 6)}Z in the

1,24 »Li—1

finitely repeated game with (1.15), (1.16) and (1.17).
As in Chapter 1, let

. .
v; = min  maxu(a;,a_;)
a_iEA(A_Z-) CLZ‘GAZ‘

be the minimax payoff (by independently mixed strategies). In addition, let a*; = (a};);xi

*

i 1s player j’s stage game strategy when

be the solution for the above problem, that is, «

players —i minimax player %.
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Given v,, take u sufficiently small so that

v, > v (B) = max{ max _wu;(a (x)),v;} +2u. (5.1)

r:x;i_1=B

Given u, for sufficiently small p,

v; (B)Zmax{ max w;(z), max w;(a;(z),0; (m)),v*}—{—g. (5.2)

)
x:x;i_1=B T:ri_1=

Take @ so that

5.1 Intuitive Explanation

Before proceeding to the proof, we offer an intuitive explanation. As in the two-player case,
we have L main blocks, where L will be defined in Section 5.7. Player ¢ — 1 incentivizes
player i by the reward function. Similarly to A;(!) and S\j(l) in the two-player case, player
i—1has \;_1(l) € {G, B} indicating whether player i — 1 has observed an “erroneous score”
and player i has A\;_1(l)(i) € {G, B} indicating what is the optimal action for player i. With
more than two players, player i + 1 also has \;_1({)(i + 1) € {G, B}, which is player (i + 1)’s
inference of A\;_1 (1).

The game with more than two players is different from the one with two players in
the following three aspects. First, as we mentioned in Section 1.5.5.3, the players need to
coordinate on punishment.

Second, as seen in Section 1.5.6.2, player i informs the other players —¢ of z; in the
coordination block. With two players, there is only one receiver of the message. On the
other hand, with more than two players, there are more than one receivers of the message.
If some players infer x; is G while the others infer x; is B, then the action that will be taken

in the review rounds with a high probability may not be included in {a(x)},. Since we do
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not have any bound on the payoff of a player in such a situation, it might be of some player’s
interest to induce this.

In this chapter, since x; is communicated by public cheap talk, this is not an issue.
However, in Chapter 7, where the players communicate via actions, we need to make sure
that no player can induce mis-coordination of x; among the other players in order to increase
her payoff.

Third, when player j sends a message to player n, there is another player i. In this
chapter, player j sends the message by perfect or error-reporting noisy cheap talk. In each
case, the distribution of player n’s signal is exogenously given and there is no way for player
7 to manipulate the communication between players j and n. However, in Chapter 7, where
player j sends the message via actions, we need to make sure that player ¢ does not have an
incentive to deviate in order to manipulate the signal distributions between players 7 and n
and to “confuse” players j and n.

Let us go back to the first question: how players —i coordinate on minimaxing player ¢
after the histories where player i is likely to have deviated. To deal with this problem, we
consider the following mechanism to coordinate on the punishment.

For each player 7, there are two monitors, players ¢ — 1 and ¢ + 1. In other words, each
player n monitors players n — 1 and n + 1.

After the [th review round, each player j constructs a variable d;(I4+1) € {0,5—1,j+1}.
d;(l +1) = 0 implies that player j thinks that there was no deviator in players j — 1 and
j+1in the ith review round. d;(I+1) = j — 1 implies that player j thinks that player j —1
deviated in the Ith review round. d;(l 4+ 1) = j + 1 implies that player j thinks that player
7 + 1 deviated. Intuitively speaking, since player 7 monitors player 7 — 1, player j wants to
know the realization of the score of player j — 2 (the controller of player j — 1). This is why
Nj—2(1)(j) is also defined.
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Player j sends the message d;(I+1) to each player n € —j via error-reporting noisy cheap
talk.! Player n constructs the inference of d;(I + 1), d;(I+1)(n) € {0,5 — 1,5 + 1}, from the
private signal of the error-reporting noisy cheap talk.
if and only if player n infers that the two

Each player n minimaxes player i by «; ;

monitors ¢ — 1 and 7 + 1 think that player ¢ has deviated:

To incentivize the players to tell the truth about d;(I + 1), whenever player j’s message
has an impact on the decision of whom to be minimaxed (we say “player j is pivotal”), we
make player j indifferent between any action profile. Assumption 4 guarantees that player j
cannot create a situation where player j is pivotal by deviation to increase her own payoff,

as we will see in Lemma 33.

5.2 Almost Optimality

As seen in Section 1.8, we first show that player i’s strategy is “almost optimal.” We divide

the reward function into two parts:
Tp+1 ., __ _main main j rereport report Tp+1 jrereport |

R in P and P, We will define A
i—1 g e

Contrary to the two-player case, we have in 7 ;
AIPF and hIPOT below.

With more than two players, player ¢ — 1 wants to use the information owned by players
— (i — 1,4) to construct player (i — 1)’s reward function on player i. Hence, as we will see
in Section 5.4, after the report block where player i reports h™@" we have the “re-report

block” where players — (i — 1,7) send their history to player ¢ — 1. This information is used

"Precisely, since d, (I + 1) is ternary while the error-reporting noisy cheap talk can send
a binary message, player n sends a sequence of binary messages. See Section 5.5.2.
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only for m; and does not affect the value of players — (i — 1,7). Therefore, we can assume
that players — (i — 1,1) tell the truth. Further, since the information in the re-report block
is used only for the reward (not for the action plan o;_1(z;_1)), it is sufficient for player i — 1
to know the information by the end of the review phase.

Let hain BT and RI¥SP" | respectively, be the history of player i—1 in the main blocks,

b

“in the coordination, main and report blocks,” and in the re-report block, respectively.

We first construct o; (z;) and w2 (z;_;, hain RIePO™ - §) satisfying (1.21), (1.16) and

main
i

(1.17) if we neglect the report block. After constructing such 71**"  we construct the strategy

in the report block such that m; = 7" 4 7IP" gatisfies (1.15), (1.16) and (1.17).

)

5.3 Preparations

Before proceeding to the equilibrium construction, we make the following preparations.

5.3.1 Functions and Statistics

We define functions and statistics useful for the equilibrium construction. First, since we
assume the availability of the error-reporting noisy cheap talk, Lemma 11 holds.

Second, we define the point m;[cv (2)] (y;—1), corresponding to point ;[ (x)](y;) in the
two-player case. That is, m;[a(x)] (y;_1) cancels out the differences in the instantaneous

utilities for different a;’s:
ui(ai, o (2)) + Elmla (2)] (yi-1) | @i, a-i (2)] (5.4)

is independent of a; € A;, as in (2.4).

Further, as in (2.5), we want to make sure that

ui(ai, a—i(z)) + B [mi[a (2)] (yi-1) | @i, a-i (2)] = wi(z) (5.5)
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for all a; € A;. From (1.19), this implies

S 0 if Ti—1 — G
E[mio (2)] (yi-1) | a(z)] = (5.6)
2 0 if Ti—1 = B.
Since Assumption 3 implies that player ¢ — 1 can statistically infer player i’s action, (5.4)

and (5.5) can be satisfied simultaneously:
Lemma 26 If Assumption 3 is satisfied, then there exists u > 0 such that, for each i €
and «a (z) € A (A), there exists m;[a (x)] : Y;_1 — [—u, u| with (5.4) and (5.5).

Proof: The same as Lemma 12. §

Third, as for 7}’ [a;](y;), define

<Oforall y,_y ifx;_1 =G,
i [O‘*iKyifl) (57)
Z 0 for all Yi—1 if Ti—1 = B

such that, for all 7 € I,

Ti—1

ui(as, o) + B, ol (yie1) | @iy o] (5.8)

is independent of a; € A; and a_; € A (A_;) and included in [-2a, 24].

Fourth, as for 79 (¢, a1, Yje), we can construct the reward to cancel out discounting:

Lemma 27 If Assumption 3 is satisfied, then for each i € I, there exists 70 : N x A (A_;) x

Y;-1 — [—u, @] such that, for all a;; € A; and a_;, we have
8w (ais o iy) + B [Wf (t,a—it, Y1) | it O‘—i,t] =u; (a4, 00_;y) forallt € {1,....Tp}

and
Tp

lim L Z sup  |7d (¢, aip, yim1e)| =0 (5.9)

Tp
=11 -9 =1 Y-t Yi-1,t
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[NIES

for all Tp = O(T) with T'= (1 — §) 2.

Proof: The same as Lemma 13. §

As we will see in Section 5.5.3, we add

Tp
Z 75 (b ig Yio1) (5.10)
=1

main

18 5o that we can ignore discounting.

tom

Fifth, as v¢ (y;), player ¢ constructs a statistics to infer whether player i — 1 has deviated.

Lemma 28 If Assumption 3 is satisfied, then there exist ¢o > ¢; such that, for all 7 € I,
a; (z) € Aj, ai—1 (x) € Aimy and a1 () € A (A_(i_l,i)), there exists a function 77 : Y; —
(0,1) such that player i can statistically infer whether player i — 1 takes a;_;(z) or not:

¢ if a1 =a;1(7),

E 7] (yi) | i (2) @51, a1 (2)] =
Q1 otherwise.

Proof: The same as Lemma 22. §
Sixth, as in the two-player case, let ¢; (o) be the vector of player i’s signal distribution

given a:

g (@) = (¢ (yi | @)),,ey, -

In particular, with a = (a;(x), a_;(x)), we define

¢ () = g (a;(z), a_i(x)) .

For each pair of players ¢ and j # 1, let QZ () be the affine hull of player i’s signal

observations with respect to player j’s actions given that player ¢ takes a; (z) and players
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— (4,7 take a_q;) (@):
Ql (z) = aff <{Q¢(ai (), a5, a—aj (x))}ajeAj> AR,

As in the two-player case, we consider the following representation:
Q (2) = {y: e R : Ql@)yi = qi (2) }

As in Lemma 14, we can assume each element of Q; () and q; (x) is included in (0, 1):
Lemma 29 For each i,j € I, we can take Q/(z) such that all the elements of Q; (x) and
q; (x) are in (0, 1).

Proof: The same as Lemma 14. §
With Assumption 4, we make sure that @/ (z) and QI () with j # n does not intersect

except for ¢; (x):

Lemma 30 If Assumption 4 is satisfied, then for all i € I, we have

Q ()N Q} (x) = ¢ (x) for all j # n.

Proof: In this proof, we concentrate on the simplex on Y; and omit the last component of
¢i(a) since 1¢; (o) =1 for all @ € A (A).
Since
3 {t] (aj)}aEAj with

Ql(z) =y e R} ,
yi= i (2) + Y ca, ti(ay)aila: (), aj, 0 ) ()

it suffices to show that, for each j,n with j # n,

Z tj(as)ai(ai (), aj, 0y (x) = Z tn(an)gi(a; (z), an, o 5 (2))

ajEAj an€Ap
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implies

£5(a5) = talan) = 0

for all a;, a,,, which is guaranteed by Assumption 4. §

5.3.2 Perfect Monitoring

As in the two-player game, we consider a one-shot game with perfect monitoring parame-
terized with [ € N. In the game with parameter [ € {1,...,L — 1}, players —i takes a_;(z).
Depending on player i’s action, d;;1(I + 1) € {0,i} is determined. If player i takes a;(z),
then d;1(l + 1) = 0 with probability one. If player i takes a; # a;(z), then d;1(I +1) =i
with probability p/*](z) and d;;1(I+ 1) = 0 with the remaining probability 1 —p/{(z). The
payoff of player 7 is determined as

1 L—1

L (W d(l+ 1)) | ag]

with

u; (a, a_i(z)) +u if a; = aPE(2),

7

ﬂz(ai) =
u; (a;, a_i(z))  if a; # aPB(z),
Wil+1 (G) _ (L —1 —Ll)_’U;<B) +u 7
Wil+1 (B) - v

Here, a?®(x) € BR; (a_; (x)). If BR; (a_; (x)) has multiple elements, then pick one arbi-
trarily.

As in the two-player case, we can show the following lemma:
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Lemma 31 For any L > 2, ¢ > ¢ and u, there exist ¢ > 0 and p > 0 such that, for any

q<qand p < p, for all i € I, there exist {Qﬁj: (), Pt (2) 1)t with

pifi(z) € [0,

—g—(1=2(|Aq] -1
I e (5.11)

for all [ = 1,..., L — 1 such that, for {p/Z{(z)},
1. if piTi(x) < piii(z) for all I, then it is uniquely optimal for player i to take aPf(x);
and

2. if piti(z) € ]_)iﬁ (z),pii1(z)| for all [, then

VisWi@) = —3T U

Proof: The same as Lemma 23. §

5.4 Structure of the Phase

In this section, we explain the structure of the finitely repeated game. As in the two-player
game, we have the coordination block at the beginning, where each player takes turns to
send the cheap talk message x; € {G, B}: first, player 1 sends z;, second, player 2 sends x5,
and so on until player N sends xy. Note that x will become common knowledge for the rest
of the game.

After the coordination block, we have L main blocks. The first (L — 1) blocks are further
divided into 1 + 2N 4+ N (N — 1) rounds. That is, for [ € {1,..., L — 1}, the {th main block
consists of the following rounds: first, the players play a T-period review round.

After that, as indicated in Section 5.1, each player i — 1 sends A\;_1(l + 1) to player

n € {i,i+ 1} by the error-reporting noisy cheap talk between ¢ — 1 and n. The players take
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turns: player 1 sends A\;(I+1) to player 2, player 1 sends A\ (I + 1) to player 3, player 2 sends
Ao(l + 1) to player 3, player 2 sends Ay(l + 1) to player 4, and so on until player N sends
An (I + 1) to player 2. We call the instance where player ¢ — 1 sends A\;_1(l + 1) to player
n € {i,i+ 1} the “supplemental round for \; (I + 1) between i — 1 and n.”

After that, each player j sends d;(l + 1) to each player n € —j by the error-reporting
noisy cheap talk between j and n. The players take turns: player 1 sends d;(l + 1) to player
2, player 1 sends d;(Il 4+ 1) to player 3, and so on until player 1 sends d;(l + 1) to player
N. Then, player 2 sends dy(l + 1) to player 1, player 2 sends ds(l + 1) to player 3, and
so on until player 2 sends ds(l + 1) to player N. This step continues until player N sends
dn(l + 1) to player N — 1. We call the instance where player j sends d;(l + 1) to player n
the “supplemental round for d;(l 4+ 1) between j and n.”

The last Lth main block has only the T-period review round.

Let T'(1) be the set of T periods in the Ith review round. As in the two-player case, player
i randomly picks ¢;(1) from T'(1). The action plan is determined by the history in periods in
T0) = T\ {:(0)}-

After the last main block, there is the report block, where each player i reports the whole
history hmain,

Finally, after the report block, there is the re-report block, where each player ¢ reports
the whole history h"*™ again. This time, player i’s message is used only for the reward

T ('Tj—la

; hmain h?erePOYt . (5

iy ) with j # 4. That is, player i’s message does not affect player .

5.5 Equilibrium Strategy

In this section, we define o; (;) and P (z;_;, A& RITPO™ - §). In Section 5.5.1, we define

the state variables that will be used to define the action plans and rewards. Given the states,

Section 5.5.2 defines player i’s action plan o;(x;) and Section 5.5.3 defines player (i — 1)’s
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main hmain hlfereport

reward function 7" (x;_q1, h"4", h,2 ;77" 1 6) on player i. Finally, Section 5.5.4 determines

the transition of the states defined in Section 5.5.1.

5.5.1 States T )\i_l(l—i—l), )\i_l(l—Fl)(i), )\i_Q(l+1)(i), dz(l—l-l), dj(l—l-l)(l),
Cl(l + 1) and 92_1(”

The intuitive meaning of x; € {G, B} and \;_1(l + 1) € {G, B} is the same as in the two-
player case with j replaced with ¢ — 1. Then, \;_1(I + 1)(n) € {G, B} with n € {i,i + 1} is
player n’s inference of \;_;(l + 1).

As seen in Section 5.1, d;(I + 1) € {0, — 1,7+ 1} indicates what player ¢ thinks about a
deviation by players ¢ — 1 and ¢ + 1.

Player j # 4 sends d;(l 4+ 1) via error-reporting noisy cheap talk to player i in the
supplemental round for d;(l 4+ 1) between j and i. Let d;(l + 1)(i) be player ¢’s inference of
the message, which will be determined in Section 5.5.4.4.

Player ¢ “confirms” player n’s deviation if and only if player ¢ infers that the two monitors

n — 1 and n + 1 think that player n has deviated:
dp 1 (I +1)(0) = dpi1(I+1)(3) = n.

In such a case, n € ¢;(I+1). That is, ¢;(14+ 1) C {0} UT is the set of players whose deviation
has been confirmed (¢;(I + 1) = {0} means that no player’s deviation has been confirmed).
If there is a unique player in ¢;(I + 1) (¢;(I + 1) = {n} with n € I), then player i minimaxes
player n by taking o ..

The intuitive meaning of 6;,_1(l) € {G, B} is the same as in the two-player case.

5.5.2 Player i’s Action Plan o, (z;)

In the coordination block, each player sends x; truthfully. Then, the state profile z becomes

common knowledge.
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In the lth review round, player i’s strategy depends on \;_1(1)(¢) and ¢;(1).
1. if )\l,1<l)('l) = G, then

(a) if there is no n € I with ¢;(1) = {n}, then, given some fixed set A;(x) of player i’s
mixed action plans (see Lemma 35 for the definition of A; (z)),
i. a;(l) = a;(z) with probability 1 — n;
ii. a;(l) = «j,, for some player n € —i with probability m; and
iii. for each a; € A;(z), a;(l) = a; with probability mn;
(b) if there is n € I with ¢;(I) = {n},
i. a;(l) = a3, ; with probability 1 — »;
ii. a;(l) = () with probability Z;
iii. a;(l) = aj,, for some player n’ € — (i,n) with probability m; and

iv. for each a; € A;(x), o;(l) = o; with probability mn;

Note that the support of «; (1) is constant regardless of ¢; (1); and
2. if )\1_1(1)(2) = B, then

(a) if ¢;(1) = {0}, then «; (1) = aPf(x); and

(b) otherwise, BR;(a* ;).

In the supplemental round for A;(I + 1) between i and n € {i + 1,7 + 2}, player i sends
Ai(l 4 1) truthfully via error-reporting noisy cheap talk to player n.

In the supplemental round for d;(I + 1) between i and n € —i, player i sends d;(I + 1)
truthfully via error-reporting noisy cheap talk to player n.

Since d;(l + 1) is ternary while the error-reporting noisy cheap talk can send a binary
message, we attach a sequence of binary messages to each d;(l + 1). Specifically, given

di(l+1) € {0,i — 1,7 + 1}, player i define a sequence d;(I + 1){1},d;(I + 1){2} € {G, B}*
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if d;(l +1) = 0, then d;(l + 1){1} = G and d;(I + 1){2} = B with probability 3 and

di(l + 1){1} = B and d;(l + 1){2} = G with probability 3. If d;(l +1) = i — 1, then

di(l+1){1} = G and d;(I + 1){2} = G. If d;(l+ 1) = i+ 1, then d;(l + 1){1} = B and
dy(1+1){2} = B.

Player ¢ with d;(I + 1) sends d;(I + 1){1} and d;(I 4+ 1){2} truthfully via error-reporting

noisy cheap talk. We define

and

0 if f[n](di(l+ 1){1}) # fln](di(I +1){2}),
fIn)(di(l+1)) = ¢ i —1 if fln)(ds(1+ 1){1}) = fln](di(I + 1){2}) = G,
i+ 1 if f[n](di(l + 1{1}) = fln](ds(1 + 1){2}) = B,

gln = 1(d:i(l + 1))
B ifgln— 10+ 1){1}) = B or gl — ({1 + 1){2)) = B,
di(1+1) otherwise,

g2[n — 1)(di(l + 1)) = (ga[n — 1(di(Il + 1){1}), g2[n — 1](dis(l + 1){2})) ,

fali = 1J(di(l + 1)) = (foli = 1(di(l + D{1}), foli — 1](di (1 + 1){2})) -

Lemma 11 holds as if player i sent d;(I + 1) via error-reporting noisy cheap talk since

e the message transmits correctly with probability 1 — exp(—©(T'2));

1

e given d;(l + 1){1},d;(I + 1){2}, player n puts a conditional belief 1 — exp(—©O(7'2)) on

the events that f[n|(d;(I+ 1)) = d;(I+ 1) or g[n — 1](d;(I + 1)) = E; and

e given d;(I + 1){1},d;(I + 1){2}, any signal sequences can happen with probability no

less than exp(—O(T'2)).
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5.5.3 Reward Function

i i t
main (mz’—la hzr'llalm hllrerepor .

In this subsection, we explain player (i — 1)’s reward function on player i, 7% R

5).

Score As in the two-player case, player i — 1 picks ¢; 1(!) randomly from T'(1) and the score

is the summation of the points ;[ (z)](y;—1) over T;_1(1) = T(1) \ {t;—1(1)}:

X)) = Z mila (2)](yi-1.)

tETZ‘,l(l)

As we will see, X; () is used only if players —i take a_;(l) = a_;(z).

. . : ; £ .
Reward Function As in the two-player case, the reward 7™ (z;_1, 4™, h;" 7P 1 6) is

written as
L
T (g, B B ) = 3 ST (g1
I=1 teT(l)
—20T + S5 A (g g BRI IR 1y if g ) = @,
N P | ( .1 1 ) (5.12)
2uT + Zlel ﬂ—inam(l'i—b h?lalma hiejfport, l) if Ti—1 = B.
Note that we add (5.10) to ignore discounting. Here, player ¢ — 1 uses information owned by
players —(i —1,4) such as a_;;. In general, if player i — 1 uses information owned by players
— (i — 1,4), the information is sent by players —(i —1,) to player i — 1 in the re-report block.
As we will see in Section 5.5.4, since the information owned by players —(i — 1,4) does not

affect player (i — 1)’s action plan, player (i — 1)’s equilibrium strategy is well defined.

Reward Function for the /th Review Round Next we define 7™ (z;_;, hiain pIPo™ )

for each [ = 1,..., L. There are following two cases: in the /th review round,
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1. if ;,_1(l) = B, then player ¢ — 1 makes player i indifferent between any action profile
by

main

P (i, R R D) = Y s (0] (gim1e)- (5.13)

teT(l)

(5.7) guarantees that (1.17) is not an issue after 6;_(l) = B; and

2. otherwise, that is, if 6;_;(l) = G, then player (i — 1)’s reward on player ¢ is based on
x, Ai—1(1) and ¢;_1(1). The formal description is given by

TR (g, BRI D) (5.14)

77'7;(.%, G, Ci_l(l), l) + Xz_l(l) + Wfi_l [Oé_i (l)](yi—l,tifl(l)) if )‘z—1<l) = G,

ﬁi(x,B,ci,l(l),l) if )\Z,1<l) =B

’

Here, 7;(z, Ai—1(1), ¢;—1(1), 1) will be determined later so that (1.21), (1.16) and (1.17)

are satisfied.

In addition, as in the two-player case, player i — 1 with 6;,_;(l) = G, A\;_1(]) = B and
d;_1(l) = G gives a small bonus on u for taking a?%(z). By Assumption 3, there exists

mila_;(1)](yi—1) so that

3

u if a; = aPR(x),

%

0 if a; # aPB(x).

E [mla—i(D](yio1) | as, a_i(1)] =

Player ¢ — 1 with 6;,_1(]) = G, \;_1(l) = B and d;_;(l) = G adds

Z milo—i (D] (yi-1,) (5.15)
)

teT(l

to mnain (g;_y, hinan RITPO 1) For sufficiently small u, 73 o (1)](yi—1) is sufficiently

small for all y;_;. Hence, when we consider (1.17), we ignore (5.15).
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5.5.4 Transition of the States

In this subsection, we explain the transition of player ¢’s states. Since z; is fixed in the phase,

we consider the following six:

5.5.4.1 Transition of \; (I +1) € {G, B}

The transition of A\;_1(l + 1) € {G, B} is the same as in Section 4.5.4.1 with j replaces
with ¢ — 1, except that \;_1(l + 1) = G even if the score is erroneous if player (i — 1)’s
signal frequency is far away from the affine hull of player (i — 1)’s signal distributions with
respect to player i’s action. As we will see, in such a case, 6;_1 (I + 1) = B and A\;_; (I + 1)
is irrelevant for player . In addition, this does not affect player i’s incentive since player 7
cannot control whether player (i — 1)’s signal frequency is far away from the affine hull of
player (i — 1)’s signal distributions with respect to player i’s action.

Now, we define the transition of A\;_;([): the initial condition is A\;—1(1) = G. If \;_1(]) =
B, then A\;_1(I+1) = B. If \;_1(l) = G, then \;_1(l + 1) = G if at least one of the following

three conditions is satisfied:

1. the score is regular:

2. some player’s deviation has been confirmed: ¢;_; (1) # {0}; or

3. player i — 1 takes a;_1 (), player (i — 1)’s action frequency is close to a;_ (z), and
player (i —1)’s signal frequency while player ¢ — 1 is taking a;_; (z) is not close to

*_ (z). That is, the following three conditions are satisfied:

(a) player ¢ — 1 takes a;_1 (z): a;—1 () = a1 (x);
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(b) player (i — 1)’s action frequency is close to a;_1 (z):

1
T o 1, - (@) <s (5.16)
tETifl(l)

and

(c) player (i —1)’s signal frequency while player i — 1 is taking a;_; (z) is not close

to Qi—l (z).

Otherwise, that is, if the score is erroneous

Xa@d T HE=C (5.17)
<—3T ifr;=B,
¢i—1(l) = {0}, and “not 3-(a), not 3-(b) or not 3-(c),” then \;_1(Il + 1) = B.

We are left to formally define Condition 3-(c). For notational convenience, we specify
the conditions such that, if and only if these conditions are satisfied, Condition 3-(c) is not
satisfied.

First, player i — 1 creates 1gi (,) from Qi_;(z)1,, , as player j creates 1q,() from
Qj (z)1,, in the two-player case.

Condition 3-(c) is not satisfied if and only if

, 1 1 €
. _ 1, - 1o < — 5.18
z—l(m) \Tz,l(l,x)] Z Yi—1,t ‘Tzfl(l,$)| Z Q:_,(x) K’ ( )

tETifl(l,m) tETifl(l,m) 1

and
1 . €
_— 1, —q < —. 5.19
Tat o], 2, e S @) < 7 (519)
tETi_l(l,I)
Here, as for (2.22) in the two-player case, we adjust the probability of (5.18) so that the
probability of (5.18) is independent of a;_14,y;—1+ and so of players — (i — 1)’s strategy.

From now on, when we say (5.18) is satisfied, it takes this adjustment into account.
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As in the two-player case, K is sufficiently large so that (5.18) and (5.19) imply

; 1
- - — E 1, . .2
QZ('Z') |7’;(17 :L.)’ Yit <E€ (5 0)
teT;(l,x)

5.5.4.2 Transition of \;_;(I+ 1)(i) € {G, B} and \;;1(l +1)(i) € {G, B}

The transition of \;_1({+1)(i) € {G, B} is the same as in the two-player case with j replaced
with ¢ — 1, except that if ¢;(1) # {0}, then A\;—1(I + 1)(z) = A—1(1)(3). As will be seen in
Section 5.6.2, player ¢ with ¢;(I) # {0} and A\;_1({)(¢) = G believes that player i is indifferent
between any action profile. This implies that player i does not need to infer \; (I + 1)
seriously.

Specifically, \;_1(1)(7) = G. If \;_1(I)(i) = B, then \;_1({+ 1)(3) = B. If A;_1()(7) = G,
then \;_1(l + 1)(i) € {G, B} is defined as follows.

Suppose player i’s history in the [th review round satisfies the following two conditions,

then player ¢ disregards the message and

1. ¢;i(l) # {0}, that is, player i believes that some player’s deviation has been confirmed;
or
2. ¢i(l) = {0} and the following three conditions are satisfied:
(a) player ¢ takes a;(l) = ay(x);

(b) the actual frequency of player i’s actions in the Ith review round is close to a;(x):

1
- Y L, —ai@)|| <5 (5.21)

teT;(1)

and
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(c) there exists some player j € —i such that player i’s signal frequency while player

i is taking a; (z) is close to Q/ (z).
Otherwise, player 7 obeys the message:
Xic1 (L4 1)(2) = fli](N—1 (I + 1)). (5.22)

We are left to formally define 2-(c). As for (2.22) and (2.23), player ¢ constructs the

following random variables. First, player i creates 1o (@) from Qz (x)1,, as player ¢ creates

1¢,(z) from Q; (x) 1,
Condition 2-(c) is satisfied if and only if there exists j € —i such that

A | Faar 2 e s 2 el <= (5.23)

teT(l ) Ti( teT 1,z) Ky
and
€
1, < —. 5.24
|T l ) Z Qi (2) qi (z) K ( )
tGT (L,x)

Here, as for (2.22) in the two-player case, we adjust the probability of (5.23) so that the
probability of (5.23) is independent of {a;, yi+ }ierq) and so of players (—i)’s strategy. From
now on, when we say (5.23) is satisfied, it takes this adjustment into account.€

As in the two-player case, K is sufficiently large so that (5.23) and (5.24) implies

Q(x) — Z 1,,.| <e (5.25)

tET (Lz)

For A;11(1+ 1)(7), player i always obeys the message

Ao (14 1)(6) = fli)(Avsa (1 + 1)), (5.26)
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5.5.4.3 Transition of d;(l + 1)

We define the transition of d;(I + 1) € {0, — 1,7+ 1}: d;(I + 1) = 0 implies that player i

believes that both player i — 1 and i + 1 has taken a;_; () and a;11 () respectively in the

Ith review round; d;(l + 1) = ¢ — 1 implies that player i believes that player i — 1 has taken

a;—1 (1) # a1 (x); di(l+1) = i+ 1 implies that player i believes that player ¢ + 1 has taken

i1 (1) # aiva ().
Define d;(1) = 0. For I =1,...,L — 1, d;(I + 1) is determined as follows:

1. if d;(1) # 0 or ¢;(1) # {0}, then d;(I + 1) = d;(); and

2. if d;(1) = 0 and ¢;(1) = {0},

(a) if \; (I) = G (player i has not observed an erroneous score), then player ¢ monitors

player ¢ — 1:

d(l+1)=i—-1

if the following five conditions are satisfied:

i.

ii.

iii.

Ai—2 (1) (i) = B (player i believes that player ¢ — 2 (the controller of player

i — 1) has observed an erroneous score);
z;_o = B (player i — 2 takes the harsh strategy);

player i takes a;(l) = a;(z);

iv. (5.21), (5.23) and (5.24) are satisfied for j = ¢ — 1; and
V. —\T,‘(%,x)| ZteTi(l,z) ¥Z is low.

Otherwise,

and
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B (player i has not observed an erroneous score), then

(b) if A (1) =

di(l+1)=i+1 ifz; = B.

Note that if z; = B and );(I) = B, then player i always thinks player i + 1 has

deviated.

We are left to specify Condition 2-(a)-v. As player i constructs F?(x € {0,1} from

Vf(x) (y;) in the two-player case, player i constructs I'¥ from v¥(y;).

As in the case with two players, Condition 2-(a)-v is satisfied if and only if

1T (1,2)] ZteT (Lzx) Vi (yz t) and lz 2] ZteT ) th are closed:

_’T‘(l > )~ > T <% (5.27)

teT;(l,x) tGT (L,z)

and

e player i draws a random variable from the uniform [0, 1] and the realization of this

random variable is no less than

/() min § 1 W 0~ Sier F?’t}+ (5.28)
p;" () min < 1, ol —aT : .

As in the two-player case, we adjust the probability of (5.27) so that the probability

f (5.27) is independent of {a; s, Yt }eer@y. When we say (5.27) is satisfied, we take this

adjustment into account.

Notice that, if d;(l + 1) =i — 1, then

1 . q
|T‘ (l x)| Z Vi (yi,t) < q— 5 (529)

teT;(l,x)
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for sufficiently small p, as for (4.15).

We postpone the intuitive explanation of this transition until Section 5.5.4.5.

5.5.4.4 Transition of d;(l + 1)(i)

If j = i, then player i knows d;(l + 1). Hence, d;(I + 1)(i) = d;(l + 1).

For each j # i, player i constructs d;(I 4+ 1)(i) by

d;i(1+1)(i) = fi(d; (I + 1)) (5.30)

using the signals that arrive when player j sends the message about d;(I + 1) via error-

reporting noisy cheap talk between players j and .

5.5.4.5 Transition of ¢;(I+1) C {0}UT

As seen in Section 5.5.2, ¢;(I + 1) > n if and only if player n’s deviation is “confirmed.”
Formally, ¢;(1) = {0} and for [ > 1, if there exists n € I such that ¢;(l) > n (player n’s devi-
ation has been confirmed) or d,,_1(l 4+ 1)(i) = dpy1(l + 1)(i) = n (the two monitors of player
n agree that player n does not take a,, (I) = a,(z) except for the noise in communication),
then ¢;(I + 1) © n. Otherwise, ¢;(I 4+ 1) = {0}.

Let us explain the basic structure of the coordination on the punishment. For a simple
explanation, assume that d;(!) = 0 for all j € I and there is no noise in the communication:
Ai(D) = X;(1)(n) and d;(I 4+ 1) = d;(l + 1)(n) for all j and n.

See Section 5.5.4.3. Since we want to consider player ¢’s incentive, we consider the
transition of d;(l + 1) for the two monitors of player ¢, players ¢ — 1 and i + 1. For j €

{i—1,i+ 1},
1. if \;_1 (I) = G, then

(a) player ¢ — 1 monitors player i — 2 # ¢ and so d;_; (I + 1) # 7; and
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(b) player ¢ + 1 monitors player i but since A\;_;(I)(i + 1) = G (assuming no error),

player i + 1 always has d;1(l + 1) = 0; and
2. if )\i—l (l) = B, then

(a) if Ti—1 = G, then di_l(l + 1) = 0, and

(b) if x;—y = B, then d;,_1(l + 1) = 4. Hence, it is up to player ¢ + 1 whether or
not player i’s deviation is confirmed. How player i + 1 with A;11(]) = G and
Ai—1(1)(i + 1) = B monitors player ¢ is the same as how player j with \;({) = B

monitors player ¢ in the two-player case.

From 1 and 2-(a), while z;_; = G or \;_; () = G, player ¢ does not need to consider the
possibility of d;_1(l + 1) = i. Consider the case with z;_1 = A\;_; (I) = B. From 2-(b), as in
the two-player case, we can show that player ¢ should take the static best response to players
(—i)’s action and player i’s value is sufficiently small.

The remaining question is whether player ¢ has an incentive to manipulate ;. 1(l) so
that player ¢ + 1 monitors player ¢ + 2 rather than player i in Case 2-(b). Here is where
Assumption 4 plays an important role: Lemma 32 below guarantees that player ¢ cannot

manipulate \;;1(l) to increase her payoff.

5.5.4.6 Transition of 6, |(]) € {G, B}

As in the two-player case, if 6;_1(I) = B, then 6, 1(I + 1) = B. Hence, we concentrate on
how 6;_1(l+ 1) € {G, B} is defined conditional on 0; 1(I) = G. 0;_1(l + 1) = B if one of the

following conditions are satisfied:

1. when player i — 1 sends A\;,_;(l + 1) or when some player j € —i sends d; (I +1) to

player ¢ via error-reporting noisy cheap talk, the error is reported:

gli = 1(Aia(l+1)) = E
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or

gl — 1](d;(1+ 1)) = E for some j € —i; (5.31)

2. when player j € —i sends A\;j(l + 1) or d; (I + 1) to player n € —i via error-reporting

noisy cheap talk, the receiver (player n) makes a mistake:

(a) j € —(i—1,7) and we have

fIn](A\j(1+1)) # X1+ 1) for some n € {j+ 1,5 +2}\ {i};

(b) 7 € —i and
fin|(d;j(14+1)) # d;(l + 1) for some n € —i. (5.32)

For d;(I+1), since we map a ternary signal into a sequence of binary signals in Section
5.5.2, the probability of (5.32) depends on d;({+1). We adjust this probability so that
the probability of (5.32) is independent of d;(I+ 1), as we do for (2.22). From now on,

when we say (5.32) is satisfied, we take this adjustment into account;

. for j € —i, at the beginning of the (I 4 1)th review round, player j with A\;_1({+1)(j) =
G and ¢j(l4+1) # {n} C I takes a; (I + 1) # o;(x). With abuse of notation, we include

the case with [ = —1;

. for j € —i, at the beginning of the (I 4 1)th review round, player j with A\;_1({+1)(j) =
G and ¢;(l + 1) = {n} C I takes a; (I + 1) # «j,,. With abuse of notation, we include

the case with [ = —1; or

. for j € —i, player j takes a;(z) but (5.21), (5.23) or (5.24) is not satisfied (indices ¢

and j are reversed).

Note that, in order to calculate the transition, player ¢ — 1 needs to know players —i’s

history such as \;({ +1) with j € — (i — 1,4). These variables are sent in the re-report block
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and so included in A}*'{P°". Since §;_;(I+ 1) only affects the reward function (does not affect
the action plan), it suffices that player i — 1 knows the information by the end of the review
phase.

The important property of 6; 1 (I + 1) is that the distribution of 6; ; (I + 1) is indepen-

dent of player ¢’s strategy. Let us check all the conditions:

1. the probability for Condition 1 is exogenously given and independent of A;_;(I+1) and

djee (l + 1)§

2. the probability for Condition 2 is exogenously given and independent of player j’s

message;
3. Condition 3 is determined by the mixture by players —i and the probability is fixed at
Uk

4. Condition 4 is determined by the mixture by players —i and the probability is fixed at

n; and

5. if Condition 1, 2, 3 or 4 is satisfied, then 6, (I + 1) = B is determined. Otherwise, as
we will see in Section 5.6.2, players —i take a_;(x) and the probability of Conditions

5 is independent of player i’s action plan.

5.6 Properties of the Equilibrium

5.6.1 Pairwise Distinguishability

Assumption 4 implies that each player i can distinguish which one of each pair {7, n} is more

likely to deviate, which derives the following two lemmas:

Lemma 32 For all u and L, there exists € such that, for all ¢ < g, for each i € I and
Il =1,..,L—1, if players —i plays a_; (I) = a_;(z), then A\, 1 (I+1) = B withn —1 €
— (i —1,4) implies 0;_1(I+ 1) = B.
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Proof: Without loss, assume A, (I) = G and A\, (I +1) = Bwithn—1¢€ — (i —1,i).

Then,

e Condition 1 of Section 5.5.4.1 implies m > teTn 1 (1) Lya-v, 18 far from g,_q (z);

and

e Condition 3 of Section 5.5.4.1 implies m > tet 1 (1) Ly 1, 18 close to Qp_; ().

Together with Lemma 30, this implies m > teT 1 (la) Lya_r, 1S far from Q,_, (z) for

all j € —(n — 1,n) > 4, which implies ;_;(l + 1) = B from Condition 5 of Section 5.5.4.6. §

Lemma 33 For each ¢, there exists £, > 0 such that, for all ¢ < g,, for each ¢ € I and
l=1,..,L-1,if players —i plays a_; (I) = a_; (z), then d, 1 (I + 1) = nwithn € — (i — 1,17)

implies 0, 1(l + 1) = B.

Proof: The same as Lemma 32.

5.6.2 CL*Z‘(Z), )\j (l + 1), d]<l + 1) and Cj(l + 1)

In this section, we assume each message m after each [th review round by player j € —¢ can
transmit correctly to player n € —i since otherwise, Condition 2 of Section 5.5.4.6 implies
0;—1(l + 1) = B conditional on m.

Let [ (if any) be the review round where player i—1 has \; 1 (1) = G and A\;_; (I + 1) = B.
Without an error, A\;_; ({) (i + 1) = G.

First, consider the situation until the /th review round. Let [* < [ (if any) be the first
review round where (1) there exists j € — (¢ — 1,4) with A\;({* + 1) = B or (2) player i + 1
decides A\;(I* +1)(i + 1) by f[i + 1] (\i(I* + 1)) (obeys player i’s message).

Since A;(I*) = G for all j € —i and I* <1, d;(I+1) € {0,j — 1} for all j € —i and [ < I*.

Let [ < * (if any) be the first review round where (3) there exists j € —i with d;(I+1) =

A~ A~

j — 1. Then, players —i take a_;(l) = a_; (z) or 6;,_1(l) = B from Condition 3 of Section
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5.5.4.6. Since A\;i_1(1) = \i_1 () (i+1) = G implies d; 1 (I+1) = 0, (3) implies d;(I+1) = j—1
with j € — (i,i 4 1). Thus, Lemma 33 implies #;_1( + 1) = B.

Hence, players —i take a_;(I*) = a_; (z) or §;_1(I*) = B. If the former is the case, then
(1) \j(I* +1) = B with j € — (i — 1,4) implies 6;_1(I* + 1) = B from Lemma 32 and (2)
player i + 1 decides A\;(I* + 1)(i + 1) by f[i + 1] (A;(* + 1)) implies 6,_1(I* + 1) = B from
Condition 2 of Section 5.5.4.2 and Condition 5 of Section 5.5.4.6.

In total, for [ <1,

e players —i play a;_1(l) = a_; (z) or 6;_1(l) = B;

o “N(l+1) =G forall j € —(i—1,i), \(l +1)(i + 1) = G regardless of player i’s

message, and d;(1 4+ 1) = 0 for all j € =" or 6, (I + 1) = B; and
o ifa_;(I+1)# a_;(x), then 6;,_1(l+1) = B (this follows from the second bullet point).

Second, consider the Ith review rounds with [ > [+1. Since \;_; (l+1) =B, di_l([—i—l) =
Oforalll>1+1ifz; ; =G and di,l(i—i— 1) =i for all [ >1+41if z,_, = B. From above,
we can assume d;(l + 1) = 0 for all j € —i, A\;(I+1) = G for all j € — (i —1,47) and
Ni(l+1)(i+ 1) = G (otherwise, 0; _1(l + 1) = B). Again, let [* > [+ 1 (if any) be the first
review round where (1) there exists j € — (i — 1,4) with A\;(I* + 1) = B or (2) player i + 1
decides A\;(I* +1)(i + 1) by f[i + 1] (M (I* + 1)).

Since \;j(I*) = G for j € — (i —1,4), d;(I + 1) € {0,j — 1} for all j € — (i — 1,7) and
1<

Let [ < I* with [ > [+1 (if any) be the first review round where there exists j € — (i — 1,1)
with d;(I + 1) = j — 1. Note that players —i take a_;(I) = a_; (z) or 6;_1(I) = B from

Condition 3 of Section 5.5.4.6. Consider the following three cases:

1. if there exists j € — (i — 1,4,7 + 1) with d;(I + 1) = j — 1 # 4, then Lemma 33 implies
0;_1(1+1) = B; and

167



2. if dj(l+1) = 0 for all j € — (i —1,i,i+ 1), then diyy(I +1) = i. If 2,_; = G, then
this is contradiction. Hence, consider the case with x;_; = B. Since player ¢ — 1 with
Zisy = Aoy (I+1) = B has diyy(I+1) =i for all [ > 1+ 1, we have ¢;(I + 1) = {i}
for all j € —i regardless of player i’s message (note that the deviation by player
n € {i—1,i+ 1} cannot be confirmed with d;(I +1) = 0 for all j € — (i — 1,7,i + 1)).
Hence, d;(I+1) with [ > [+ 1 will be fixed for all j € —i. Further, since ¢;(I+1) # {0}
for all j € —i, \;(I 4+ 1) will be fixed for all j € —i and [ > [ + 1 from Condition 2
of Section 5.5.4.1 and A;_1(I + 1)(j) will be fixed for all j € —i and [ > [+ 1 from

Condition 2 of Section 5.5.4.2. Therefore,
(a) if [ < [*, then this contradicts \;(I*) = G and \;(I* + 1) = B for some j €
—(i—1,4); and

(b) if [ = I*, then players —i take a_;(I*) = a_; (x) or 6;_,(I*) = B. If the former is
the case, then \;(I* +1) = B with j € — (¢ — 1,4) implies 6,_;(I* + 1) = B from

Lemma 32.

In total, for [ > 1 +1,

o unless ¢;j(l) = {i} for all j € —i, players —i play a;_1(l) = a_; (x) or 6,_1(I) = B; and

o N(I+1)=Gforallje —(i—1,4), N(I+1)(i+1) =G, ¢;(I+1)={i} forall j € —i
if 2,y = Band di (I +1) =i, and ¢;(I +1) = {0} if 2,1 = G or diy (I +1) =0,

regardless of player i’s messages, or #;_1(I 4+ 1) = B.
Therefore, we have the following lemma:

Lemma 34 For each i € [ and [ = 1,..., L, in the Ith review round, 6; 1(l) = B or the

following statement is true:

1. if )\171<l> = G, then
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(a) players —i play a;_1(l) = a_; (z) and \;({) = G for all j € — (1 — 1,4), \;()(i +
1) =G, and d;(l) =0 for all j € —i; and
(b) for the next review round,
Loayi(l+1)=a;(x), \j(+1)=Gforalje—(—1,i), N(+1)(Ei+1) =G
regardless of player i’s message, and d;(l +1) = 0 for all j € —i; or

2. if \;_1(]) = B, then one of the following two is correct:

(a) ¢;(1) = {i} for all j € —i and players —i takes a_;(l) = o*,. For the next round,
player —i take a—; (I +1) =a*, or 0,_1(l+ 1) = B; or
(b) ¢;(l) = {0} for all j € —i and players —i takes a_;(I) = a*(x). For the next
round,
L. A\j(l+1)=Gforallje —(i—1,i), (I+1)(i+1) =G, and “c;(I+1) = {i}
for all j € —iif 2,4 = B and d;11(I + 1) = 4" and “c;(I + 1) = {0} for all
je€ —iifz; 1 =G ordi 1(l+1) =0, regardless of player i’s messages; or

ii. §;_1(l4+ 1) = B; and
3. A1 ()(j) = G for all j € —i.

Proof: Claims 1 and 2 follow the discussion above. Claim 3 requires the proof. Suppose
Aji—1(l=1)(j) = B and X\;_1(1)(j) = G. By Section 5.5.4.2, ¢;(l — 1) # {0}. From Claims 1
and 2 of the current lemma, we can concentrate on the case where players —i play a;_1(l) =
a_; (x). Then, Condition 2 of Section 5.5.4.2 and Condition 5 of Section 5.5.4.6 implies

(91',1<l) = B. [ |

5.6.3 Player ¢’s Belief

Consider player i’s inference of A\; (I + 1), \;_1(Il + 1)(i) € {G,B}. As in the proof of

Lemma 15, let I* (I*, respectively) be such that X\;_1(l) = B (Ai_1(1)(i) = B, respectively)
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is initially induced in the (I* + 1)th ((I* + 1)th, respectively) review round. If X;_; (L) = G

(Ai—1 (L) (i) = G, respectively), then define I* = L (I* = L, respectively). Then, there are

following three cases:
I* =1* This means \;i_ (I) = A\;i_1(1)(i) for all .

I* > [* This means that player i obeys the message in the supplemental round for A;_ (I*+1)

between 7 — 1 and 1:

A (I +1)(0) = flII(Nima (I + 1)),

By Lemma 11, player ¢ believes that, conditional on Ai,l(i* +1),
X1 (I +1)(0) = fli]Aia (I 4+ 1)) = A1 (I + 1)

or gli —1](\i_1(I* + 1)) = E with probability no less than 1 — exp(—©(T'2)).
If the former is the case, then I* < [* (contradiction). If the latter is the case, then
01-,1([* + 1) = B. Since players (—i)’s continuation actions plan in the main blocks do not

depend on g[i — 1)(A;_1(I* + 1)), this belief is valid after learning.

< I I N (F+ 1)) = fli](A1(I* + 1)), then as in the case with [* > [*, player i
believes that 6;_;(l) = B with probability 1 —exp(—©(T'2)) conditional on A;_1 (I* 4+ 1), even
after learning from the continuation action plan by players —i.

If player i disregards the message, then as in the case with two players, there are following

two cases:

1. ¢;(I*) # {0}. Then, from Lemma 34, there should exist j € —i and [ < [* such that
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or 0;_1(I) = B. If the former is the case, then by Lemma 11, player i believes that,
conditional on d;(1), g[i—1] (d;(1)) = E with probability 1—exp(—O(T'2)). Since players
(—i)’s continuation action plans in the main blocks do not depend on g[i — 1](d;(l)),

this belief is valid after learning; and

. ¢(I*) = {0}. From Lemma 34, unless 0;_;(I*) = B, ¢;(I*) = {0}, \;(I*) = G with
j € —iand N\(I*)(1 + 1) = G. From \;(I*) = G with j € —i, unless 6;_,1(I*) = B,
Aj—1(I*)(j) = B for all j € — (4,7 + 1). In total, unless 6;,_;(I*) = B, ¢;(I*) = {0} and
Nji—1(I*)(j) = B for all j € —i.

Since player i disregards the message, from Condition 2 of Section 5.5.4.2, (5.21) is
satisfied and there exists some player j € —i such that player i’s signal frequency while

player i is taking a; (z) is close to Q! (x). Let J be the set of such player j € —i.

If |7| > 1, then by Lemma 30 implies player i’s signal frequency while player i is
taking a; (x) is close to the ex ante mean ¢; (x) and player i believes that the score is

not erroneous and \;_;(I* + 1) = G with probability 1 — exp(—0O(T)).

If |J| = 1, then the same proof as Lemma 15 shows that player i believes that the

score is not erroneous or 6;_1(I*) = G with probability 1 — exp(—O(T)).

These bounds are before learning from the continuation action plan by players —i.
The learning from the continuation action plan changes the belief in the following two
ways. First, when player j € —i sends a message m, f[i](m) reveals the part of the

histories m. However, since any sequence of signals occurs with positive probability

L\ @N+N(N-1)L .
(exp(—@(Tﬂ)) = exp(—0O(T'2)), the update of the belief is sufficiently
small compared to the original belief 1 — exp(—©(T")).

Second, player ¢ conditions that A\;_1(1)(j) = G with j € —i. Since player j observes
1

any f[j](A\;_1(I)) with probability exp(—©(T'%)) regardless of a history of players —7,
L 1
the update of the belief is (exp(—@(T%)) =exp(—O(T2)).
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Third, since player j with A\;_1({)(j) takes all the actions with probability ©(n), the

update of the belief is (©(n))".

Next, consider player i’s inference of ¢;(l) with j € —i. If there exist j € —i and [ < | with
¢;(1) # {0}, {i}, then Lemma 34 implies 6; 1(I) = B. In addition, if there exist j,j' € —i
and [ < [ with ¢;(I) # ¢;(l), then Lemma 34 implies 6; ,(I) = B. Further, if there exist
j € —i and [ <1 such that player i’s message affects ¢;(I), then 6;_,(I) = B.

Hence, we can concentrate on the case where ¢;(l) = ¢;(1) = {0}, {¢} for j,j’ € —i and

¢;(1) = ¢;(1) is independent of player i’s message. If ¢;(I) # ¢;(I) for some j € —i and [ < I,

then there should exist n € —i and [ < [ such that

Fli)(dn(1)) # du(l)

or

A, A,

F1(dn(D)) # dn(1)-

A

If the former is the case, player i believes that, conditional on d,({), g[i — 1](d,(I)) = E with
probability 1 — exp(—O(T'2)). Since player (i — 1)’s continuation action plan in the main
blocks does not depend on g[i — 1)(d, (1)), this belief is valid after learning. If the latter is
the case, then Condition 2 of Section 5.5.4.6 implies 6;_;(l + 1) = B.

In total, we have shown the following lemma:

Lemma 35 For all u and L, there exists 7 such that, for all n < 7, there exists p > 0 such

that, for all p < p, there exist € and {4;(z)},  such that, for all € < &, for any history A

with ¢ being in the Ith review round, conditional on \;_1(I)(j) = G for all j € —i and [ <

and «_;(1), player i after h! believes with probability 1 — exp(—©(T'2)) that
1. A1 (D)(@) = Mi—1(1) and ¢; (I) = ¢; (1) for all j € T; or
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5.7 Variables

In this section, we show that we can take all the variables necessary for the equilibrium
construction appropriately: @, g2, q1, u, q, L, n, p and €.

First, Lemma 26 determines u and Lemma 28 determines ¢; and gs.

Second, from (1.18), we have

max {v;‘, max u,(a(a:))} <wv, <v; <T; < min _w(a(z)).

r:x; _1=B r:x;_1=G

Take u sufficiently small so that

v;(B)+u<wy <v; <v; < min _u;(a(x)),

zr:x;_1=G

where v; (B) = max{v}, max,.,, ,—pu;(a(x))+ 2u as defined in (5.1). Re-take @ if necessary
to have (5.3).
Third, take L sufficiently large sufficiently small such that
(L—1)v;(B)+u u u

: u+u+2L<Qi<Ui<@<m;ﬁilnzaui(a(x))_23'

Fourth, given L, g2, ¢1,u, fix ¢; and p; so that Lemma 31 holds.
Fifth, take p, < p; so that, for all p < p,, (5.2) holds and

Ly 2ﬂ <y, <v; <V < i (x) 2a
U — <, <v; <Y, min _ w;(x) — 2—.
L - L - Tz 1=G L

Sixth, given u and L, take 7; so that for all n < 7,, we have

(L—1)v; (B) +
L

T T L—1)v(B)+a
u+g+2%+nL(2u—min( )UL( H”)

< v, <U; < min w; (z) — 2% —nL <21_L + max w; (x)) : (5.33)

;=G
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Finally, fix ¢ < ¢ sufficiently small. Then, we can take &, for Lemma 32 and g, for

Lemma 33. Fix n < 7, p and € < min {&,,&,} so that Lemma 35 hold.

5.8 Almost Optimality

Based on Lemmas 34 and 35, we now show that if we properly define 7;(x, \;_1(1), ¢;_1(1), 1),

then o;(x;) and 7" satisfy (1.21), (1.16) and (1.17):
Proposition 36 For all i € I, there exists 7;(z, \i—1(l), ¢;—1(1), 1) such that

1. o4(x;) is almost optimal conditional on A;_1(I)(j) = G for all j € —i and [ < I: for

each [ € {1,..., L},

(a) for any period ¢ in the [th review round, (1.21) holds; and

(b) when player i sends messages by the error-reporting noisy cheap talk in the sup-

plemental rounds, (1.21) holds;?

2. (1.16) is satisfied with 7; replaced with 7#™. Since each z; € {G, B} gives the same

i

value conditional on z_;, the strategy in the coordination block is optimal;® and

3. mmain gatisfies (1.17).

7

Lemma 34 shows that \;_1(/)(j) = B for some j € —i, then 6, 1(I) = B and that player
i can condition on A;_;(1)(j) = G for all j € —i.

Lemma 34 also shows that, whenever player i’s message changes some player’s action after
the Ith review round, 6; (I + 1) = B is predetermined. In addition, Lemma 35 implies that

~and \;_1 (1) with probability 1 — exp(—©(T'2)) (or any action is

player i can infer (c,(1)),,c_,

optimal) by sending messages as prescribed by the equilibrium action plan. Therefore, 1-(b)

holds.

2If [ = L, then this is redundant.
3 As in the two-player case, even after the adjustment of the report block, any z; € {G, B}
still gives exactly the same value.
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As in the two-player case, for 3, it suffices to have

S 0 if Ti—1 — G,
77'2'(.1', )\171(0,07;,1([),[) (534)
Z 0 if Ti—1 = B,

|77'Z'(.T, )\2'71(1), Cz;l(l), l)’ S maxiya 2 ‘Uz (CL)’ T (535)

for all x € {G,B}N, )\zfl(l) € {G, B}, Cz;l(l) C {O} U 2I and [ € {1, ,L}

We are left to construct 7; so that 1-(a) and 2 are satisfied together with (5.34) and

(5.35). Remember that, from Lemma 34 and 35, if ¢;(I) = {n} € —i, then player i believes

0;_1(1) = B with probability 1 —exp(—0(T'z)). Hence, it is almost optimal to take any o ({).

Further, from Lemmas 34 and 35, we can concentrate on the following five cases:

i1 = G, \io1(D)(3) = Mioa(l) = G, ¢;(1) = {0} for all j € I, players —i take a_;(x),
Ai(l)y=G forall j € —(i—1,i), and X\;_1({)(j) = G for all j € —i.

Further, “A\;({+1) =G for all j € — (i — 1,4), A\;_1(l +1)(j) = G for all j € —i, and
cj(l+1)={0} forall j € —i,” or §,_1(l + 1) = B;

i1 = G, \io1(1) (1) = \i21(l) = B, ¢j(1) = {0} for all j € I, players —i take a_;(z),
M) =G forall j € — (i — 1,4), and A;_y(1)(j) = G for all j € —i.

Further, “\;(I+ 1) =G forall j € — (i — 1,4), \j_1(l +1)(j) = G for all j € —i, and
cj(l+1)={0} forall j € —3,” or 6,_1(l+ 1) = B;

zio1 = B, Mica(1)(@) = A\ioi(l) = G, ¢;(1) = {0} for all j € I, players —i take a_;(z),
Ai(l)y =G for all j € — (i —1,4), and \;_1({)(j) = G for all j € —i.

Further, “A\;({+1) = G for all j € — (i — 1,4), A\;_1(l + 1)(j) = G for all j € —i, and

cj(l+1)={0} forall j € —i,” or 0;_1(l+ 1) = B;

Ti—1 — B, )\1_1<l>(l) = )\1_1(1) = B, Cj(l) = {0} for all] € I, players —1 take Oé_i(.T),
Aj(l)=Gforall j € —(i—1,i), and X\;_1(I)(j) = G for all j € —i.
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Further, “A\;({+1) = G for all j € — (i — 1,4), A\;_1(l +1)(j) = G for all j € —i, and
cil+1)={i} forall j € —iif djy1(I+1) =i and ¢;(I + 1) = {0} for all j € —i if
di—i—l(l -+ 1) 7é ’i,” or 97;_1([ + 1) = B, and

® T, 1 — B, )\Zfl(l)(l) = )\lfl(l) = )\Zfl(l)@ + 1) = B, Cj(l) = {’L} for all] S ], players
—i take a*;, \j(I) = G for all j € — (i — 1,4), and \;_1(])(j) = G for all j € —i.
Further, “\;(I+ 1) =G forall j € — (i — 1,4), \j_1(l +1)(j) = G for all j € —i, and
ci(l+1)={i} forall j € —i,” or 0,_1(I+1) = B.

Since the distribution of §;_;({+1) is independent of player i’s strategy, player i’s incentive
is the same as in the two-player case. Remember that in the fourth case, player i + 1
determines d;1(l + 1) = i or not as player j determines d;(I + 1) = B or not in the two-
player case.

Therefore, almost optimality of o;(z;) and the existence of 7; with (5.34) and (5.35) can

be shown as in the two-player case.

5.9 Report Block

We are left to construct the report and re-report blocks to attain the exact optimality of the

equilibrium strategies. In this section, we explain the report block.

5.9.1 Preparation

As in the two-player case, we need to establish the truthtelling incentive in the report block.
When player i reports her history (a;¢, y;+) in some period ¢ in the main blocks, intuitively,

player ¢+ — 1 punishes player ¢ proportionally to

N N 2
Hlaj,t,yj,t -E [1a]-,t,yj,t | Yits Y—(i,5),t) Qity @—(4,5),t aj,t} ||
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with

i—1 ifi#1,
j= # (5.36)
2 ifi=1.

Hence, player ¢ wants to maximize

~ ~ 2
H]'aj,t7yj,t - E []ﬂj,t»yj,t ‘ yizt7 y_(’l‘».])7t’ aji7t7 a/_(l).])7t’ ajvt] H

—E (5.37)

| yi7t7 y7(173)7t7 aivt’ a/i("ﬂj):t’ a]vt

Compared to the two-player case, we assume that player i knows the history of players
- (27 j )
Since player j with A\;_1(!)(j) = G takes a fully mixed strategy, Assumption 5 implies

that the truthtelling is uniquely optimal:

Lemma 37 If Assumption 5 is satisfied, then for each 4, any fully mixed strategy «;, and

any history of players —j, (G;+, 9it) = (ait, yi+) is a unique maximizer of (5.37).

5.9.2 Report Block

Given Lemma 37, we construct the report block.

5.9.2.1 Structure of the Report Block

The report block proceeds as follows:

1. player N sends the message about AR

2. player N — 1 sends the message about hu1:

3. player 3 sends the message about hJ@in;

4. then, public randomization 4 is drawn; and
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5. player 1 reports hPain if yP < % and player 2 reports A" if 3P > %

We explain each step in the sequel.

5.9.2.2 Player i sends ha®

Since there is a chronological order for the rounds and r is a generic serial number of rounds,
the notations #7, #;(k), T'(r, k) and {a;, yz}t}teT(r » defined in Chapter 2 is still valid except

that

e if player ¢ sends m to player n via error-reporting noisy cheap talk in round r, then
#7 contains m for sure. In addition, if and only if player n — 1 is player ¢, #] contains

gln — 1](m) and go[n — 1](m); and

e if player i receives m from player n via error-reporting noisy cheap talk in round r,
then #! contains f[i](m) for sure. In addition, if and only if player n — 1 is player 1,

#I contains fa[n — 1](m).

Player i sends the message about h"®" in the same way as player i sends the message in

Section 2.9.6. That is, for each round r,
e if round r corresponds to a review round, then

— first, player ¢ reports the summary #/;
— second, for each subround k, player i reports the summary #7(k);

— third, public randomization is drawn such that each subround k is randomly
picked with probability T-%. Let k(r) be the subround picked by the public

randomization; and

— fourth, for k(r), player i reports the whole history {ais, Yi.t},cr. () in the k(r)th

rk(r

subround; and
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e if player i sends or receives a message by error-reporting noisy cheap talk in round r,

then player ¢ reports #7.

Again, the necessary number of binary messages to send the information is
O(T4). (5.38)

5.9.2.3 Reward Function 7"

report
%

We are left to define the reward function 7 . As a preparation, we prove the following

lemma:

Lemma 38 Let h; be player i’s history right before player i sends the message about A"

in the report block. If Assumption 5 is satisfied, then there exists € > 0 such that

1. for each I € {1,...,L}, in the /th review round, there exists g;(h"&™ hiP™ a;, ;)
such that, for period t € T'(I), it is better for player ¢ to report (a;,y;:) truthfully: if
Aj—1(1)(j) = G for all j € —i, then for all h;,

E [g:(h™", RPN Gy Die) | iy (Gigy Die) = (it Yiy)] (5.39)
> K [gi(h?lalin, hffport, ity Vi) | Pis (Gigs Yit) 7 (a@-,t,yi,t)] + TV,
where (G;+, 9;+) is player i’s message in the report block; and

2. for round r where player ¢ sends or receives the message by the error-reporting noisy

cheap talk, it is better for player ¢ to report player i’s history #! truthfully:

B g0 (b, B 0 | b 3 = ] (5.40)

> B g (e ) b A 4| T

where #;" is player i’s message about # in the report block.
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Proof: 1. By the same proof as Lemma 21, we can show that

hmain hrereport

Gi(hA" P g, Uiy) = —1{t;(r) =t for all j € —i}

~ ~ 2
X H 1a]-,t,yj’t - E[laj,t,yj,t | yi,t7 y*(’i,j),ta a’i,ta a*(i,j),ta aj,t] H
with
i—1 ifi#1,
j= (5.41)
2 ifi=1

works. Note that, compared to Lemma 21, we have
T-WN=Y = Pr(1{t;(r) =t for all j € —i} = 1)

instead of 77! = Pr(1{¢;(r) =t} =1). Also, we assume player i could know how
many times player j € —i observes each (a;, yj, (1Q?(m))ne,j, I'Y) and player j’s history
in t5(1): (@50 Yit; 0> (Lar@).t; @) )ne—i L4, 0))ie—i-

As we will see, players — (i — 1,4) sends the information ¢;(r), a_(; ;),y—@,;) to player

i — 1 in the re-report block and so they are in A}~ ;P

2. If player 7 sends m to player n via error-reporting noisy cheap talk in round r, then
(a) if #I contains g[n — 1](m) and gs[n — 1](m), then

. ~ ~ 2
g B ) = = |1y — BlL sy | S0] (), ]

(b) if #I does not contain g[n — 1](m) and go[n — 1](m), then

gi (R0, R )

= [t ptemrioms — Bl psmrion | £ (m), %5 gl — 1(m). galmn — ()|
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As we will see, player n € — (i — 1,1) sends f[n|(m) and player n—1 € — (i — 1,4)

sends g[n — 1](m) and go[n — 1](m) to player i — 1 in the re-report block.

If player i receives m from player n via error-reporting noisy cheap talk in round r,

then

(a) if #I contains fa[n — 1](m), then

. ~ 2
gi(hm B ) = — 1

aali—1)(m) — B[Lgyli—1)m) | m, g[i — 1](m), #;]

(b) if #! does not contain fy[n — 1](m), then

. -
gi (R, B2, #7)

Then, (1.3) and (1.5) imply that truthtelling is optimal.

N 2
Lgsfi-1)m) — B[Lgofi-1)emy | m, gli — 1)(m), #, faln — 1](?”)]” :

As we will see, player n € — (i — 1,7) sends m and player n — 1 € — (i — 1,4) sends
fa[n — 1](m) to player i — 1 in the re-report block. &
Given these preparations, by backward induction, we construct ;" (hin L prerepert prt r)

) 17 —1

for each r such that

report Tp+1 rereporty report r—+1 rereport 7 r+1
T (i1, B 5 )—E T (hi—17hi—1  hi 77")

r

makes it optimal to tell the truth in the report block and o;(z;) is exactly optimal.
Formally, 7P (h;’fll, prerepert prat 7’) is determined as follows. If “i € {1,2} and player
1 is not selected by the public randomization” or there exists [ such that the /th review round

is before or equal to round r and \;_;(1)(j) = B for some j € —i, then

rieport (h:jll, prereport B;-ﬁ-l, 7“) =0. (5.42)
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. £ t 7 . . .
Otherwise, ;P <h;’_+11, RSP Rt 7’) is the summation of the following rewards and

punishments.

Punishment for a Lie As in the two-player case, we punish a lie. For round r corre-

sponding to a review round, the punishment is the summation of the following three:

e the number indicating player i’s lie about {a;, vi+} HeT (r k()

> TR BT g, i) (5.43)

teT (r,k(r))

e the number indicating player i’s lie about #(k):

T3XTi xS H (k) £ D Lag o (5.44)
teT (rk(r))

and

e the number indicating player ¢’s lie about #:
T x 1 {#z £ #me)} . (5.45)
k

For round r where player ¢ sends or receives a message m, player ¢ — 1 punishes player ¢

if it is likely for player ¢ to tell a lie by
T2gi (W WP 37). (5.46)

Cancel Out the Expected Punishment by Telling the Truth As in the two-player
case, we cancel out the differences in ex ante value of the punishment between difference
actions and messages: if player i reports the history (player i € {1,2} needs to be picked by

main.
i :

the public randomization to report the history), then we add the following variable to 7
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e if round r is a review round, then

Z 1{t € T (r,k(r))}1{t;(1) =t for all j € —i}T°I;[a_(i )4, @) (Yi-14);

teT(r)

e if player ¢ sends the message in round r, then
T7*M0(f[n] (m)),

where player n is the receiver of the message; and

e if player 7 receives the message in round r, then
T1L;(n, m)

where player n is the sender of the message m.

Here, II; [a_( ), ;] (yi-1) is defined so that the differences in (5.43) among action a;’s
are canceled out ex ante before taking a;. Since we assume that player i — 1 knew a_; j), o,
Assumption 3 is sufficient to construct such II; [a_(i,j), ozj} (yi—1). As we will see, player i — 1
gets the information about a_; ;), ; from players — (i — 1,4) in the re-report block.

Similarly, I1;(f[n] (m)) (II;(n, m), respectively) is defined so that the differences in (5.46)
among messages are canceled out ex ante before sending (receiving, respectively) the message.
Again, player n € — (i — 1,1) sends f[n] (m) (m, respectively) to player i — 1 in the re-report

block. The identifiability to construct such II; is guaranteed by Lemma 11.

Reward for Optimal Action and Incentive to Tell the Truth This is the same as
in the general two-player case. We construct the reward f; so that, for each round r, for
any period ¢ in round r, for any history hf, conditional on A_;(r), o;(x;) is optimal. Here,

A_;(r) represents
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e which state z_; € {G, B} players —i are in;

e for the review round ! that is equal to round r, which action plan «;(l) each player

J € —1 takes in the [th review rounds; and

o \,_1()(j) = G for all j € —i in the [th review round if round r is the /th review round

or after.

See Section 2.9.6 for the construction of f;. With more than two players, the definition
of Vi(hl, #7) includes the learning about (A;(I + 1),d;(l + 1))

je—i

5.10 Re-Report Block

This is the block for each player ¢ — 1 to collect the information owned by players — (i — 1,1)
which is necessary to construct player(i — 1)’s reward on player i, ;.

In the re-report block, we have the following rounds in this chronological order:

players — (N — 1, N) send the information to player N — 1 to construct my;

players — (N — 2, N — 1) send the information to player N — 2 to construct my_1;

players — (1,2) send the information to player 1 to construct ms; and

players — (IV, 1) send the information to player N to construct 7.

We explain what information is sent for each step:

5.10.1 Information Sent by Players — (i — 1,7) to Player i — 1

First, each player n € — (i — 1,4) sends the information about their histories in the coordi-

nation and main blocks:
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e which state x,, player n has;

e for each Ith review round, what strategy «,(l) player n took. Remember that player

n’s strategy within a round is 4.7.d;

e for each Ith review round, for each | a,, Yy, <1Qj (x)) , Fﬁ) , how many times player
n jE*’n

n observed (an,yn, <1Q%(x)>je—n , Fﬁ);

e for each /th review round, which period ¢,(l) is excluded from T,,(1);

e what is the history (an, Yn, <1QZL (x)) ,Fﬁ) in the excluded period ¢,(1); and

jE—N
e for each supplemental round, m, f[n|(m), f2[n](m), g[n](m) and gs[n](m), whenever
they are the pieces of information that player n sends or receives.

Second, the players communicate about the histories related to the report block:

e for each round r corresponding to a review round;

— first, player i—1 sends to players — (¢ — 1,7) which k(r) player i—1 and i coordinate
about sending (a; ¢, y;+) for each r corresponding to the review round. With public
randomization, k(r) is public. Expecting that we replace public randomization
with coordination through private signals, we let player i — 1 speak k(r) here; and

— then, for each r, based on player (i — 1)’s report k(r), each player n € — (i — 1,1)

sends (an, Yn, (Lgs (1)) je—ns I )terrk(ry); and

e for a supplemental round, each player n € — (i — 1,4) sends player n’s signals f[n](m),
faln](m), g[n](m) and ga[n](m)."

Then, player ¢ — 1 collects all the information necessary to construct player (i —1)’s

reward on player ¢, m;. Further, the cardinality of the messages sent in the re-report block is

O(T1) (5.47)

4If player n is not a receiver of a signal, then we exclude that signal.
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by the same calculation as for (2.41).
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Chapter 6

General Two-Player Game Without
Cheap Talk

In this chapter, we prove the dispensability of the perfect cheap talk, error-reporting noisy
cheap talk and public randomization in the proof of Theorem 7 and thereby prove Theorem
8.

After we summarize new notations and assumptions in Section 6.1, we show that the
players can communicate and coordinate via actions and private signals. We take the fol-
lowing steps to dispense with the perfect and error-reporting noisy cheap talk and public
randomization device.

Remember that the coordination block uses the perfect cheap talk to communicate x,
that the supplemental rounds for A\;(I 4+ 1) and d;(I + 1) use the error-reporting noisy cheap
talk, and that the report block uses the public randomization and perfect cheap talk.

First, in Section 6.2, we replace the perfect cheap talk in the coordination block with the
error-reporting noisy cheap talk. Although x; is no longer common knowledge, by exchanging
the messages via error-reporting noisy cheap talk several times, each player can construct an
inference of x; such that, given the opponent’s inference, each player puts a belief no less than

1 — exp(—O(T'2)) on the event that if their inferences are different, then the opponent has
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made her indifferent between any action profile sequence in the main blocks. No additional
assumption is necessary for this step.

Second, Section 6.3 explains the structure of the review phase (finitely repeated game)
when we dispense with perfect cheap talk.

Third, in Section 6.4, we dispense with the error-reporting noisy cheap talk in the coor-
dination block (given the first step above) and supplemental rounds. See Section 1.5 for the
intuition and Section 6.1.1 for a new assumption sufficient for this step.

Third, in Section 6.5, we summarize the discussion and formally define the equilibrium
strategy in the coordination and main blocks without perfect and error-reporting noisy cheap
talk. The almost optimality of this strategy is verified in Section 6.6.

Fourth, in Section 6.7.3, we dispense with the public randomization in the report block,
keeping the perfect cheap talk. Now, the players coordinate with their actions and private
signals. Section 6.1.2 offers a sufficient condition for this step.

Fifth, in Section 6.7.4, we replace the perfect cheap talk in the report block with “condi-
tionally independent noisy cheap talk,” where each message transmits correctly with a high
probability but there is a positive probability that an error happens. The sender does not
receive any feedback about whether the message transmits correctly or not.

In the report block, the receiver does not have an incentive to infer the messages correctly
since the messages are used only for the reward on the sender. Hence, we can disregard the
incentives for the receiver.

We can show that the number of the messages that need to be sent to convey the infor-
mation is sufficiently small compared to the precision of the conditionally independent noisy
cheap talk, which means that all the messages transmit correctly with an ex ante high prob-
ability. Since the cheap talk is conditionally independent, the sender always believes that
each message transmits correctly with a high probability. Given the strict incentive in the

report block for the sender, this is enough to incentivize the sender to tell the truth and to
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construct m to make o;(x;) exactly optimal. This step does not require any assumption
in addition to the availability of the conditionally independent cheap talk.

Then, we replace the conditionally independent noisy cheap talk with messages via ac-
tions. This step is novel since we do not assume anything about the differences in the cardi-
nality of the support of each player’s signals. See Section 6.1.3 for what generic assumption
is sufficient.

When we say players ¢ and j in this chapter, unless otherwise specified, it implies that

1 # j. In addition, without loss of generality, we assume that

[Aul [Ya] = [As] [Vl (6.1)

6.1 Notations and Assumptions

6.1.1 Assumption for Dispensing with the Error-Reporting Noisy

Cheap Talk

As we will see, player 7 who wants to send a binary message m € {G, B} takes different
actions for different messages. We assume that there exist aJG and af such that for any a;,

the different history of the receiver has different information about whether player j takes

G B.
Clj or Clj .

Assumption 39 For each j € I, there exist ajG € Aj and af € Aj such that

1. for each a; € A; and y; € Y;, we have
Qi(yi‘aiaa?) # %’(yimiaajB);

and
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2. for all aj € A(A;) with a;(af) > 0 and a(a?) > 0, for all (a;,;) and (aj,y;) with

(a;,y;) # (ai,yl), we have

E [Llj,yj | yiaaivaj] # B [1%"%‘ ‘ yé’a;7aj} :

6.1.2 Assumption for Dispensing with the Public Randomization

When we dispense with the public randomization in the report block, the players use actions
and private signals to coordinate. Fix ¢ € I arbitrarily.
There are two different assumptions to achieve this goal, each one of which is sufficient.

We will explain these two separately.

6.1.2.1 Conditionally Dependent Signals

When the players’ signals are correlated given some action profile " e A} then we can
proceed as follows: the players play a"""” and each player observes her own private signal.

Player j partitions the set of her signals into non-empty subsets Y;"l and Y;’z with Y; =
Vi UY,.

Player i tries to infer which set player j’s signal belongs to. With some p; € (0, 1), player
1 classifies the set of her signals into two classes: the set of signals with which player ¢ thinks
that player j observes y; € le with probability more than p; and the set of signals with
which player ¢ thinks that player j observes y; € Y;l with probability less than p;. That is,

i _ i p.r.(i) _
v o= {meviiPy e i} 1" y) > pi) (6:2)

)

Vi, = {mevi Py e} o) <pif. (63)

Ip.r. stands for “public randomization.”
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A sufficient condition to dispense with public randomization is that there exist Y}ZI and
Y}, with Y}, UY}, and p; € (0,1) such that Y, and Y}, are non-empty partitions of ¥;. Note

that this is generic if the players’ signals are correlated given some action profile " e A.

6.1.2.2 Conditionally Independent Signals

We offer another sufficient condition that works with conditionally independent signals. In
this assumption, each player takes a mixed strategy and then she needs to infer the action-
signal pair observed by the other player. Even if the signals are conditionally independent,
since the other player plays a mixed strategy, her signals contain non-trivial information
about what action-signal pair the other player observes.

Specifically, take ¢ € I arbitrarily. Then, player n € I (can be the same as player ¢) takes
a mixed strategy ab ™,

Player j # ¢ has a function (b?'r'(i) that maps her action-signal pairs into real numbers
n [0,1]: ¢?'r'(i) : A; xY; — (0,1). As player j constructs F?(w) from ’y?(x)(yj), player j
constructs @?'r'(i) € {0,1} from gb;”'(i) (aj,y;)-

Player i tries to infer whether player j has @?'r'(i) = 1 (corresponding to Y}, in the
previous assumption) or @?'r'(i) = 0 (corresponding to YJZ2 in the previous assumption).
With some p; € (0,1), player i classifies the set of her action-signal pairs into two classes:
the set of action-signal pairs with which player ¢ thinks that player j observes @? 0 = 1
with probability more than p; and the set of action-signal pairs with which player ¢ thinks
(1)

that player j observes ®,""” = 1 with probability less than p;. That is,

H;, {(aiayi) €A xY;: PT({‘I’?'L(D =1} | Oé?r'(i),aiayi) > ]51'} (6.4)

Hii,2 = {(az,yz) & Az X }/z : Pr({@?r(l) = 1} | oz?r'(i),ai,yi) < ﬁz} . (65)

A sufficient condition to dispense with public randomization is that there exist aP™®

and qb;"r'(i) such that
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° Hf,l and Hf,2 are non-empty partitions of A; x Y;;

e given a?'r'(i), the probability that player i observes y; € Y; with (a;, 1) € H}, is

independent of a; € A;; and

e given """ the probability that player i observes (a;, ;) € A; x Y; with (az, ;) € H},

is independent of a; € A;.

Note that the last two conditions are new, which implies that the probability that player
1 is willing to report her history in the report block is constant “for all a; from player i’s
perspective” and “for all a; from player j’s perspective,” as we will see in Section 6.7. This
is important to incentivize them to take a mixed strategy.

This condition is generic under Assumption 6 since ¢§-"r'(i) has | A;||Y;| degrees of freedom
while we have |4;| + |A;| constraints.

In summary, the following assumption is sufficient:
Assumption 40 For each i € I, one of the following two conditions is satisfied:

1. there exists a”” € A such that there exist Y?,, Y?

~ % % J
7,1~ 5,2 Di, }/7;’1 and )/7:’2 SUCh that }/;’1 and

Y}, satisfy (6.2), (6.3) and
Vi # 0,V #0,Y =Y UY;

or

2. there exists a?™(® € A (A) such that there exist (b?'r'(i), pi, H}, and H}, such that

(a) H}, and H}, satisfy (6.4), (6.5) and

Hiy #0. iy #0. A x Y = Hiy U Hy
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@ the probability that player i observes y; € Y; with (a;,y;) € H} | is

(b) given o)
independent of a; € A;; and

(i)

(c) given o)™, the probability that player i observes (a;,y;) € A; x Y; with (a;, y;) €

H} | is independent of a; € A;.

6.1.3 Assumption for Dispensing with the Conditionally Indepen-

dent Cheap Talk

As mentioned, after we replace the perfect cheap talk in the report block with the condi-
tionally independent noisy cheap talk, we dispense with the conditionally independent cheap
talk.

To do so, we want to construct a statistics that preserves the conditional independence
property for player 2. Player 2 sends a binary message m € {G, B} by taking ay* € {a$,a}.
Player 1 takes some mixed action a}P*" € A (A;). Based on the realization of the mixture
a; and signal observation y;, player 1 calculates ¢,(as,y1). We want to make sure that,

regardless of player 2’s signal observation, player 2 believes that player 1 statistically infers

player 2’s signal properly: there exist go > ¢; such that

repor g itay = a2G7
E [¢1(&1, yl) | aq P ta a2, 92] - (66)
q1 if ag # a§

for all y, € Y5.

A sufficient condition for the existence of such ¢ is as follows:
Assumption 41 One of the following two assumptions is satisfied:

1. the monitoring is conditionally independent: q(y_; | a,vy;) = q(y_; | a) for all a € A

andy €Y; or
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2. there exists o} € A(A;) such that (Pr (ar,y1 | a1, as, y2))a1,y1 is linearly inde-

pendent with respect to (ag, y2).

Note that Condition 2 is generic since we assume (6.1) and that we do not assume the
counterpart for player 1 to send the message.

The following lemma shows that Assumption 41 is sufficient to have ¢, with (6.6).

Lemma 42 If Assumption 41 is satisfied for o € A (4,), then for all a§ € A,, there

exist go > ¢1 and ¢, : A; x Y7 — (0,1) such that (6.6) holds for all y, € Y5.

Proof: The same as Lemma 12. §

6.2 Replacing the Perfect Cheap Talk in the Coordina-
tion Block with the Error-Reporting Noisy Cheap

Talk

Remember that, with the perfect cheap talk, the players communicate about z in the coor-
dination block in the following way: first, player 1 tells x; and second, player 2 tells xs.
We divide the step where player ¢ sends the message about z; into the following steps

Y

(remember that this step is called the “round for x;” with the perfect cheap talk in Section

2.2):

1. first, player ¢ sends z; to player j via error-reporting noisy cheap talk with precision
p=1—exp(—T2). Among other things,? f[j](z;,1) € {G, B} and g[i](z;,1) € {z;, E}
are generated. With abuse of notation, instead of x;, we use (z;,1) since, as we will
see, player ¢ will re-send the message z; and we want to distinguish the results of the

first message and those of the second message;

*Precisely, in addition to f5[j](x;, 1) and go[i](z;, 1).
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2. second, player 7 sends x; to player j via error-reporting noisy cheap talk with precision
p=1—exp(—T43). Among other things® f[j](x:,2) € {G, B} and g[i](z;,2) € {z;, E}

are generated.

It is important to realize that the precision is higher in the second step. Given these two

steps, player j constructs an inference of z;, x;(j) € {G, B}; and

3. third, player j sends z;(j) to player i via error-reporting noisy cheap talk with precision
p=1—exp(—T2). Among other things, f[i](z:(j)) € {G, B} and g[j](x:(j)) € {:, E}

are generated.

Given these three steps, player 7 constructs an inference of z;, z;(i) € {G, B}. Each
player n € {1,2} plays the continuation game as if z; were z;(n) in Chapter 4.

In addition, after some events, player i (player j, respectively) makes player j (player
i, respectively) indifferent between any action profile sequence in the main blocks by using

75 @] (Yie) (77 a;¢)(yj.), respectively) for ﬂ;?lai“ (mimain,

respectively).

Intuitively, the coordination goes as follows: if player i observes g[i|(z;,2) = x;, then
with a high probability, player ¢ infers z;(i) = x;. With a small probability, however, player
i uses the signal from player j’s message: z;(i) = f[i](x;(j)). In addition, if the latter is the
case, then player i makes player j indifferent between any action profile in the main blocks.
If g[i](x;,2) # x;, then player i uses the signal from player j’s message: x;(i) = f[i|(z:(j)).

On the other hand, player j uses the signals from the second message from player ¢ and
z;(j) = flj](zs,2) with a high probability. With a small probability, however, player j uses
the signal from the first message: z;(j) = f[j](x;,1). In addition, if the latter is the case,
then player j makes player i indifferent between any action profile in the main blocks.

Consider player i’s inference. If player ¢ uses f[i](z;(7)), then since player j’s contin-

uation action plan is independent of g[j](x;(j)), 2 of Lemma 10 implies that player i can

3Precisely, in addition to fs[j](x;,2) and go[i](x;, 2).
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always believe that player i’s inference is correct or player j knows the mistake with a high
probability.

If player i adheres to x; after g[i](x;,2) = x;, then player i before observing player j’s
continuation action plan believes that f[j](x;,2) = g[i](x;,2) by 3 of Lemma 10 with a high
probability. Hence, player i believes that z;(j) = f[j](z4,2) = gli](zs,2) or any action profile
is optimal. When player ¢ realizes that x;(j) # g[i](z;, 2) from learning, player i believes that
player j uses f[j](x;, 1) rather than f[j](z;,2). Here is where we use the assumption that the
precision of the second message is higher than the first message. Since the precision of the
second message is higher than the first message, player i after observing x;(j) contradictory
to player i’s expectation from the second message believes that player j uses the first message
(this happens with a positive probability) and that there was an error in the first message.
Remember that player j makes player ¢ indifferent between any action profile in the main
blocks if player j uses the first message. Therefore, after observing x;(j) contradictory to x;,
player ¢ believes that any action is optimal with a high probability.

Therefore, player i is willing to obey the same strategy as in the case with the perfect
cheap talk with z; replaced with z;(7).

Consider player j’s inference. If player j uses the first message: z;(j) = f[j](x;, 1), then
since player ¢’s continuation action plan is independent of g[i](x;, 1), 2 of Lemma 10 implies
that this is almost optimal.

Suppose that player j uses f[j](x;,2) and realizes z;(i) # f[j](z,2) from learning. There
are two possibilities: gl[i](z;,2) = x;(i) € {G, B} or player i used player j’s message and
fli)(z:(4)) = w4(i) (there is an error). Since the precision of player i’s second message is
higher than player j’s message, player j believes that player i uses player j’s message (this
happens with a positive probability) and that there was an error in player j’s message.
Remember that player i makes player j indifferent between any action profile in the main
blocks if player i uses player j’s message. Therefore, after observing x;(i) contradictory to

flil(x;,2), player j believes that any action is optimal with a high probability.
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Verify that g[i](x;,2) = x; and that player i adheres to z; with a high probability regard-
less of player j’s message and so player j cannot manipulate z;(7).

The following lemma formalizes the argument:

Lemma 43 We can define (z;(1), %;(2)),.,; and the events that a player makes her opponent
indifferent between any action profile sequence such that, conditional on = € {G, B}?, for

each ¢ € I, the inferences in the coordination block satisfy the following:

1. given the true state z; and player j’s inference x;(j), player i puts a belief no less than
1—exp(—O(T'2)) on the events that 2;(j) = x;(i) or player i is indifferent between any

action profile;

2. given the true state z; and player i’s inference x;(7), player j puts a belief no less than
1 — exp(—O(T'2)) on the events that z;(i) = z;(j) or player j is indifferent between

any action profile; and
3. it is almost optimal for the players to send the messages truthfully.
We first define z;(i) and x;(7). Player i constructs x;(7) as follows:

1. if g[i](x;,2) = x; in the second step, then player ¢ mixes the following two:
(a) with probability 1—n, x;(i) = z;. That is, with a high probability, player i adheres
to her own state; and
(b) with probability n, z;(z) = f[i](xz;(j)). That is, with a low probability, player i

uses the signal from player j’s message; and

2. if g[i](x;) = E in the second step, then player i always uses the signal from player j’s
message: x;(i) = f[i](zi(j))-
For completeness, if player i deviates in the step 1 or 2 of the communication, then player
i always uses the signal from player j’s message: x;(i) = f[i](z:(5)).

Player j mixes the following two:
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1. with probability 1 —n, z;(j) = f[j](x;,2). That is, with a high probability, player j

uses the signal from player i’s second message; and

2. with probability n, z;(j) = f[j](z;,1). That is, with a low probability, player j uses

the signal from player i’s first message.

Second, we identify after what history player i (player j, respectively) makes player j
(player i, respectively) indifferent between any action profile sequence.

Player ¢ makes player j indifferent between any action profile sequence if (and only if
based on the round for x;)* g[i|(z;,1) = E, gli](z;,2) = E, or “1-(b) or 2 is the case for the
construction of x;(7).”

Player j makes player i indifferent between any action profile sequence if (and only if
based on the round for x;) g[j](z;(7)) = E or 2 is the case for the construction of x;(j).

Given the above preparation, we prove the lemma:

Proof of 1 of Lemma 43: If 1-(b) or 2 of the construction of z;(4) is the case, then 2 of
Lemma 10 guarantees the result. Note that player j’s continuation action plan in the main
blocks does not reveal g[j](x;(7))-

If 1-(a) is the case, then without conditioning on z;(j), by 3 of Lemma 10, player i puts
a belief no less than 1 — exp(—O(T'3)) on the event that f[j](z:,2) = z; = 2;(i). Whenever
player j uses f[j](z;,1) for z;(j), player j makes player i indifferent between any action
profile sequence. Hence, without conditioning on z;(j), player i puts the belief no less than
1—exp(—O(T'3)) on the event that z;(j) = 2;(i) or player i is indifferent between any action
profile.

Suppose that player ¢ learns z;(j) # z;(i). Remember that with probability 7, player
J uses the signal of the first message f[j](z;,1). Since the precision of the first message is

p=1-— exp(—T%), 4 of Lemma 10 implies that player ¢ believes that any f[j](x;,1) could

4*With abuse of notation, for the multimple steps to coordinate on z;, we use the same
notation “the round for x;” as in the case with the perfect cheap talk. In Section 6.3, we
introduce a different notation from the case with the perfect cheap talk.
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happen with probability exp(—©(T'2)) regardless of g[i](z:,1) and gs]i](z;,1). Since player
i’s prior on f[j](z;,2) = :(i) is 1 —exp(—O(T'3)), after learning z;(j) # (i), player i puts a
posterior no less than 1— exp(—@(T%))/ exp(—O(T2)) = 1 —exp(—O(T'3)) on the event that
player j uses the signal of the first message f[j](x;, 1) and that f[j](x;, 1) was wrong. In that
event, player j makes player i indifferent between any action profile sequence. Therefore, we

are done.

Proof of 2 of Lemma 43: If 2 of the construction of x;(j) is the case, then 2 of Lemma
10 guarantees the result. Note that x;(i) never reveals g[i](z;, 1).

If 1 of the construction of x;(j) is the case, then 2 of Lemma 10 implies that, without
conditioning on x;(7), player j puts the belief no less than 1 — exp(—©(T' %)) on the events
that z;(j) = x; or player j is indifferent between any action profile since (i) if g[i|(x;, 2) = E,
then player j is indifferent between any action profile and (ii) if g[é](z;,2) = z; and player i
uses f[i](x;(4)), then player j is indifferent between any action profile.

Suppose that player j learns that z;(i) # z;(j) and z;(i) = ;> If player j put a
high belief on z;(i) = g[i|](z;,2) = x;, then this lemma would not hold. However, with
probability 7, player i uses the signal from player j’s message, f[i](x;(j)). Since the precision
of this message is p = 1 — exp(—T%), 4 of Lemma 10 implies that player j believes that
any f[i](z;(j)) could happen with probability exp(—©(T'2)) regardless of ¢[j](z;(j)) and
g2[j](z:()). Since player j’s prior on the event “x; = f[j](z;,2) or g[i|(z;,2) = E” is
1—exp(—O(T'3)), after learning z;(i) # x;(5) and z;(i) = z;, player i puts a posterior no less
than 1 — exp(—O(T'3))/ exp(—O(T2)) = 1 — exp(—O(T'3)) on the event that player i uses
the result of player j’s message f[i](x;(j)) and that f[i](z;(j)) happened to be z;. In that
event, player ¢ makes player j indifferent between any action profile sequence. Therefore, we

are done.

’In the other cases, either z;(i) = z;(j) or “z;(i) # x; and so player j is indifferent
between any action profile in the main blocks.”
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Proof of 3 of Lemma 43: Let us consider player ¢’s incentive. First, the probability that
player j makes player ¢ indifferent is almost independent of player i’s strategy: g[j](z;(j)) =
E happens with probability no more than exp(—©(T'2)) regardless of z;(j). In addition,
whether 1 or 2 is the case for the construction of x;(j) is determined by player j’s own
randomization.

Since z; controls player j’s value, not player ¢’s value, player ¢ does not have an incentive
to deviate to coordinate on a different z;. Since 1 of Lemma 43 guarantees that player i can
infer player j’s inference x;(j) correctly or player i is indifferent between any action profile,
we are done.

Next, we consider player j’s incentive. First, the probability that player ¢ makes player j
indifferent is independent of player j’s strategy: the distribution of g[i](z;, 1) and g[i](x;, 2)
is independent of player j’s strategy. In addition, whether 1-(a) or 1-(b) is the case for the
construction of x;(7) is determined by player ¢’s own randomization.

Second, by 2 of Lemma 43, the equilibrium strategy enables player j to infer player i’s
inference x; (i) correctly or player j is indifferent between any action profile with probability
no less than 1 — exp(—O(T2)).

Third, whenever player i uses the signal from player j’s message, f[i](x;(j)), 1-(b) or 2
is the case for the construction of z;(i) and player i makes player j indifferent.

Therefore, the truthtelling incentive for x;(j) is satisfied.

6.3 Structure of the Review Phase

Replacing the perfect cheap talk in the coordination block with the error-reporting noisy
cheap talk, we have the following structure of the review phase. Now, the coordination block

has six rounds with the following chronological order:

e the round for (z1,1) where player 1 sends z; via error-reporting noisy cheap talk with

);

N|=

precision p = 1 — exp(=T
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the round for (z1,2) where player 1 sends x; via error-reporting noisy cheap talk with

precision p =1 — exp(—T%);

the round for (z1,3) where player 2 sends x1(2) via error-reporting noisy cheap talk

with precision p =1 — eXp(—T%);

the round for (x5, 1) where player 2 sends x5 via error-reporting noisy cheap talk with

);

N[

precision p = 1 — exp(=T

the round for (z5,2) where player 2 sends x5 via error-reporting noisy cheap talk with

precision p = 1 — exp(—T'3); and

the round for (z,3) where player 1 sends xo(1) via error-reporting noisy cheap talk

with precision p =1 — exp(—T%).

After that, we have L review blocks. For each [th main block with [ =1, ..., L — 1, there

are following seven rounds in the following chronological order:

the [th review round where the players play the stage game for T' periods;

the supplemental round for A\, (I + 1) where player 1 sends A;({ + 1) via error-reporting

noisy cheap talk with precision p = 1 — exp(—T'2);

the supplemental round for A\y(I + 1) where player 2 sends As(I + 1) via error-reporting

noisy cheap talk with precision p = 1 — exp(—T'2);

the supplemental round for d; (I + 1) where player 1 sends d; (I + 1) via error-reporting

noisy cheap talk with precision p =1 — eXp(—T%); and

the supplemental round for ds(I + 1) where player 2 sends dy(l + 1) via error-reporting

noisy cheap talk with precision p = 1 — exp(—T%).

The last main block only has the Lth review round where the players play the stage game

for T periods.
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After that, we have the report block, which will be explained fully in Section 6.7.

As we can see, there is a chronological order for the rounds. Hence, we can number all
the rounds serially. For example, the round for (x,1) is round 1, the round for (z1,2) is
round 2, and so on.

In addition, if we replace the error-reporting noisy cheap talk with precision p with
messages via actions, then round r where player ¢ sends the message via error-reporting
noisy cheap talk with precision p = 1 — exp(—T*) consists of T* periods. For example, in
the round for (z1,1), the players play the stage game for T: periods.

Finally, let T'(r) be the set of periods in round r. As in Chapter 2, player ¢ randomly
picks one period t; (r) from T (r) and then use periods T; (r) = T (r) \{t; (r)} for the deter-

mination of action plans in the coordination and main blocks.

6.4 Dispensing with the Error-Reporting Noisy Cheap

Talk

Consider round r where player j sends m via error-reporting noisy cheap talk with precision
p=1—exp(—T%) with k € {1/2,2/3}. We replace the error-reporting noisy cheap talk with
precision 1 — exp(—T*) with messages via actions as follows. Now, round 7 consists of T*
periods.

With p < %, to send message m, player j takes

(1—=p)a$ +pa? if zj(m) = G,
ajj(m) =94 pa§ + (L —p)a? if z;(m) = B,
505 + 5a? if zj(m) =M
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with

m with probability 1 — n,
zj(m) =4 {G,B}\ {m}  with probability 2
M with probability 7

for T* periods. That is, when z; (m) is not equal to m with probability 7, player j tells a lie.
On the other hand, given some finite set A; to be determined, player i (receiver) deter-

mines a;(r) as follows:
o a;(r)=a; = (1—-2(|A;] —1)p)al + > a,2ac 2pa; with probability 1 —n; and
e for each a; € A;, o;(r) = a; with probability ﬁn.

Player i takes ;(r) for T* periods. Note that &; is comparable to a; (z) in the main
rounds with a; () replaced with af'.

Our task is to create a mapping from player j’s history to g[j](m) € {m, E} and that
from player 4’s history to f[i](m) € {G, B} such that important features of Lemma 10 are
satisfied. The mapping from player i’s history to f[i|(m) cannot depend on m since the

receiver does not know the true message.’

6.4.1 Formal: g[j](m) € {m, E}

Remember that player j makes player i indifferent between any action profile after g[j](m) =

E. Player j has g[j](m) = m if and only if the following three conditions are satisfied:

1. player j tells the truth: z;(m) = m;

6As we will see, Yjt;(r) is not revealed by player j’s continuation play in the main block.
Similarly to ga[j](m) for the error-reporting noisy cheap talk, y;., () plays an important role
to incentivize the players to tell the truth in the report block.

Symmetrically, v; () is not revealed by player i’s continuation play in the main block,

which plays a similar role to fa[i](m).
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2. the empirical distribution of a;’s is close to a;(r) = o

note that if a;(r) # ', then
j J J

Condition 1 is not the case):

]' m
- > 1, —af|<e (6.7)

teTy (7‘)
with € being a small number to be determined; and

3. player j’s signal frequency in the periods where player j takes a7 in Tj(r) is close to

the affine hull of player j’s signal distributions with respect to player i’s action.

Otherwise, g[j](m) = E.
We are left to define Condition 3. First, define T;(I,m), Q;(m), Q;(m), q; (m) and 1¢, (m)
as Tj(l, ), Q;(z), Q;(x), q; (x) and 1g, () with a; () replaced with a}".

Condition 3 is satisfied if

* Qi(m) (\T m)] ZteT tm) Lu; t) and 7 lm 15 (Lm)] 2 te (1m) 1@ (m) are close:

1 €
Qi(m) T, m)| Z 1, Z 1g;(m) <E. (6.8)

teT;(l,m) tET (I,m)

As we have adjusted the probability of (2.22) in Section 2.4.4.2, we adjust the proba-
bility of (6.8) so that the probability of (6.8) is independent of {a;s, y;},cpqy- When

we say (6.8) is satisfied, we take this adjustment into account; and

. —|Tj(zl,m)| ZteTj(Lm) 1g,(m) and q; (m) are close:

|T( Y lom <><Kil.

tET (L,m)
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As for (2.22) and (2.23), we take K; so that Condition 3 implies

1

teT; (I,m)

6.4.2 Formal: f[i|(m) € {G, B}

Player i constructs f[i](m) based only on {ais, Yit},cr, (- Let fi(ai,r) be the frequency of
taking a; in T;(r) and y;(a;, ) be the frequency of player i’s signals in T;(r) while taking a;.

Since player j takes i.i.d. strategies,
hz(r) = (fZ (aia T) yYi (aia T))ai

is the sufficient statistics.
Player ¢ infers z;(m) (creates f[i|(m) € {G, B}) from the likelihood. Given m € {G, B}
and h;(r), the conditional likelihood ratio between z;(m) = z; € {G, B, M} and z;(m) =

z; € {G,B, M} is

Pr (zj(m) = zj | m, hi(r))
Pr (zj(m) =2 | m, hi(r))

_ Pr ((yi(ai,7))a, | 2i(m) = zj, (fi (ai,7))a;) Pr(2z;(m) = z; | m)
Pr (<YZ(aiu r))ttz | Zj(m> - z;‘: (fz (awT))ai) Pr (zj(m) - z; | m) '

The log likelihood for

is expressed as
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with

log L(hi(r), z;) = > fi(ai,r) L{y: (a5,7) @i, )

and

5(}% (ai, 7“) y Qi Zj) =Yin1 (%7“) log Q(yi,1|aia Oéjj) + o Yy (%7“) log (J(yi,m\ Qj, ajj)-

From Assumption 39, L(h;, 2;) is strictly concave with respect to the mixture of ajG and
af for all hy(r) and there exists x > 0 such that one of the following is true (this is formally

shown in the proof of Lemma 44):
1. z;(m) = G is sufficiently more likely than z;(m) = B: L(h;,G) — k > L(h;, B);
2. zj(m) = B is sufficiently more likely than z;(m) = G: L(h;, B) — k > L(h;, G); or

3. if neither of Conditions 1 nor 2 is satisfied, then since L(h;, z;) is strictly concave,

zj(m) = M is most likely: L(h;, M) — k > L(h;, G), L(h;, B).
Suppose that 1 is the case. This means that

Pr (Zj(m) =G | m, (fz (a”hr) ayi(a”iv T))ai)
Pr (z](m) =B | m, (fz (aia T) 7yi(aivr))ai)

/2

> exp(rT")5
—1

for all m € {G,B}. Remember that z;(m) = M implies that player j told a lie and that
gljl(m) = E. Hence, given any m € {G, B}, player ¢ puts a conditional belief no less than
1 — exp(©(—T%)) on the event that m = G or g[j](m) = E.

Similarly, if 2 is the case, then given any m € {G, B}, player i puts a conditional belief
no less than 1 — exp(©(—T%)) on the event that m = B or g[j](m) = E.

Finally, if 3 is the case, then given any m € {G, B}, player ¢ puts a conditional belief no
less than 1 — exp(©(—T%)) on the event that g[j](m) = E. In this case, player i can infer m

arbitrarily for almost optimality.
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Hence, using the likelihood, there exists a mapping from {aivt’yi»t}tETi('r) to fli](m) €
{G, B} such that, given any m € {G, B}, player i puts a conditional belief more than
1 — exp(©(=T%)) on the event that m = f[i](m) or g[j](m) = E.

We state the above discussion formally:

Lemma 44 If Assumption 39 is satisfied, then for any j € I, there exists k > 0 such that,

for all p € [0, %], one of the following three is correct:

1. z;(m) = G is sufficiently more likely than z;(m) = B for allm € {G, B}: L(h;,G)—kK >

2. zj(m) = B is sufficiently more likely than z;(m) = G for all m € {G, B}: L(h;, B)—k >
L(h;,G); or

3. if neither of Conditions 1 nor 2 is satisfied, then z;(m) = M is most likely for all
m € {G, B}:

Proof: From the above discussion, it suffices to show that there exists £ > 0 such that, with
L(hi(r), zj, ;) = L(hi(r), 2;) — L(hi(r), 25),

for any h;(r), one of the following is true:
1. L(hi(r),G, B) > k;
2. L(hi(r),B,G) > k; or
3. L(hi(r),M,G) > k and L(h;(r), M, B) > k.

Let o = Aa$ + (1 — A)a? for X € [0,1] and consider

L(yi ai,A) = Yin log Q(yi,1|aia 04?) + o Yy log Q(?Ji,|Yi| Qi 04?)-
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Then,

Vi G By 2
d*L(y;, a;, \) q(yixlai, 5 ) — q(ixlai, a5 )
—d>\2 = - E Yik <0

las. o
k—1 Q<yz,k|aza aj)

for any y; and a; because of Assumption 39. Hence, L(y;, a;, A) is strictly concave. Therefore,

since L(h;(r), zj, Z;) is the difference in

Zfi (ai, ) L(yi, ai, M),

we have
max {L(h;(r),G, B), L(hi(r), B,G), min {L(h;(r), M, G), L(h;(r),M,B)}} >0

for all p € [0, %]

Since (i) LHS is continuous in h;(r) and p with Assumption 2 and (ii) A ({14, }yiev;) 2 Vi,
A ({14, }aea;) 2 (fi(ai,7)),, and [0,1] > p are compact, there exists £ > 0 such that, for all
p € [0,1] and hy(r),

max {L(h;(r), G, B), L(hi(r), B,G),min {L(h;(r), M, G), L(h;(r), M, B)}} > k.

By Assumption 2 (full support), neglecting (am(r), yati(,,)) does not affect the posterior

so much. g

6.4.3 Formal: 0,(j —, 7)

In addition, player i constructs 6;(j —.,, i) € {G, B} for a round where player i receives a
message m from player j. Intuitively, ;(j —,, i) = B implies that player ¢ makes player j
indifferent between any action profile sequence in the subsequent rounds.

0;(j —m 1) = G if and only if

1. player ¢ takes a;(r) = @;; and
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2. the empirical distribution of a;;’s is close to a;(r) = ay:

T’“l—l Z 1y, —a"|| <e

tETi ('r‘)

Consider player j who has g[j](m) = m. Then, from Section 6.4.1, player j takes a7’
the empirical distribution of a;.’s is close to a;(r) = aj', and player j’s signal frequency in
Tj(m,r) is close to Q; (m).

If player j’s signal frequency is close to the ex ante mean under &;, then player j believes
that player ¢ also should observe the signal close to the ex ante mean, which implies f[i|(m) =
m by the consistency of the likelihood estimator.

On the other hand, if player j’s signal frequency is far away from the ex ante mean under
@;, then player j believes that player i takes a;(r) # a; and 0,(j —,, i) = B, as in Lemma
15.

In summary, we can show the following lemma:

Lemma 45 For all k > 0 satisfying Lemma 44, there exists 77 such that, for all n < 7, there
exist p, € and {A;}ic; such that, for all p < p and ¢ < &, the above mappings satisfy the

following: for all 7,5 € I,

1. for any m € {G, B}, f[i](m) = m with probability 1 — exp(—O(T*)) and g[j](m) = m

with probability 1 —n — exp(—0(T%));

2. for any m € {G, B}, given m and any h;(r), player ¢ puts a belief no less than 1 —

exp(—O(T*)) on the event that f[i](m) =m or g[j](m) = E;

3. for any m € {G, B}, given m and any h;(r), player j with g[j](m) = m puts a belief

no less than 1 — exp(—O(T*)) on the event that f[i](m) = m or 0;(j —,, i) = B;
4. for any m € {G, B}, any (f[i](m), g[j](m)) happens with probability at least exp(—©O(T*));

5. the probability of g[j](m) being E is independent of player i’s strategy; and
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6. the distribution of 6;(j —, 7) is independent of player j’s strategy.

Note that, compared to the error-reporting noisy cheap talk, Condition 3 implies that
player j with g[j](m) = m believes that f[i](m) =m or 0;(j —, i) = B with probability no
less than 1 —exp(—O(T")), instead of believing f[i](m) = m. However, since 0;(j —, i) = B
implies that player j is indifferent between any action sequence, the inference defined in
Section 6.2 is still almost optimal. In addition, Condition 6 guarantees that player j does
not have an incentive to deviate to manipulate 0;,(j —,, ). Further, as f[i|(m) is not
revealed in the main blocks, ;4 (r) is not revealed by player i’s continuation play in the main
block. Similarly, as g»[j](m) is not revealed in the main blocks, y; (- is not revealed by
player j’s continuation play in the main block. This fact will be important to incentivize the

players to tell the truth in the report block.
Proof: 1. This follows from the law of large numbers.
2. This follows from Lemma 44.

3. Since the maximum likelihood estimator is consistent, for h;(r) which is equal to the

ex ante frequency
(Pr (ai,yi | di7a;n))ai,yi !
we should have
log £(hi(r), m) — log L(hi(r),m') > 0
with m' = {G, B}\{m}.

Since (i) L(h;(r), m) is continuous in h;(r) and p with Assumption 2 and (i) A ({14, }yev;) D
Yis A ({14, }aea,) 2 (fi (@i, 7)), and [0, 5] > p are compact, L(h;(r), m) is uniform con-
tinuous in h;(r) and p. Since (Pr(a;, y; | &i, @J))a,; 4, is also continuous in p, there exists

K7 > 0 such that, for all p € [0, %}, for h;(r) with

hi(r) = (Pl" (a’hyi | 6‘1'7a;n))ai,yi ’
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log L(hi(r),m) —log L(h;(r),m") > K;.

Since log L(h;(r), m) is uniform continuous with respect to h;(r) and p, there exists 7

such that, for all p € [O, %], for h;(r) with

<1,

hi(r) — (PT (ai‘)yi | @i7a§n))ai,yi

we have

log L(hi(r),m) —log L(h;(r), m') > %

Fix k < % so that Lemma 44 holds. Then, player ¢ infers m if

Given 7, there exist p; and £; such that, for all p < p; and € < &y, if Conditions 2 and

hi(r) = (Pr (as, yi | @, ")) < 1. (6.9)

ai,Y;

3 in Section 6.4.1 are satisfied, then if player i’s observation of each pair of actions and

signals in T;: (m, ) is close to the ex ante mean (Pr (a;, y; | @, aT))a > then (6.9) is

iy

satisfied: if

N |3

—1 = m
|T‘Z (m,r)| Z 1ai,t7yi,t - (Pl" (aiayi | ai705j ))ahw < -, (610)

teT;: (m,r)
then (6.9) is satisfied. For example, if we take p; + &; < 7/2, then the number of
periods not included in 7;: (m,r) is small enough.

Further, since (i) small p implies Pr (y; | a;, o) is almost equal to Pr (y; | af, o) and
(i) Conditions 1 and 2 in Section 6.4.3 with small p imply that player i takes a¥ very
often, (6.10) is satisfied without considering the frequency of actions: there exist p,

and &, such that, for all p < p, and € < &y, if Conditions 1 and 2 in Section 6.4.3 are
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satisfied and

! o 0
T, 2= twe= (Prlvlasal), | <

teT;: (m,r)

then (6.9) is satisfied. In addition, if one of Conditions 1 and 2 in Section 6.4.3 is not

satisfied, then 0;(j —, i) = B.

In summary, if

1 =~ m
T 2 e~ (Prlulaal),

teT;: (m,r)

A
=~ |3

then f[i](m) = m or 0,(j —., i) = B. The rest of the proof is the same as in Lemma

15 with ¥ replaced with 7.

4. Given m, any (yt)teT(r) can occur with probability at least

{mnatv 0}

Assumption 2 (full support) implies that this probability is exp(—0(T*)).

5. We adjusted the probability of (6.8) so that this probability is independent of {a; ¢, y;+}

ter()- Hence, the distribution of g[j](m) is determined solely by player j’s mixture.

6. The distribution of 6;(j —, ¢) is determined solely by player i’s mixture. §

6.5 Equilibrium Strategies

In this section, we define o;(z;) and 72,
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6.5.1 States

The states A;(I+1), A;(I+1), d;(I+1) and d;(I + 1) are defined as in Chapter 4 except that
x is replaced with x(i) = (z1(¢), x2(7)) defined in Section 6.2.

If we replace the error-reporting noisy cheap talk with messages via actions, then we use
fi](m) (when player i is a receiver) and g[i|(m) (when player i is a sender) defined in Section
6.4.

In addition, remember that each player ¢ makes player j indifferent between any action
profile sequence if the following events happen in the coordination block: g[i](x;, 1) = E,
gli|(z:,2) = E, g[i](z;(i)) = E, “1-(b) or 2 is the case for the construction of z;(7),” 2 is the
case for the construction of x;(7), or “with m being the message sent by player j via actions,
0; (j —m i) = B happens.”

We create a new state 0;(c) € {G, B} to summarize these events. For player ¢, if at least
one of the events listed above happens, then we say 6;(c) = B. Otherwise, 6;(c) = G. Note
that 6;(c) is well defined for the coordination block with and without the error-reporting
noisy cheap talk.

Then, we define 6,(1 + 1) € {G, B} as before except that
1. if §;(c) = B, then 0;(1) = B; and

2. if6,(¢ —,, j) = B happens while player ¢ sends the message in the supplemental rounds

between the Ith review round and the (I + 1)th review round, then 6;(l + 1) = B.

6.5.2 Player i’s Action Plan o; (x;)
6.5.2.1 With the Error-Reporting Noisy Cheap Talk

In the coordination block, the players play the game as explained in Section 6.2. For the
other blocks, o;(x;) prescribes the same action with x replaced with z(7) except for the report

block. See Section 6.7 for the strategy in the report block.
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6.5.2.2 Without the Error-Reporting Noisy Cheap Talk

In a round where player ¢ would send a message m via error-reporting noisy cheap talk with
precision p if it were available, the players’ strategies are explained in Section 6.4. Here,

(

since player ¢ is sender, reverse i and j: player ¢ (sender) takes a;’ ™ and player j (receiver)

takes a;. f[j|(m) € {G, B} and g[i|(m) € {m, E'} are determined as in Section 6.4.

6.5.3 Reward Function

In this subsection, we explain player j’s reward function on player i, T"*™ (z;, h*™ : §).

)

6.5.3.1 With the Error-Reporting Noisy Cheap Talk

The reward function is the same as in Chapter 4 except that z is replaced with z(j).

6.5.3.2 Without the Error-Reporting Noisy Cheap Talk

Without the error-reporting noisy cheap talk, "™ (z;, K**™ : §) is defined by

%

L
=

AP (g, BP0 8) =Y > wi (b age yie) + > wr @y, W2 6),
teT (1) r

1

main

where "™ (x;, " r : §) is the reward for each round r. Note that we add (2.10) only

for the review rounds. For the other rounds where the players communicate, the reward for

round r, 7 (x;, h;nain, r : 6), directly takes discounting into accounting as we will see in
(6.11).
For round r corresponding to a review round, the reward function is the same as in the

case with the error-reporting noisy cheap talk.
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For round r where the players communicate, player j makes player ¢ indifferent between

any action profile sequence by

TP (g, R ) = ) 80 oy ()] (). (6.11)

teT(r)

6.6 Almost Optimality of o;(z;)

We first consider player i’s incentive to receive a message m. When player i receives the
message, Lemma 45 implies that a; gives player i the inference f[i](m) satisfying f[i](m) = m
or g[j](m) = E with 1 — exp(—O(T'2)). In addition, the probability of g[j](m) being E is
independent of player i’s strategy. Since (6.11) cancels out the difference in the instantaneous
utilities, it is almost optimal to take ;.

Second, we verify player i’s incentive to send a message. Consider the rounds for (x;, 1)
or (z;,2). With the error-reporting noisy cheap talk, we are done with Lemma 43. Suppose
that we replace the error-reporting noisy cheap talk with messages via actions. Remember
that if player ¢ deviates in these rounds, then player ¢ uses the signal from player j’s message
in the round for (z;,3). Therefore, from Lemmas 43 and 45, “z(i) = x(j),” “0;(i —4, j) = B
for the round (z;,1) or (2;,2)” or “0;(c) = B” with probability 1 — exp(—©(T'z)) and
the coordination on the same inference of x; is achieved with a high probability, regardless
of player i’s strategy in the rounds for (z;,1) or (z;,2). In addition, the distribution of
0;(i =4, j) = B and 6;(c) = B is independent of player i’s strategy from Lemmas 43 and
45. Since x; controls only player j’s payoff, this implies that player i is indifferent between
any action plan in the rounds for (z;,1) or (z;,2).

For the other rounds where player i sends a message, whenever player i’s message affects
player j’s strategy (action or reward), §;(I) = B has been determined with / being the next

review round.
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Therefore, when player ¢ sends a message, player ¢ is almost indifferent between any
action plan.

For the review rounds, from Lemmas 43 and 45, given z(j), for any ¢ in the main blocks
and any h!, player i puts a conditional belief no less than 1 —exp(—©(T'2)) on the event that
x(j) = x (i), 0;(i =4, j) = B or 0;(c) = B. Therefore, the same proof for Proposition 25

works except that now player j makes player ¢ indifferent between any action profile sequence

with a higher probability:

1. 6;(c) = B with probability

n 4+ n 4+ n + n 4+ n <bhy.
~ ~  ~ ~~ =~

zj(zj)#x; zj(zj)#x; 1-(b) zj(@i () A=) 2
in the round in the round is the case in the round is the case
for (z;,1) for (z;,2)  for a;(j) for (2:,3) for 2:(7)

plus negligible probability exp(—©(T %)), and

2. for each supplemental rounds where player j sends a message m,

-

z;j(m)#m
plus negligible probability exp(—O(T'2)).
Therefore, instead of (4.17), we re-take 7 sufficiently small such that

(L—1)v; (B) +
L

U u L—1)v(B)+u
u+g+2%+(5+2L)n(Qu—min( )UL< )—l—u)

< v, <U; < min_ w;(x) — 2% —(5+2L)n (26 + maxw; (x)) . (6.12)

;=G 7,2

Finally, since the review round has T period while the other round has at most T3
periods, the payoffs from the rounds other than the review rounds are negligible. Therefore,

Proposition 25 holds.
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6.7 Report Block

We are left to construct the report block. First, we explain the report block with the perfect
cheap talk and public randomization. Although this is the same setup as in Chapter 2, since
we replace the cheap talk in the coordination block and supplemental rounds with messages
via actions, we need to change the structure accordingly.

Second, we construct the report block with the perfect cheap talk but without public
randomization device.

Third, we replace the perfect cheap talk with conditionally independent noisy cheap talk.

Finally, we replace the conditionally independent noisy cheap talk with messages via

actions.

6.7.1 Preparation

Before constructing an equilibrium, let us make three preparations.
First, consider the situation where player 2 sends a binary message to player 1 by taking
actions. Suppose player 1 takes ;" defined in Lemma 42 and calculates ¢, (a1, y1.),

defined in Lemma 42. Player 1 constructs ®;, from ¢,(ay,y1,) as she constructs I'f , from

74 (y1+). Lemma 42 implies that

Pr ({(I)l,t = 1} | aiefortyazt,yu) = (6.13)

for all ¢t and yo,. Intuitively, this is important to preserve the properties of the conditionally
independent noisy cheap talk when we dispense with it in Section 6.7.5.
Second, consider the situation where player i sends a binary message to player j by taking

actions. Suppose player j takes a; € A;. Since Assumption 3 guarantees that player j can
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identify a;, for each i € I and a € A, there exist ¥ : Y; — (0,1) and g2 > ¢; such that

a _ q it a; = a;,
E[45(y;) | @i aj] = (6.14)
q1 if dl 7£ Q;.
Given such ¢, player j calculates 9§ (y;:). Player j constructs ¥¢, from 7(y;:) as she

constructs '}, from v5(y1¢). (6.14) implies that

_ @ ifa; =a;,
Pr ({\Ijj’t = 1} ’ CLi,CL]‘) = (615)
q if a; # a;.
Note that we do not condition on y;, that is, the conditional independence property does not
necessarily hold.

Third, whenever the players play the stage game, we cancel out the difference in the

instantaneous utilities and discounting by adding

8 (vl (yse)-

Since the report block lasts for @(T%) periods, this does not affect the equilibrium payoff.

From now on, therefore, we ignore the instantaneous utilities.

6.7.2 Report Block with the Perfect Cheap Talk and Public Ran-

domization

We formally construct ﬂ_;eport assuming that the players send messages via actions in the
coordination block and supplemental rounds, keeping the perfect cheap talk and public
randomization in the report block.

Remember that r is a serial number of the rounds. Let A;(r) be the set of information

up to and including round r consisting of
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what state x; player j is in;

e z(7) if round r is after the coordination block;

for each [th review round, what action plan «;(l) player j took in the /th review round

if round 7 is the [th review round; and
e \()=aG.

Remember that, for each round r, for any period ¢ in round r and any history hf, condi-
tional on A;(r), o;(x;) is almost optimal.
The reward 7;°°" is the same as in the case with the cheap talk in the coordination

block and supplemental rounds except for the following differences:

Subrounds As we divide a review round into review subrounds whose length is T’ i periods,
we divide each round into subrounds whose length is T+ periods.

Since the rounds for (z1,2) and (x4,2) have T3 periods, there are T34 subrounds. Since
the other rounds for communication have T'2 periods, there are T% subrounds.

The coordination on k(r) is analogously modified.

Truthtelling Incentive Since the players communicate via actions, we use (2.42) to give
the incentive for player i to tell the truth instead of (2.43) and (2.44). Although the sender
J only mixes aJG and af, Condition 2 of Assumption 39 guarantees the incentive. Note that
player j’s action plan is independent of the signal observation in period ¢;(r) and that player

1 cannot learn it from the history in the coordination and main blocks.

The Rounds where Player ¢ Sends or Receives the Message Note that player @
takes a mixed strategy in the round where player 7 sends or receives the message. Moreover,
the history in this round affects the belief about the best responses at the beginning of the

next round.
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Therefore, as we incentivize player i to take a mixed strategy by using V;(h7) and f; in
the review round, we cancel out the difference of the values coming from the learning at the
beginning of the next round. Then, we cancel out the difference in the payoffs in the current
round.

Since player i is almost indifferent between any action plan (see Section 6.6), the effect

of this adjustment is sufficiently small.

6.7.3 Report Block withOUT the Public Randomization

In this subsection, we keep the availability of the perfect cheap talk and dispense with the
public randomization device. We use the public randomization device to coordinate on the
following two: first, who reports the history in the report block. Second, for each round r,
the picked player sends the message about (a4, y;.) for ¢ included in 7' (r, k(r)) for some
k(r) determined by the public randomization. We explain how to dispense with the public

randomization for each of them.

6.7.3.1 Coordination on Who will Report the History

Remember that the problem is that we want to require that (i) for each i, there is a positive
probability that 7;°°" adjusts the reward function and that (ii) each player should not learn
about the opponent’s history from the opponent’s messages in the report block before player
1 sends the message in the report block.

Instead of using the public randomization device, we use actions and private signals to

coordinate. The specific way of the coordination depends on whether Condition 1 or 2 of

Assumption 40 is satisfied.

When Condition 1 of Assumption 40 is satisfied:

1. first, the players take the action profile a®™(). Then, each player i observes y; € Y;;
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2. player 2 sends the message whether player 2 observed y, € Y221 or Y € Y222 in Step 1.
See Assumption 40 to review the notation. Player 1 adjusts player 1’s reward function

on player 2 if and only if player 2 says that player 2 observed ¥y, € Y22,1;

3. player 2 sends the messages first. Player 2 has the following two cases:

(a) if player 2 observed ys € Yfl, then player 2 sends the messages about her history

R truthfully; and

(b) if player 2 observed y, € Yy, then player 2 sends a meaningless message {{}; and

4. player 1 sends the messages about her history AP*™ truthfully.

When Condition 2 of Assumption 40 is satisfied:

1. first, the players take the action profile aP™(?). Then, each player i observes a;,y; €

A X Y5

2. player 2 sends the message whether player 2 observed (asg, y2) € H2271 or (az,y2) € H2272
in Step 1. Player 1 adjusts player 1’s reward function on player 2 if and only if player

2 says that player 2 observed (az,y2) € Hj y;

3. player 2 sends the messages first. Player 2 has the following two cases:

(a) if player 2 observed (az,y2) € Hj,, then player 2 sends the messages about her

history h3@™ truthfully; and

(b) if player 2 observed (ag,ys2) € H22,1, then player 2 sends a meaningless message

{0}; and
4. player 1 sends the messages about her history A™ truthfully.

In Step 4, when Condition 1 (Condition 2, respectively) is satisfied in Assumption 40,

player 2 adjusts player 2’s reward function on player 1 if and only if player 2 observed
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Y2 € Y3y ((az,y2) € H3,, respectively). Therefore, the probability that player j’s reward on
player i is adjusted is now Pr(y; € Y2, | a®™®) (Pr(az,y € H3, | a1, o) respectively)
for i =1 and Pr(y, € Y, | a®*®) (Pr(as, y2 € Hj, | as, 2P, respectively) for i = 2.

The term representing

1
Pr(player i is picked by the public randomization device)

in ;""" of Section 2.9.6 is analogously modified to
2 p.r.(2) 2 p.r.(2) . -
Pr(y, € Y5,]a ) (Pr(ag,y2 € Hy, | a1, 05" ""), respectively) for i = 1,

Pr(y, € le | a3 (Pr(ag, s € Hi1 | as, off'r'@)), respectively) for i = 2.

Consider player 1’s incentives. By Assumptions 2 and 40, there is a positive probability
that yo € Y3, ((az,92) € Hj,, respectively) and player 2’s reward on player 1 is adjusted.
In addition, when player 1 sends the message in Step 4, player 1 conditions that player 2’s
message in Step 3 does not reveal hF*™ as desired.

Therefore, we need to verify the incentives that the players take a®™® (aP™®) respec-
tively) in Step 1 and player 2 tells the truth in Step 2 and 3. To establish the incentives, we

add the following rewards:
e in Step 1,

— when Condition 1 is satisfied in Assumption 40, to incentivize the players to take

aP™(2) each player j gives a reward on a?r'(z):

Ty, (6.16)

and
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— when Condition 2 is satisfied in Assumption 40, given the other player’s action

p.r.(2)

a; , each a; € A; gives the same probability for
Pr(ag,yo € Hj,| ay, 0" ?) for i = 1,
Pr(az,yo € H3,|as, a2 ) for i = 2.

Hence, player i is indifferent between all the actions;

e in Step 2, to incentivize player 2 to tell the truth, player 1 punishes player 2 by —72
if player 2 sends the message y, € Yy, ((az,y2) € Hj,, respectively) while player
1 observed y; € Y7, (@3 = 0, respectively) and punishes player 2 by —=T?if
player 2 sends the message y» € Yy, while player 1 observed y; € Y7 (@2 = 1,

respectively).

In addition, when Condition 2 is satisfied in Assumption 40, different a,’s can have
different expected punishment in this step, given the truthtelling incentive. We cancel
out that difference by changing the reward function so that player 2 before observing

1o is indifferent between any action; and

e in Step 3,

— if player 2 sent the message y» € Y3, ((az,92) € Hj,, respectively) in Step 2,
then player 1’s reward on player 2 is the same as 75P°"" so that player 2 sends the
messages about her history A" truthfully; and

— if player 2 sent the message y, € Y5, ((az,%2) € Hj,, respectively) in Step 2, then

player 1 changes w5 so that player 1 gives a small reward on {@}:

TP (g, hiP T 1 §) = T31 {player 2 sends {0}} — T3
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Then, we can show the incentive compatibility of the above strategy by backward induc-

tion.

e in Step 3, since player 2 believes that the message in Step 2 was transmitted correctly,

it is optimal to tell the truth by the same reason as in Section 2.9.6;

e in Step 2, since all the rewards affected by player ¢’s current and future actions are

bounded by ©(T3)," if

LT2+0 (T3
LIT-2 —9(T-3)
p2

Pr({y: € Y1} | alf'r'@)ayﬂ > — D2

or

LT>+0(T7?)
LIT-2— 0 (T-?)
p2

Pr({q)ll)r@) = 1} | all)'r.(2)7a25y2) > - 2327

then it is optimal to send y, € Y3, ((a2,y2) € Hj ,, respectively) and if

LT2 -0 (T3
1 77— _
LILT2+0(T9)

Pr({y: € Y12,1} | alf'r'(z),yz) < — P2

or
LT2+0O (T3

pr.(2) p-r.(2)
Pr({®; =1} a7 ", ag,y2) < I%ET_Q YU

— P2,
)
then it is optimal to send y, € Y3, ((az,y2) € Hj,, respectively), as desired; and

e in Step 1, if Condition 1 of Assumption 40 is satisfied, since all the rewards affected
by player i’s action except for (6.16) are bounded by ©(T~2), it is strictly optimal to
take aP™(?). If Condition 2 of Assumption 40 is satisfied, then the future strategy and
the reward will be the same for all the actions except for the punishment coming from
Step 2. As we have seen, we cancel out the differences in the punishment in Step 2 so

that each player is indifferent between any action.

"For the punishment in Step 5 in the coordination on k(r) below, there is a punishment of

order T—2. However, as we will see, by backward induction, this punishment is not affected
by Step 2 here.
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Remember that player 1 rewards player 2 in Step 3 based on player 2’s message about s
((ag,y2), respectively), not depending on player 1’s history (ay,y;). Therefore, after sending
the message about ys ((az,y2), respectively) in Step 2, it is optimal for player 2 to follow the

equilibrium strategy.

6.7.3.2 Coordination on k(r)

For each player i, while player i sends the messages about h¥™ for each round r, the players
coordinate on k(r) € {1,..., K} with K < T’.

By abuse of language, in our equilibrium,

e in Step 3 in Section 6.7.3.1, even if player 2 sends {0}, the players play the following

game for each round and player 1 punishes player 2; and

e in Step 4 in Section 6.7.3.1, even if player 2 sent h3®", the players play the following

game for each round and player 2 punishes player 1.

We create a mapping between a sequence of {1,2}, 7 € {1, 2}1°g2K, and k(r) such that
each ¢ uniquely identifies k(r) and that, for each k(r), there is at least one ¢ that is mapped
into k(r).

For each n € {1, ...,log, K}, the players coordinate on one element of {1,2} as in Steps 1,
2 and 3 in Section 6.7.3.1. That is, when Condition 1 (Condition 2, respectively) is satisfied

in Assumption 40,

1. the players take aP™® (P, respectively) for log, K times;

2. for each n € {1,...,log, K'}, if player j observes y; € Y} (@?'r'(i) = 1, respectively),
then player j infers that the nth element of ¢ is 1. Otherwise, that is, if player j
observes y; € Y/, (@?'r'(i) = 0, respectively), then player j infers that the nth element
of % is 2. By doing so, player j infers 3. Let 4(j) be player j’s inference. Let k(r, j) be

player j’s inference of k(r) that corresponds to % (j);
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3. on the other hand, for each n € {1, ...,log, K}, player i infers % (i) and k(r, ) using the

partitions Y, and Y}, (H;, and H,, respectively);
4. player i sends the sequence of binary messages i (i) € {1,2}'°%2%;

5. for each n € {1,...,log, K}, player j punishes player i if player i’s message 4, (i) is
different from 4%, (j). Here, 4, (i) and %, (j) are the nth element of % (i) and % (j),

respectively.

Specifically, player j punishes player i by —T2 if player i sends the message 1, (i) = 1
while player j observed %, (j) = 2 and by —ﬁiiT*2 if player i sends the message 1, (1) = 2

while player j observed i, (j) = 1.

Again, if Condition 2 is satisfied in Assumption 40, we adjust the reward function to

cancel out the difference in the ex ante punishment, given the truthtelling incentive.

Note that this is the same as in Step 2 in Section 6.7.3.1; and

6. from the message (i), player j knows k(r,4). Player j calculates the punishment (2.47)
based on k(r, 7).

By backward induction, we can show that it is always optimal to follow the equilibrium
strategy: consider the message for the last element of the sequence, ik (i), for the last
round. Since the punishment from the previous messages about % (i) is sunk and the reward
or punishment affected by player i’s continuation strategy except for the punishment coming

LT 2+ 0 (T3) _
1 7—2 —3 — Di
ELT —O(T73)

Pr({y; € Yj;} [ a0, y;) >

or

LT2+0 (T3
LIT-2 -0 (T3)
p’L

Pr({®}"" =1} | a2 a;,y,) >

— Di,
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then it is optimal to send y; € Y, ((a;,v;) € H} ), respectively) and if

LT-2 -0 (T?)
1 77— —
LT+ 0(17?)

Pr({y; € Y1} [ a0, y,) <

— Di,

or

LT?2+0(T®)
TI7-2 - 019
Di

Pr({®}"" =1} | 2" a;, ) <

— Di,

then it is optimal to send y; € Y}, ((ai, ;) € H},, respectively), as desired.

Given this, the players have an incentive to take aP™(® since the reward on aP™® is
sufficiently large if Condition 1 is satisfied in Assumption 40. If Condition 2 is satisfied in
Assumption 40, then since (i) all a; gives the same probability of (a;,y;) € H;,, (ii) player
i’s continuation payoff only depends on whether (a;,y;) € H;, or not, and (iii) given the
truthtelling incentive, we have adjusted the reward function to cancel out the difference in
the ex ante punishment, it is optimal to take aP™(),

For the second 4k (i), since the expected punishment from the last message ix () is
fixed by the equilibrium strategy, the same argument holds. Recursively, we can show the
optimality of the equilibrium strategy.

Although player j punishes player i for mis-coordination in Step 5, when player j cal-
culates (2.47), player j uses player i’s inference of k(r), k(r,i). Hence, once player ¢ sends
the messages about #(7), player i has the incentive to tell the truth about 2 *™ based on her

own inference k(r,1).

Expected Punishment As we have mentioned, when the players coordinate on whether
player 2 should send the message about h3*™ player 1 rewards player 2 in Step 3 based on
player 2’s message about ys (a9, y2, respectively). In addition, when the players coordinate

on k(r), player j uses k(r,i) to calculate (2.47) and the term T'1 in (2.47) is replaced by

1
Pr(k(r,4) is realized in the coordination explained in Section 6.7.3.2)
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Therefore, given the truthtelling incentive during the coordination on who will report
the history and which is k(r) (which has been verified), the expected punishment from the
coordination is independent of the players’ history in (hrlnain, hg‘am). Hence, this coordination
in the report block does not affect any incentive in the coordination and main blocks.

In addition, this also implies that, as mentioned in footnote 7 of Chapter 6, when the
players coordinate on who will report the history in Step 2 of Section 6.7.3.1, we can assume

that the expected punishment from 4, (i) # 1, (j) is fixed.

6.7.4 Report Block with Conditionally Independent Cheap Talk

In this subsection, we replace the perfect cheap talk with conditionally independent noisy
cheap talk. That is, each player has the conditionally independent noisy cheap talk commu-
nication device to send a binary message m € {G, B}. When player i sends the message m,
the receiver (player j) observes the correct message m with high probability 1 — exp(—T%)
while player j observes the erroncous message {G, B} \ {m} with low probability exp(—T1'3).
Player ¢ (sender) does not obtain any information about what message player j receives

(conditional on m). Hence, the communication is conditionally independent.

report
%

When player j (receiver) constructs m , player j needs to take care of the possibility
that player j receives an erroneous message.

First, the expected punishment for (2.47) and (2.48) together with II; now depends on
what messages player ¢ will send for {ai’t,yi?t}teT(nk(m)) since each {ai’“yivt}teT(r,k(r,i)) has
different probabilities of mis-transmission. However, the total expected punishment from a
round could be calculated by {#;(k)}, . if {#](k)},, transmitted correctly. Since the ex-
pected punishment is sufficiently small under the truthtelling with conditionally independent
cheap talk, player j can make all the {#](k)}, ’s indifferent in terms of (2.47) and (2.48)
together with II;. Then, the effect of the probability of making error for {a;, vi+} LT (r (i)

is canceled out.
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Second, let us consider the other messages. Note that the number of binary messages

sent in the report block is ©(log, T') since we exclude {ai¢, Yis}yer sy Therefore, all the

7,%)

messages transmit correctly with probability at least
1 —0(log, T) exp(—T%).

In addition, the cardinality of the information sent by all the messages is © (T"). Let M, be
the set of information possibly sent by player 7 in the report block with |M;| = ©(T). Let

P; be the |[M;| x | M;| matrix whose (k, k") element represents

player j receives the message corresponding to the element £’ of M;
r

| player i sends the message corresponding to the element k of M;

Since |M;| = O(T') and all the messages transmit correctly with probability no less than
1 — ©(log, T) exp(—T%),

(1 — O(log, T) exp(—Té))@(T) > 1 - O(T)O(log, T) exp(—T3) — 1

as T goes to infinity and so

lim P! = lim P! = E (identity matrix).

6—1 T—oo °

Let

report Tp+1 .
T ('1"]'7 hj ke 6)

be the reward function that player j with hJTP 1 would construct after the history corre-

sponding to the element k via perfect cheap talk, that is, if P, were E.® In addition, let

TP (25, hJTP 1. §) be the vector stacking all 75" (x;, hJTP 1k : 6)’s with respect to k.

8Here, we use h;FP 1 instead of h;nain since player 7 needs to use the signal observations
while the players coordinate on who will report the history and k(r).
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If player j uses kth element of

—1__report Tp+1 |
P (2, th 1 0)
when player j receives kth element of M; from player i, then player ¢’s incentive is the same
as in the situation that the messages would always transmit correctly (as if P; were E). Since

report(x' th—i—l . (S

the truthtelling incentive is strict, multiplying P, * to 7} i ) does not affect

the incentives in the report block if P, ! is sufficiently close to E.

6.7.5 Report Block withOUT the Conditionally Independent Cheap

Talk

Finally, we dispense with the conditionally independent cheap talk. Consider Step 2 of
Section 6.7.3.1. If player 2 wants to send y» € Y3, or (ag,2) € H3,, then player 2 takes af
for T's periods. On the other hand, if player 2 wants to send y, € Y3, or (az,y2) € H3,,
then player 2 takes a2 for Ts periods.

report

Player 1 takes o; for T3 periods. Player 1 infers that player 2’s message is G if

Zt Dy < Q +q
T3 2

(6.17)

and B otherwise. Here, the summation is taken over Ts periods where player 2 sends the
message.

Next, consider Step 3 of Section 6.7.3.1. If 3-(a) is the case, then player 2 would send
binary messages about h3#" with the conditionally independent noisy cheap talk. Since all
the messages are binary, we can see player 2 sending a binary message m € {G, B}. Without
the conditionally independent cheap talk, for each message m, the players spend T3 periods.

report

Player 2 takes a* and player 1 takes o;". Player 1 infers player 2’s message by (6.17).
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On the other hand, if 3-(b) of Section 6.7.3.1 is the case, then the players spend the same
number of periods as in 3-(a). For periods where player 2 would send the message about
hain if 3_(a) were the case, player 2 takes aS. On the other hand, for periods where player 2
sends the message about k(r), player 2 sends the same message as in 3-(a). Player 1 always
takes o).

Player 1’s reward on player 2 is determined as follows: while player 2 sends the message

m corresponding to Step 2 of Section 6.7.3.1, player 1 gives the following reward: let ¢(m)

be the first period when player 2 sends m.

1. at t(m), both a$ and @ are indifferent and are better than the other actions (if any).

The reward is given by

a$,a1 ¢(m a,a1 t(m
‘1/1,2t(n@1jt( '+ \I’th(ml)t( "=+ aq)- (6.18)

By algebra, we can verify that

(a) the expected payoff of taking a$ or af in period t(m) is 0; and

(b) the expected payoff of taking another action is —(g2 — ¢1); and

2. after that, the constant action is optimal:

l_ acva t
tH(m)+T3 -1 . 1 (1= q1) 1{ Py 4y = 1}WT
Z 2
t=t(m)+1 q2 (1 — C]l) (Q1 - Q2) +QZ1{(I)1,t(m) _ O}Wzlzi‘,al,t

(6.19)
Here, c is a constant such that the expected payoff of taking a$ after A2,t(m) = a$ is

equal to 0.

From (6.13) and (6.19), we can verify that

9Note that player 1 takes the same action between in 3-(a) and 3-(b). Therefore, player
1 does not need to know which is the case.
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(a) the expected payoff of taking a3* in period t after taking a3* in period t(m) is 0;

and

(b) the expected payoff of taking another action in period ¢ after taking a3’ in period
t(m) is —O(T™1).

Next, let us consider the reward for the messages corresponding to Step 3 of Section
6.7.3.1.

If player 1 infers that player 2’s message corresponding to Step 2 says that player 2
observed y; € Y3, or (az,y2) € H3,, then for each message m in Step 3 of Section 6.7.3.1,
player 1 gives the same reward as (6.18) and (6.19).

If player 1 infers that player 2’s message in Step 2 says that player 2 observed y, € Y2272

or (ag,y2) € H22’27 then for periods where player 2 is supposed to take a$, player 1 gives

3 (\ylf - q2) , (6.20)

t

so that player 2 takes aS. Note that the expected payoff from (6.20) by taking a$ is zero.

For periods where player 2 sends the message about k(r), player 1 gives the same reward
as (6.18) and (6.19).

By backward induction, we can show the following: suppose that player 2 constantly took
a$ in Step 2 of Section 6.7.3.1. Then, with probability no less than 1 — exp(—@(T%)), player
1 uses the reward (6.18) and (6.19).!° Consider the last message m. All the rewards from
(6.18) and (6.19) determined by the previous messages are sunk. In addition, the punishment
and reward in the report block (g; and f;) defined in Section 2.9.6 are bounded by ©(73).
Hence, the difference between 1-(a) and 1-(b) is sufficiently large that, in period t(m), player
2 takes either a$ or af. In addition, the difference between 2-(a) and 2-(b) is sufficiently

large that after taking a$ or a? in period t(m), player 2 should take the constant action.

OMore precisely, given the truthtelling incentive, since player j takes into the account
that P; is not an identity matrix as seen in Section 6.7.4, player ¢ believes that the messages
transmit correctly with probability one.
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Since this equilibrium strategy makes the expected payoff about the last message from
(6.18) and (6.19) equal to 0, the same argument holds until the first message.

Symmetrically, if player 2 constantly took af in Step 2 of Section 6.7.3.1, then it is
optimal for player 2 in Step 3 to take a$ when player 2 is supposed to take a§ and to take
a$ or af constantly for periods where player 2 should send a message for k(r).

Finally, when player 2 sends the message about y, in Step 2 of Section 6.7.3.1, it is strictly
optimal to take a constant action since (i) there is a strict incentive for the constant action
and (ii) it gives player 2 the better idea about whether player 2 should tell the truth about
the history or take a$ constantly.

Therefore, (i) this replacement of the conditionally independent cheap talk with messages
via actions does not affect the payoff and since player 2 repeats the message for Ts periods,
(i) player 1 infers the correct message m with high probability 1 — exp(—©(T'3)), (iii)
player 2’s private signal cannot update player 2’s belief about player 1’s inference of player
2’s message (conditional independence) by (6.13), and (iv) since the number of necessary

messages is @(T%), the number of necessary periods for player 2 to send all the messages is

O(T3+1) < O(T),

as desired.

For player 1, since we cannot assume that |A;| |Y;| < |As||Ya|, we cannot generically find
a function ¢,(as,y2) with the conditional independence property symmetric to ¢, (ai,y1).
Therefore, after Step 4 in Section 6.7.3.1, we add an additional round where player 1 sends
the messages about player 1’s histories in Step 4. Based on the information that player 2
obtains in this additional round, player 2 creates a statistics to infer player 1’s messages in
Step 4, so that while player 1 sends the messages about h"™ in Step 4 (before observing the
history in the additional round), player 1 cannot update player 2’s inference of the messages

from player 1’s signal observations.
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6.7.5.1 Recovery of Conditional Independence

In Step 4 of Section 6.7.3.1, without cheap talk, player 1 takes a; € {a{,a’} to send the
message. To send each message m, player 1 repeats a]* for Ts periods. Player 2 takes some
mixed action a§' with oS’ (ay) > p for all ay € Ay. As for player 2, this takes O(T3%1)
periods.

After this step is over, we have the following round named the “round for conditional
independence.” The intuitive structure is as follows. For each period t in Step 4, player 1
reports the history in period t to player 2 in the round for conditional independence. Player
2 infers player 1’s messages in Step 4 combining player 2’s signals in Step 4 and player 1’s
reports about player 1’s history.

Player 2 gives the following rewards to player 1: (i) the adjustment of player 1’s reward
so that oy(z1) is exactly optimal; (ii) a reward that makes an optimal strategy in the round
for conditional independence given player 1’s history in Step 4 unique; (iii) we make sure
that (i) is much smaller than (ii), so that player 1’s history in Step 4 and the strictness of
player i’s incentive in the round for conditional independence completely determines player
1’s strategy in the round for conditional independence, independently of AP#". (iv) Given
player 1’s continuation strategy in the round for conditional independence, player 2 in Step
4 changes player 1’s continuation payoff so that ex ante (before player 1 takes an action in
each period of Step 4), the difference in the expected payoffs about the reward in (ii) from
different actions in Step 4 is canceled out, taking (ii) into account. (iv) implies that the
round for conditional independence does not affect player 1’s incentive in Step 4.

Finally, since player 2 obtains rich information about player 1’s history in Step 4 from
the round for conditional independence, player 2 infers player 1’s messages in Step 4 so that
player 1 cannot update the belief about player 2’s inference of player 1’s message during Step
4. (iii) implies that the incentives in the round for conditional independence is not affected

by this.
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Now, we define the round of conditional independence formally. For each period ¢ in Step
4, we attach Slog, |A;||Y:1| periods in the round for conditional independence. S is a fixed
number to be determined independently of T'. Hence, this new round also takes @(T%Jri)
periods.

In these Slog,|A;||Y1| periods, player 1 sends the message about the history in each

period ¢ in Step 4, (a1, Y1), as follows:

e we create a mapping between a sequence of {a{’,a?} (denoted by a;(a;,y1) € {af,af}
loga| 4111y “and (ay, 1) € |A1| x|Y1|, such that each aj(ay,y;) uniquely identifies (a1, y;)

and that, for each (ay,y;), there is at least one a;j(ay,y;) that is mapped into (a1, y1);

e player 1’s strategy is to be determined. Intuitively, Slog, |A;||Y1| periods are separated
into log, |A;| |Y7| sets of S periods. In each S periods, player 1 sends the message about
the corresponding element of a; (a1, y1+), depending on player 1’s history (a1, y1,) in

Step 4.
e player 2 always takes a$'; and
e Slog, |A1| |Y1] periods are separated into log, |A;||Y:| sets of S periods. In each §
periods, player 2 infers that player 1 sends the message af if
G 4G

S, W _ et
S 2

(6.21)

and a®? otherwise. From these inferences and the correspondence a;(ay, %), player 2

infers player 1’s message (G1+, J1.t)-

Let

- Hla2,t,y2,t —E [1112,1:72;2,1& | ag.i.’ dl,tv gl,t] H2 - f(h§10g2|AlHY1|)7 (622)

be player 2’s reward on player 1. Here, hglOgZ‘AIHYﬂ is player 2’s history in the Slog, | A1]| |Y1]

periods where player 1 sends (d;4,91¢) and f will be determined in the following lemma:
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Lemma 46 There exists e; such that, for each S € N and € > 0, there generically exist f

and ey > 0 such that, suppose that the players play the following game:

1. Nature chooses a;; (¢ is introduced to make the notations consistent) and (y1¢, ya¢) is

distributed according to q(y; | a1, a5"). Player 1 can observe only (a1, y1.4);

2. the players play an (S log, |A1| |Y1])-period finitely repeated game where, in each period
s € {l,...,Slog, |A1| |Y1]}, player 1 chooses a; s € A;, the signal profile (y1 s, y2,s) is
generated by q(ys | a1, a¥), player 1 can observe only (a;,y1s), and there is no

instantaneous utility;
3. player 2 infers (G1+,91+) as explained above; and
4. player 1’s utility is given by (6.22).
Then,

(a) the message transmits correctly with probability at least 1 — ¢ — e; exp(—0(S2)); and

(b) for any two pure strategies oy and &1, if there exists hy where oy | hy # &1 | hy on the
path after hi, then the continuation payoff from h; is different by at least es (player
1’s incentive is strict by e;). Here, with abuse of notation, o1 and h; are player 1’s

strategy and history in the game just defined. Let o} be the (unique) optimal strategy.

Note that es > 0 here corresponds to (ii) in the intuitive explanation above.

Proof: There exists F such that

; 2
C.l. ~ ~
H1a2,t,y2,t - K [1a2,t,y2,t | Qg A1t yl,t} H <FE
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for all asy, Yo+, a1+ and §14. In addition, define

i 2
C.l. A -~
: E H]'aQ,tvy?,t —E [1a2,t,y2,t | Qo™ A1t yl,t} H
MIN Gy, ,91,6)#(a1,6.91,¢) ,
. | ag’, a1, Y1t
e = 1min > .
(a1,e:91,t) i . 2
E ||1a2,t,y2,t - E [1a2,t,y2,t ‘ Qo™ Al ¢, yl,t} H

c.i.
| a2 Y a17t7 y17t

By Assumption 5, e > 0. Note that £ and e are independent of S and f.

Fix S and € > 0 arbitrarily. Lemma 12 implies that we can find and fix f and e; > 0
such that (b) is satisfied and that f(h; °%4M1l) ¢ (-5, =] for all hy log2l M - gpecifically,
first, without loss of generality, we can make sure that player 1 has only two actions a{ and

aP since otherwise, Lemma 12 enables player 2 to give a very high punishment if player 1

@ or aP. Second, consider the last period of the game. If there

takes an action other than a
is a history where a{’ and a? are indifferent, Lemma 12 guarantees that player 2 can break
the ties by adding a small reward for a{ uniformly for all the histories. Hence, we establish
the strictness in the last period. Third, we can proceed by backward induction. Whenever
player 2 breaks a tie for some period, it does not affect the strict incentives in the later
periods since the reward in a certain period will be sunk in the later periods.

Let &, be such that player 1 constantly takes a{ or a? for each S periods that correspond

to the proper counterpart of a;(a1+,y1+). In addition, define

. 2 .
* _ C.1. C.1.
R (al,t7 yl,t) =-FE |:H1a2,t,y27t —E [1a2,t,y27t | Qo™ A1t yl,tj| H | Q5™ A1t yl,ti| )

fA N 2
C.1.
i B ) B H102,t7y2,t - E [102,t7y2,t | af » A1t yl,t] ”
(al,b yl,t) = — MMy 4,91 ¢)#(a1,691,8) )

c.i.
| a§™, a1, Y

: 2
C.l. A ~
R = E H]‘az,t,yZ,t —E |:]‘a2,t7y2,t | Qo™ A ¢, yl,t] H
41 = —MAX(qy 1,y1,¢),(1,¢,81,¢)#(a1,,91,¢) ]
C.1.
| 062 7a17t7 y1>t
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Note that for all (ay ¢ v14),

R*(a14,11:) — R

IN

2F,

R*(a14,914) — Rlavs, yie) > e

For (a), since the message transmits with ex ante probability 1 — exp(—©(S2)) with &4,

the optimal strategy o] should guarantee

(1= Pr (@i, 914) # (a1, 914))) B (a1, y1,6)
+Pr (a1, 91,0) # (a1, 91,)) Rlar s, y10)

—E :f (h§10g2|A1“YI|) | o7 | (CLLt,th):
(1= exp(=0(5%))) R* (@14, 1) + exp(~O(S

B f <h§10g2|A1HYl|> | 01 | (aLt,yl,t)

VI

v

)R

or
Pr ((&1,7&:?)1,15) 7’é (&1,1:, yl,t))
R*(alt,yu)—R L
< ’ L — exp(—0O(S2
= R(a1s, 1) — Rlars, y1e) p(=6(52))
B[ (h =) |01 | (@m0 — B[ (552 07 | (@m0
+ —
R* (Gl,t; yl,t) - R(@Lt, yl,t)
2F 1
< — exp(—0O(52)) +e.
Take
2F
ep = — >0,
e

which is independent of S and f, then we are done. 1
Given that, for each period ¢ in Step 4 of Section 6.7.3.1, player 1 will take o7 | (a1.¢, y1,¢)

in the round for conditional independence and that player 2’s reward on player 1 in the
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round for conditional independence is (6.22), the expected payoff from Nature’s choice a;

is determined. By Lemma 12, there exists g(a;) such that
> (@) w5y (6.23)

cancels out the difference from (6.22). Player 2 adds (6.25) to player 2’s reward on player 1 in
the report block. Then, seeing a;; as player 1’s action in Step 4 of Section 6.7.3.1, any action
gives ex ante payoff 0 in terms of the payoffs in the round for conditional independence. Note
that this corresponds to (iv) in the intuitive explanation above.

Then, based on the report o] in the round for conditional independence, player 2 can
construct the statistics that indicates player 1’s action with the conditional independence

property from the perspective of Step 4 of Section 6.7.3.1.

Lemma 47 There exist S € N, ¢ > 0 and ¢, : a1, 91, y2 — (0,1) such that, for all (a1+,y1+),

if player 1 reports (ay¢,y1+) by o7, then for all y; 4,

: _ .G
~ ~ c.i. * c.i. 72 if a1 = al»t’
[ |:¢2(a1,t7y1,t7y2,t) | Oy, A1¢,Y1,4,07 | 0y ’al,t;yl,t] =

¢ ifay # aft.
Proof: Since, from Condition (a) of Lemma 46, (G14+,71,) transmits with probability no
less than 1 — & — e; exp(—O(S52)), for sufficiently large S and small £, player 2 has enough
information. Note that e; does not depend on S. 1
Now, we are ready to construct Step 4 of Section 6.7.3.1. Fix S € N and € > 0 such that
Lemma 47 holds. Then, fix f and e; such that Lemma 46 holds for those S and . Finally,

take 6 such that

o=

e >T 1= (1-6)2. (6.24)

This implies that (iii) in the intuitive explanation is satisfied.
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Step 4 of Section 6.7.3.1 For each Ts periods when player 1 is supposed to take a

constant action, player 2 infers that player 1’s action is a§’ if

Zt q)2,t > Q2+ q1
T3 2

and af otherwise. Here ®,; € {0, 1} is calculated from ¢q(d1 4, 1.4, Y2¢). Then, from Lemma
47, if player 1 uses o7 | a1, y1,+ in the round for conditional independence, then ®,; has the
same property as ®;; from Lemma 47.

If player 2 sent the message y; € Y35 or (az,92) € H3, in Step 2 of Section 6.7.3.1, then
player 2’s reward on player 1 in the Step 4 is symmetrically defined as player 1’s reward on
player 2 in Step 3 after player 1 infers that player 2’s message in Step 2 says that player 2
observed y, € Y3, or (az,y2) € H3 . If yo € Y3, or (az,y2) € Hj , then player 2 only cancels
out the differences in player 1’s instantaneous utilities. Hence, player 1 can condition that

Y2 € Y35 or (az,y2) € H3,. On the top of that, player 2 gives the reward

> g(a) w3 (6.25)

to cancel out the effect of the round for conditional independence.

Round for Conditional Independence For Slog, |A;||Y:| periods that correspond to
period ¢ in Step 4 of Section 6.7.3.1, player 1 plays o7} | a1+, 91+ and player 2 plays a$. The

reward is given by (6.22).

Optimality of Player 1’s Strategy Note that all the rewards in Step 4 of Section 6.7.3.1
affected by the messages in the round for conditional independence are bounded by 77!.
Since we take T' such that ey > T~1 by (6.24), from Condition 2 of Lemma 46, regardless of
the history in Step 4, the optimal strategy in the round for conditional independence is o7

(note that (6.25) is sunk in the round for conditional independence).
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Then, (6.25) together with the expected reward in the round for conditional independence
makes player 1 indifferent between all the actions in terms of the expected reward in the
round for conditional independence and yield 0 in expectation regardless of the history.

Therefore, the same argument as in Step 3 of Section 6.7.3.1 for player 2 establishes the
incentive in Step 4 since, given that player 1 takes o7}, the conditional independence property
holds and player 1 conditions that y, € Y%, or (as,12) € H2272, that is, player 1 cannot infer

player 2’s history from Step 3.
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Chapter 7

General N-Player Game Without

Cheap Talk

In this chapter, we prove the dispensability of the perfect and error-reporting noisy cheap
talk and public randomization in the proof of Theorem 7 for the general N-player game with
N > 3 (see Chapter 5 for the proof with the perfect and error-reporting noisy cheap talk
and public randomization). Remember that in Chapter 5, the coordination block uses the
perfect cheap talk, the supplemental rounds use the error-reporting noisy cheap talk, the
report block uses the public randomization and perfect cheap talk, and the re-report block
uses the perfect cheap talk.

First, in Section 7.2, we replace the perfect cheap talk in the coordination block with
the error-reporting noisy cheap talk. As seen in Section 1.5.6.2, with more than two players,
we need to make sure that while the players exchange messages and infer the other players’
messages from private signals generated by the error-reporting noisy cheap talk in order to
coordinate on x;, there is no player who can induce a situation where some players infer
x; is G while the others infer x; is B in order to increase her own equilibrium payoff. For
this purpose, in Section 7.1.1, we introduce the new assumptions and explain why they are

sufficient.
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Second, Section 7.3 explains the structure of the review phase (finitely repeated game)
without perfect cheap talk.

Third, in Section 7.4, we dispense with the error-reporting noisy cheap talk in the coor-
dination block (given the first step above) and supplemental rounds. See Section 7.1.2 for
what assumption is sufficient for this step.

Fourth, in Section 7.5, we define the equilibrium strategy in the coordination and main
blocks. The almost optimality of this strategy is verified in Section 7.6.

Fifth, in Section 7.7, we dispense with the public randomization and the perfect cheap
talk in the report and re-report blocks. Section 7.1.3 explains new assumptions for this step.

In this chapter, when we say player ¢ ¢ {1, ..., N}, without otherwise specified, it means

player i (mod N). In addition, without loss of generality, assume that
Ay V1] > - > |AN]|YN]. (7.1)

In addition, since we only use the error-reporting noisy cheap talk with precision p =

1— exp(—T%), we omit the precision.

7.1 Notations and Assumptions

Before explaining the assumptions for dispensing with cheap talk, we will offer one assump-
tion that is useful to construct a reward while players are exchanging the messages. Imagine
the situation where player j takes two possible actions A; with A; C A; and ‘f_lj| = 2 and
players — (4,7) take a_(; ;) where each player takes each action with probability at least
p > 0. We assume that player ¢ — 1 can identify actions by player ¢ # j from her action a;

and signal y;_1:
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Assumption 48 For all p > 0, i,j € I, A; C A; with {f_lj‘ = 2 and {an}ne_(m) with

an(a,) > p for all n and a,, (Pr (ai,l,yi,l | ai,aj,a_(iﬂj))) is linearly independent

a;—1,Yi—1
with respect to a; € A; and a; € A;.

We argue that Assumption 48 is generic under Assumption 3. There are following two
cases: if player j is player ¢« — 1, then player i — 1 knows a; and Assumption 48 is equiv-

alent to linear independence of (q (yi_l | a;,a;, a,(m))) g which is equivalent to Assump-

Yi—
tion 3. If player j is not player ¢« — 1, then player ¢ — 1 mixes all the actions. Hence,

(Pr (ai,l, Vi1 | a;, ay, a_(m))) is generically linearly independent if

ai—1,Yi—1

[Aia| [Yiea| = [A5] |Ai] = 2] A,
which is implied by Assumption 3.

7.1.1 Assumptions for Dispensing with the Perfect Cheap Talk in

the Coordination Block

We explain how to replace the perfect cheap talk with the error-reporting noisy cheap talk
in the coordination block. As explained in Section 1.3.2, the error-reporting noisy cheap talk
is “private” in that when player j sends the message to player n via error-reporting noisy
cheap talk, the main signal f [n](m) is only observed by player n.

This creates the problem mentioned in Section 1.5.6.2: if player i sent the message z;
to each of the other players —i via error-reporting noisy cheap talk separately, then player
1 could create a situation where some players infer z; is G' while the others infer z; is B by
telling a lie. Since the action that will be taken in the main blocks after such an event may
not be included in {a(x)}, and we do not have any bound on player i’s payoff in such a

situation, it might be of player i’s interest to tell a lie.
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To prevent this situation, we consider the following message protocol: let N (i) = {i,i +
1,7+ 2} be the set of players whose index is in {i,7 + 1,7 + 2}. In addition, let

n*(i) € arg min |A;||Yj] (7.2)

jed{s,i+2}

be the player whose |A;| Y| is smaller between {i,7 + 2}. Let

n (1) = {i,0+ 23\ {n" (i)} (7.3)

be the other player. Note that N(i) = {n*(i),i + 1,n**(i)}. The players communicate as

follows:

1. first, player i sends the message about x; to player n*(7) via error-reporting noisy cheap

talk. Let w; = fi1[n*(7)](x;) be player i’s inference;

2. then, player n*(i) sends the message about w; to players N (i) via actions. This corre-

sponds to “Phase 1”7 of Horner and Olszewski (2006);

3. after that, each player j in N(7) sends the message about her inference of z; in Step 2

to each player n # j via error-reporting noisy cheap talk; and

4. finally, each player n infers x; based on the messages from N (i). This corresponds to

“Phase 2” of Horner and Olszewski (2006).

As Horner and Olszewski (2006), to incentive each player j € N(i) to tell the truth in
Step 3, for each j € N(1), if there exists player n € —j such that player n’s inference of player
j’s message changes player n’s inference of x; in Step 4 (that is, if player j is “pivotal”),
then player j — 1, who will know player j is pivotal in the re-report block, makes player j
indifferent between any action profile sequence.

Given above, we will show that player n*(i) does not want to deviate in Step 2 in order

to create a situation where player n*(i) herself will be pivotal with a high probability in
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Step 3. Remember that we take n*(i) such that the set of player n*(i)’s action-signal pairs
is smaller than that of player n** (i) in (7.2). Heuristically, this guarantees that player n*(7)
cannot infer player n**(i)’s inference precisely, which prevents player n*(i) from creating the
situation where player n*(i) is pivotal.

Given player n*(i)’s truthtelling strategy in Step 2, the probability that player i is pivotal
in Step 3 is almost independent of player ¢’s strategy in Step 1. Since x; controls player
(i +1)’s payoff, players ¢ and n*(i) # ¢ + 1 do not have an incentive to manipulate the
communication in Step 1.

Below, we explain what assumption is sufficient for what step.

The first step is straightforward if the error-reporting noisy cheap talk is available.

After player n*(7) infers w;, player n*(i) sends the message about w; to players N (i) =
{n*(1),7 + 1,n**(2)}. While player n*(i) sends w;, player n*(i) takes a,:, and player j €
—n*(i) take Oz;'-ecei"e € A(A)) for T > periods. That is, in equilibrium, the players take
a(i,w;) = (aﬁi(i),arf;‘ii(‘;‘;) for Tz periods.

Take n € N(i) \ n*(i). Suppose that player j = N(i) \ {n*(:),n} unilaterally deviates

and takes a; € A;. Then, the distribution of player n’s action-signal pairs is

qn(aj7 a—j (’L, wl)) = (q (ana Un | aj7 O‘—j (Z, wi)))anGAn,ynEYn .
Consider the following linear equations: for any a; € A;,

. , ¢ ifw, =G,
"‘n(Z)qﬂ(aj’ aj(i,w;)) = (7.4)
q ifw; = B.

Here, ,(i) is a 1 x| A,| |Yx| vector. Solve (7.4) for 4,(i). Suppose that there are L, (7) linearly

independent solutions. Then, let
. q oy Ln (i)
L (i) = (4,(1)) ", (7.5)
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be the L, (i) X |A,||Y,| matrix collecting all the linearly independent 4,(i)’s. Since all the
expressions are linear, we can make sure that each element in I, (¢) is in (0,1) by a proper
affine transformation as in Lemma 14.

Intuitively, if player n uses 4, (7)1 after the history (an.t, Yn,t) to infer w;, then player

an,t,Yn,t

J cannot manipulate player n’s inference by (7.4). That is,

Lif >, 4,(9)1a, .y, is close to (go, ..., @) ', then player n infers w; is G;
2. if Y, 4,(i) 14, , g, is close to (qi, ..., @), then player n infers w; is B; and

3. if >, 4,(7)1a, 4., is close to neither (go, ..., @) nor (qi,...,q1)", then player n infers

w; is M (“middle”).

Note that (7.4) implies that player j = N(i)\ {n*(i),n} cannot manipulate this inference.
Hence, we are left to show that player n*(i) cannot induce the situation that player n*(7)
will be pivotal. Intuitively, it suffices to show that player n* (i) puts a negligible belief on the
event that player n**(i) infers w; is w; € {G, B} and player ¢ + 1 infers w; is {G, B} \ {w;}
(we allow player i+ 1 to infer w; is M) since, as we will see, these are only cases where player
n*(i) will be pivotal with a non-negligible probability.

To calculate player n*(i)’s belief, consider the matrix projecting player n*(i)’s history on
the conditional expectation of player n’s history given an action profile by players —n*()
being equal to a_p«(; (4, w;):

Qn,n*(i) (Z) )

(14n[¥n] x| An=(s) )

where the element corresponding to (a,, y») , (an* (i) yn*(i)) is the conditional probability that

Yo i)

player n observes (ay,,y,) given (an*(i),yn*(,-)) and o_p-(;) (7, wy):

Qs Yn| e (5) (15 W3 ), A= (3), Y (3) ) -

receive

Since (5 (4, w;) = e is independent of w;, Qp n+(;)(7) is independent of w;.
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Given Qn(#(7), the set of player n* (i)’s histories such that player n* (i) believes that

player n infers w; € {G, B} with a non-negligible probability should be included in

A xs .
X E RL w® : Je € RE»( guch that

In,n*(z)[g](zﬁwl) ||€|| <€,

with g(w;) = ¢ if w; = G and q(w;) = ¢ if w; = B.
So that player n* (i) puts a negligible belief on the event that player n**(i) infers w; =
w; € {G, B} and player i + 1 infers w; = {G, B} \ {@;}, we want to make sure that, for

sufficiently small €

In**(z),n*(z) [8] (Z7 G) N Ii—i—Ln*(i) [5] (7/, B) = @

and

Lo (iyme (9 [€] (05 B) N Ty ey [€] (5, G) = 0.
We show that the following assumption is sufficient:

Assumption 49 There exist {a aB arecel"e}le 7 G2, q1, and € > 0 such that g2, ¢1 € (0,1),

79

g2 > q1, and for each i € I,

1. there exists x € RL+1(O+Ln@)(@) guch that

z+1( )Qz+1 n*(4) ( ) < q21
Lo 3y () Qee (i) ) (0) @1

2. there exists x € RLi+1@0+Lns)() gych that

z+1( )Qz+1 n*(4) ( ) < @1l
n** () ( )Qn (3),n* z)( ) B (121

and
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3. forall i € I,
1—1 ifi#1,
2 ifi=1,

a_gj € A_j) and a; € A (A;) with

(a) a;(af) > 0 and aj(af) > 0 if j = n*(i); and

(b) a; = aeeev for j # n* (i),

for all (a;,y;) and (a;, y;) with (a;,y:) # (ai, y;), we have

E [1%,243‘ ‘ yi7aiaaj7a—(i,j)} #E [1%,%‘ ‘ y;7a;=aj7a—(iaj)} .

As we will see in Section 7.7, Condition 3 will be used to show the truthtelling incentive
in the report block.

Under Assumption 6, Assumption 49 is generic. Since Condition 3 is generic, we con-
centrate on Conditions 1 and 2. Note that (7.4) puts 2 (|A;| — 1) constraints while we have
|A,| |Yy,| — 1 degrees of freedom for ¢,(¢) if q,,(a;, a—;(i,w;)) is linearly independent for each
w; and a; except for the constraint that “if we add all the elements up, then it should be
one.” Hence, generically L, (i) is equal to |A,||Y,| — 2|A,| + 1. Therefore, for each of Con-
ditions 1 and 2, we have |A; 1| |Yii1| + ‘An**(i)‘ ‘Yn**(i){ —2|Ai| —2 ’An**(i)’ + 1 degrees of

freedom for x,! while we have ‘An*(i)‘ ‘Yn*(i)‘ + 1 constraints. Since

|Aip1| |Yig1| + ‘An**(i)‘ ‘Yn**(i)| — 2| A — 2 \An**(i)‘ +1

2
> [Ai| <|Yz‘+1‘ —2— 0 |An**(i)|> + {An*(i)‘ {Yn*(i)| +1
|Az+1|
> ‘An*(i)‘ ‘Yn*(i)‘ + 1 by Assumption 6,

'Note that two rows are parallel to 1.
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we can generically find x.

Lemma 50 If Assumption 49 is satisfied, then there exists £ > 0 such that, for all ¢ < g,

Loy [€)(8, G) N Tigrnnp €] (i, B) = 0 (7.6)

and

Ity e () [€) (6, B) N L e[ (4, G) = 0. (7.7)
Proof: By Farkas Lemma,” for (7.6) and (7.7), it suffices to show that

1. there exists x € RE+1 @+ @ guch that for all €, &’ with ||e| < e and ||€'|| < ¢,

T Z Q'L n* 'L

i1 () Qig1,ne(3) (4) X <0,

Lo (3 (3) Qs () = (5) (2)
q21 €
L) x>0
qll El

\

and

2. there exists x € RE+1@F+n=o) @) guch that, for all €, ¢’ with ||le]| < e and ||¢'|| < e,

7 ? Qz n*(4)

L1 (8)Qit1,n(3) () X<,
11 €
o) x>0
g1 g

\

With € = 0, this is equivalent to

?Farkas Lemma has a constraint that each element of x should be non-negative. How-
ever, since we have equality constraints in the definition of I, ,«¢;)[€](¢,%;), not inequality
constraints, for each [ with x; < 0, we can multiply —1 to x;, each element of /th row of
the matrix in the LHS, and /th element of the vector in RHS. Therefore, non-negativity
constraint is redundant.
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e there exists x € REi+1()+La) (1) gych that

Ii1 (1) Qig1,n0()(7) g1

Lo (33 (8) Qs (i) (1) (2) @11
and

e there exists x € REi+1()+Ln) (D) gych that

/

Tit1 (1) Qi1,7(3) (4) a1
e () (1) Qv (5),m= (i) (1) e1

By Assumption 49, we can find such x. Fix x. Then, now that x is fixed, by the continuity

of the linear function, for sufficiently small ¢, we have Conditions 1 and 2 as desired. &

7.1.2 Assumption for Dispensing with the Error-Reporting Noisy

Cheap Talk

We explain how player j sends a binary message m € {G, B} to player n via actions instead

of the error-reporting noisy cheap talk. Since we only use the error-reporting noisy cheap

talk with precision p =1 — exp(—T%), we concentrate on the case with p =1 — exp(—T%).
As in the two-player case, with 7 being a small number to be defined, the sender (player

j) determines

m with probability 1 — n,
zj(m) =9 {G,B}\ {m}  with probability Z,

M with probability 7

and player j takes

(1—p)al + pal if zj(m) =G,
o™ =8 (1= p)aP + pal if z(m) = B,
sa§ + 3a? if z;(m) = M
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for T3 periods with p < % Player n (receiver) takes

=(1=2(A: -1 p)af+ Y 2pa,

an#a&

Player i € —(j,n) takes ai*®¥® (compared to &,, ai*“*® is independent of p).

For each ¢ € I, let h;(r) be the realized frequency of player i’s signal-action pair in
round r where player j sends m. We want to construct f[n](m) € {G, B} from h,(r) and
gln — 1](m) € {m, E} from h,_1(r) such that

e player n — 1 has g[n — 1](m) = m with a high probability;
e player n cannot manipulate g[n — 1](m);
e player n infers the message correctly (f[n](m) = m) with a high probability;

e given m, player n believes that f[n|(m) = m or g[n—1](m) = E with a high probability;

and

e player i € —(7,n) (other than the sender and receiver) cannot manipulate f[n](m) to

increase her own payoff.

Player n—1 has g[n—1](m) = E if and only if at least one of the following three conditions
are satisfied:

1. as in the two player case, z;(m) # m;

2. player j’s action frequency is not close to «*; and

J

3. player j’s signal frequency while player j takes a} is not close to the affine hull of player

j’s signal distributions with respect to player n’s action aff({q;(a}’, an, rece“’e)}an)

As for Qj(z) in Chapter 6, let Q;(j —n n) = aff({q;(a}", an, a 1”ecewe)}an) R‘fjl. Let

Q,(j =) = {y; €RPT: QG —m m)ys = 4G —m ) } (7.8)
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As in Lemma 14, we can assume that each element in Q;(j —, n) is in (0, 1).

Perturb Q;(j —, n) by € so that

yj € R'fj‘ : Je € RIYil such that
Qjlel(j —mn) = lell <, (7.9)

QJ(] —m n) (YJ' + 8) = qj<j —m n)

By the law of large numbers, player n — 1 has g[n — 1](m) = m with a high probability.
In addition, since we take the affine hull with respect to player n’s actions, player n cannot
manipulate g[n — 1](m).

f[n](m) is determined as follows:
1. if the following two conditions are satisfied, then player n infers f[n](m) = m € {G, B}:

(a) player n’s action frequency is close to a,; and

(b) there exists i € —(j,n) and m € {G, B} such that player n’s signal frequency
while player n takes al is close to the affine hull of player n’s signal distributions

with respect to player i’s action aff({q,(a]", a5, a;, o) Ya)-

As we will see in Lemma 52, there is at most one m € {G, B} such that i € —(j,n)

and m € {G, B} satisfy 1-(b); and
2. otherwise, player n infers f[n](m) from the likelihood as in the two-player case

. v _ m receive Yo
As for Q;(j —m n), let Q,,(j —n n) = aff({qn(a] ,ag,ai,a_(m?n))}ai) ﬂ]RLr | and
Yn € RLY"' : Je € Rl such that

Q,[el(j —m n) le|| < e, (7.10)

QL —mn)yn+e=d'(j —mnn).

As in Lemma 14, we can assume that each element in @, (j —; n) is in (0, 1).
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Consider the properties of f[n](m). Suppose Case 1 of f[n](m) is the case. Then, since 1-
(a) is the case, for sufficiently small p, player n takes a& for most of the time. For simplicity,
let us proceed as if player n took a& all the time.

Below, we assume that there are no multiple m’s in Case 1:

( U )Qi}[ﬁ](j —a n)) N (eU Q.lelG =5 n)) =0

ic—(J i€—(4,n)

for sufficiently small €. That is, f[n](m) is uniquely determined in Case 1.

Suppose player j takes o7 (otherwise, g[n—1](m) = E). By Condition 2 of g[n—1](m) =
E, for sufficiently small p, player n can believe that player j takes aj* for most of the time.
For simplicity, let us proceed as if player j took aj* all the time.

Then, player n believes that, conditional on 7, g[n — 1](m) = m with a non-negligible

probability only if player n’s signal frequency is included in

Yn € R'f"' : Je € R¥I such that
H,[e](j —mn) = le|l <e, (7.11)

Q;i(J = n) (Mjn(m)yn +€) =q;(j —mn).

where
( . |aﬁ1 aG areceive ) ( . ‘a’ﬁl CLG areceive )
AYj1 155 s X_(jn) > Yni1 AYjr 1455 Uns A (jn) s Yno[Yal
Mjn (1) =
( ) |am CLG areceive ) ( . ’a/fn CLG areceive )
q\¥;,y;| AR _(j,n)ayn,l q\Yj,y;| VIRAE _(j,n)ayn,|Yn|

is the matrix which projects player n’s signal observation to the conditional distribution of

player j’s signal observation.
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In other words, if

H [ —a m) 0 (Uie o QG —5 )
= HA[ElG =5 )N (Ui QLG —am)) =0

for sufficiently small €, then player n inferring f[n|(m) according to Case 1 believes that,
conditional on m, either f[n](m) = m or g[n — 1](m) = E with a non-negligible probability,
as desired.

As in the two-player case, player n inferring f[n](m) according to Case 2 believes that,
conditional on m, either f[n|(m) = m or g[n — 1](m) = E with a non-negligible probability,
as desired.

Therefore, in total, given m, player n believes that f[n|(m) = m or g[n—1](m) = E with
a high probability. In addition, player n infers the message correctly with a high probability
by the law of large numbers.

Hence, we are left to show player i € —(j,n) (other than the sender and receiver) cannot
manipulate f[n](m) to increase her payoff. For this purpose, define 6;_1(j — n) € {G, B}

as follows: 0;,_1(j — n) = B if and only if i € — (7,4) and Case 1 is not the case, that is,

1. player n’s action frequency is not close to &,,; or

2. player n’s signal frequency while player n takes a& is not close to the affine hull of player

n’s signal distributions with respect to player i’s action aff ({q;(a]", a$, a;, ar_efieiffl))}ai).

If ;_1(j — n) = B happens, then player i — 1 makes player i indifferent between any
action profile from the next review round.

Note that unless player n infers f[n|(m) = m, 6;,_1(j — n) = B. Further, since we
take the affine hull of player i, the distribution of #; 1(7 — n) is independent of player i’s
strategy.> Therefore, player ¢ cannot manipulate f[n](m) and increase her payoff.

In total, we want to assume that, for sufficiently small ¢,

3Precisely speaking, we need to do a small adjustment as (2.22). See Section 7.4.2.
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and

For (7.12) and (7.13), it suffices to assume that following:

Assumption 51 There exist {a?, aB, &y, aie‘:eive}ie ; such that, for each j € I and n € —j,

the following five conditions are satisfied:

1. for all 4,i’ € —n, there is x € R2Yal=lAil=1471+2 gch that

/

Qn(] G ) X<0, qn(] G ) X<0,

Qi(j —pn) q4,(j —5 n)

2. for all i € —n, there is x € RIYilTVal=lAn=[4i+2 gyich that

!/

(7 — M. (G (7 —
A —e M@ | ati—em |

Q. —pn) a,(j —5n)
3. for all i € —n, there is x € RIYilTVal=lAn=[4il+2 gyich that
!

i(J —an)M,; (B i(J —Bn
Q;(J —e n)M;n(B) x <0, q;(j —Bn) x < 0;

QL(j —an) a,(j —an)
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4. for each a, € A; and y, € Y;, we have

(yn | a’?’l? a/]G7 arecelve) 7é q(yn | an7 a/] ’arefelw)E)

and

5. for all 7 € I,
i—1 if¢#1,
2 ifi=1,

a_gj) € A_ ) and aj € A (Ay) with

(a) ay(a$) >0 and ay(all) > 0if j' = j; and

(b) ay = @y or e if §" # 7,

for all (a;,y;) and (al,y;) with (a;,y;) # (a},y.), we have
E |:1aj/,yj/ | Yi, g, Q1 a*(i,j’)] 7é E |:1aj/,yj/ | yia afliv Qyr, a*(’i,j/)

For notational simplicity, we assume that (aG aP arecelve)

7 9y

o in Assumption 49 satisfies
Assumption 51.

Condition 4 is equivalent to Condition 1 of Assumption 39 in the two-player case. As
we will see in Section 7.7, Condition 5 will be used to show the truthtelling incentive in the
report block.

Under Assumption 6, Assumption 51 is generic. First, consider Condition 1. Note that
there are |Y,| + 1 constraints. On the other hand, after noting that the signal frequency is
on the simplex over Y,,, x has 2|Y,,| — |A;| — |Air| + 1 degrees of freedom. By Assumption 6,

since 2|Y,,| — |Ai| — |Ays| +1 > |Y,| + 1, x satisfying Condition 2 generically exists.
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Second, consider Conditions 2. Note that there are |Y,| + 1 constraints while x has
Y;| + |Ya] — |An] — |Ai] + 1 degrees of freedom. By Assumption 6, since |Y;| + |Y,| — |A,| —
|A;| +1 > |Y,| + 1, x satisfying Condition 2 generically exists. Condition 3 is symmetric.

Finally, Conditions 4 and 5 are generic.

The next lemma shows that Assumption 49 is sufficient for (7.12) and (7.13):

Lemma 52 If Assumption 49 is satisfied, then there exists £ > 0 such that, for all ¢ < g,

(7.12) and (7.13) are satisfied.

Proof: It suffices to show that

1. for all ¢,47" € —n, for sufficiently small ¢,

Qulel(i —¢ n) N Q)G —5n) =0;
2. for all 1 € —n, for sufficiently small ¢,

H,[e](j —¢ n) N Qlel(j —5n) = 0;

and

3. for all ¢ € —n, for sufficiently small ¢,
H,[e)(j —5 1) N Q[e](j —¢ n) =10.

They are equivalent to

1. for all i,i’ € —n, for sufficiently small ¢, for all ¢ € R2¥nl-l4il=l4v1+2 with |lg|| < e,

there is no y, € ]R'f”‘ such that

QL(j —en) a,(j —a n)
Yn = + &;

Qi (j —5n) q,(j —pn)
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2. for all i € —n, for sufficiently small ¢, for all & € RIYil+Yal=l4nl=l4il+2 with ||g|| < e,

there is no y,, € len‘ such that

Q;j(j —a n)M;n(G) q;(j —c n)
yn = + €;

QL(j —Bn) qa,(j —sn)
and

3. for all i € —n, for sufficiently small ¢, for all & € RIYil+¥Val=l4nl=l4il+2 with ||e]| < e,

there is no y,, € R'f"‘ such that

Qj(j —B n)Mj,n(B) Qj(j —pBMn)
Yn = +E.

Q,(j —an) a4,(j —an)
By Farkas Lemma, they are equivalent to

1. for all 4,i" € —n, for sufficiently small ¢, for all e € R2¥al=l4:l=14u1+2 with |e|| < e,

there is x € R2Ynl=l4il=A4s+2 gych that

!/

A(j 6 n) x <0, '(j ¢n) +e| - -x<0;
Q,(j —pn) a,(j —Bn)

2. for all i € —n, for sufficiently small ¢, for all & € RIVil+¥Vol=l4nl=l4il+2 with ||e|| < e,

there is x € RIYil+Val=lAnl=l4il+2 gych that
!

(7 —an)M;,(G q;(J —an
Q](] an) ]7( ) x <0, J(.] G ) el -x<o0

QL(j —Bn) d,(j =B n)

and
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3. for all i € —n, for sufficiently small ¢, for all & € RIYil+Yal=l4nl=l4il+2 with ||g|| < e,

there is x € RIYil+Yal=lAnl=l4i+2 gych that

!/

Q;j(j —B n)M;.(B) q;(j =B n)

Q. —an) a,(j —an)
The rest of the proof is the same as Lemma 50. 1

7.1.3 Assumptions for Dispensing with the Public Randomization

and Perfect Cheap Talk

First, to dispense with the public randomization, we want to make an assumption comparable
to Assumption 40 in the two-player case. For each i € I, with player j replaced with player
i —1 (the controller of player 4’s payoff), all the definitions about aP™®), (), @ffi(i), (6.2),
(6.3), (6.4), (6.5), H;, and H;, in Section 6.1.2 are valid with more than two players.

Now, we formally state the analogue of Assumption 40 for more than two players:
Assumption 53 For each i € I, one of the following two conditions is satisfied:

1. there exists """ € A such that there exist Y1, Yo, Bi, Y and Y, such that Y,

and Y}, satisfy (6.2) and (6.3) with j replaced with i — 1 and
Vi #0Y L, #0,Y, =Y UYL Yia =Y UY]

and
2. there exists o™ € A (A) such that there exist ¢F" s 5 H {1 and H;, such that
(a) H;, and H;, satisfy (6.4), (6.5) with j replaced with i — 1 and

Hii,1 # (D’Hii,Q #0,4; xY; = HZ1 UHZZ%
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and

(b) for all n € I, given o @ the probability that player i observes (a;,y;) € A; X Y]

with (a;,y;) € H;l is independent of a,, € A,.

Second, when player ¢ with ¢ > 2 sends the message, player ¢ — 1 wants to construct a
statistics ¢, ;(a;_1,y;—1) such that player i — 1 can infer player i’s message statistically and
that the conditional independence property holds for player i, as ¢;(a;, y;) in Lemma 42: for

a¥ € A; and o™, for all (a;,1;) € A; x Y,

)

G

7

q if a; # al-G.

q ifa;=a

E (¢ 1(ai-1,yi1) | Oélffort,ai,yi} = (7.14)

A sufficient condition for the existence of such ¢;_;(a;_1,¥;—1) is the linear independence

report
—1

of (Pr(a;—1,yi-1 | @ 2 @iy Yi))a; 1w, With respect to a; € A; and y; € Y

report
—1 )

Assumption 54 There exists {a;el)ort}je 7 such that, for each i > 2, (Pr(a;_1,y;-1 | @

@i, Yi))a; 1y, 18 linearly independent with respect to a; € A; and y; € ;.

Note that this is generic since we assume (7.1) and that we do not assume the counterpart
for player 1 to send the message.

The following lemma shows that Assumption 41 is sufficient to have ¢, _; with (7.14).

report

Lemma 55 If Assumption 54 is satisfied with {aj }je ;» then there exist g» > ¢ such

that for all s € {2,..., N}, there exist ¢, ; : A;_1 x Y;_1 — (0, 1) such that (7.14) is satisfied.

Proof: The same as Lemma 42. §
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7.2 Coordination Block with the Error-Reporting Noisy

Cheap Talk

Now, we consider the coordination block without the perfect cheap talk but with the error-
reporting noisy cheap talk with precision p =1 — exp(—T%).

As mentioned in Section 7.1.1, we define

N@) = {i,i+1,i+2},
n*(i) € arg min |A;||Y;|,
(4) ng{i7i+2}’ il Y]

(@) = {ii+ 23\ {n" ()}

First, player ¢ sends the message about z; € {G, B} to player n*(i) by the error-reporting
noisy cheap talk and let w; = f[n*(7)] (x;) € {G, B} be player n*(i)’s inference of this
message. Second, player n*(i) sends the message about w; to players N (i) via actions. Each
player n € N(i) constructs player n’s inference of w;, denoted by w;(n) € {G, M, B}. Here,
the inference M (“middle”) is introduced so that it prevents player n*(i) from creating a

situation where player n*(i) is pivotal. See 7.1.1 for the definition of “pivotal.”

7.2.1 Structure of the Coordination Block

Formally, the coordination block proceeds as follows:
e the periods where the players coordinate on xy:

— the coordination round 1 for z;. Player 1 sends the message about x; to player
n*(1) via error-reporting noisy cheap talk. If n*(1) = 1, then this round does not

exist;

— the coordination round 2 for z;. Player n*(1) sends the message about w; to

players N(1) via actions. Player n € N(1) creates the inference w;(n); and
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— for each j € N(1) = {1,2,3} and n € —j, we have the coordination round 3 for
x1 between j and n, where player j sends the message w1 (j) to player n via error-
reporting noisy cheap talk. The players take turns: first, player 1 sends w;(1) to
player 2, second, player 1 sends w;(1) to player 3, and so on until player 1 sends
w1 (1) to player N. Then, player 2 sends w;(2) to player 1, and so on until player
2 sends w(2) to player N. After player 2, player 3 sends w;(3) to each of the

opponents —3 sequentially;

e the periods where the players coordinate on z;:

— the coordination round 1 for x;. Player ¢ sends the message about z; to player
n*(i) via error-reporting noisy cheap talk. If n*(i) = ¢, then this round does not
exist;

— the coordination round 2 for z;. Player n*(i) sends the message about w; to

players N (i) via actions. Player n € N (i) creates the inference w;(n); and

— for each j € N(i) and n € —j, we have the coordination round 3 for x; between
j and n, where player j sends the message w;(j) to player n via error-reporting

noisy cheap talk. Again, the players take turns;

e the periods where the players coordinate on xy:

— the coordination round 1 for xy. Player N sends the message about xy to player
n*(N) via error-reporting noisy cheap talk. If n*(N) = N, then this round does

not exist;

— the coordination round 2 for zy. Player n*(NN) sends the message about wy to

players N(N) via actions. Player n € N(N) creates the inference wy(n); and
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— for each j € N(N) and n € —j, we have the coordination round 3 for zy between
j and n, where player j sends the message wy(j) to player n via error-reporting

noisy cheap talk. Again, the players take turns.

For notational convenience, let T'(n*(i) —.,,, N (7)) be the set of periods in the coordina-
tion round 2 for x;, where player n* (i) sends the message w; to players N (i) via actions. As
in the review round, player n randomly picks t,(n* (i) —, N()) from T(n* (i) —., N(i))
and does not use period t,(n* (i) —,, N(i)) for inference. That is, player n uses the periods
in

To(n* (i) —=w, N(i)) = T(n" (i) =, N(@0) N Ata(n (1) =, N(0))}-

We explain each round in the sequel.

7.2.2 Coordination Round 1 for z;

If player 7 is the same person as player n*(7), then this round does not exist. Let w; = x; be
player n*(i)’s inference (player i’s inference in other words).
Otherwise, player i sends x; by the error-reporting noisy cheap talk and player n*(7)

creates the inference of z; denoted by w; as w; = f[n*(7)](x;).

7.2.3 Coordination Round 2 for z;

7

This is the round where player n*(i) sends w; to players N(i). Player n*(i) takes a,:, and
each player j € —i takes oz;eceive for T2 periods, defined in Assumption 49. Remember that
T(n*(i) —., N (7)) be the set of periods in this round.

See (7.4) and (7.5) for the definition of the L, (i) x |A,| |Y,| matrix I,(7). Based on I,(7),
each player n € N(i) \ {n*(i)} constructs a random variable 1;, ;) (Ln(i) x 1 vector) as
follows: after taking a, and observing y,, player n calculates I, () 1,, ,,. Here, 1, ,. isa

|A,||Y,] x 1 vector such that the element corresponding to a,, y, is equal to 1 and the other

elements are 0. Hence, I, (i) 1,, ,, is a L, (i) x 1 vector. Then, player n draws L, (i) random
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variables independently from the uniform distribution on [0, 1]. If the [th realization of these
random variables is less than the ith element of I, (i) 1,, 4, , then the Ith element of 17, ;) is

equal to 1. Otherwise, the [th element of 1;,; is equal to 0. We have

Pr({(1r,m), = 1} | a,y) = 1, () La, g.- (7.15)

Given {1In,t(i)}t€Tn(n*(i)4>wi N(i)), Player n € N (i) infers w; as follows:
1. player n*(7) infers her own message straightforwardly: w; (n*(i)) = w;; and

2. player n € N(i) \ {n*(i)} infers as follows:

(a) if
1
T% ] Z ]-In,t(i) —ql|| <e,
€T (n* (1) —w; N(1))
then w; (n) = G;
(b) if
1
- Z 17,0 — al|| <e,

2 -1 t€Tn (n* (i) —w; N (7))

then w; (n) = B; and

(c) otherwise, w; (n) = M (the posterior is not skewed enough for w; = G or w; = B

and so player n*(i) infers that the message is “middle”).
Assumption 49 implies the following Lemma:
Lemma 56 For any ¢ < g, for any ¢ € [ and w; € {G, B},
1. for any n € N(i*),
(a) if players n*(i) and n follow the equilibrium strategy, then

Pr ({w; (n) = w;} | w;) > 1 — exp(—O(T'2));
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and

(b) the distribution of w; (n) given w; is independent of player j = N (i) \ {n*(i),n}’s

unilateral deviation; and

2. for any history of player n*(i) at the end of the coordination round 2 for z;, player

n*(i) puts a belief exp(—O(T'2)) on the event

(G, B} > w; ("™ (i) £ w; (i + 1) € {G, B}.

Proof: 1. Follows from (7.4) and (7.15).

2. By Hoeffding’s inequality, there exists K; such that, for each k£ > 0, for any frequency
of action-signal pair x,-(; for player n* (i), player n* (i) with x,-(;) believes that, for

each n € {n**(7),i + 1}, player n’s frequency of action-signal pair x,, satisfies
HQn,n*(z) (Z)Xn*(z) - Xn” < Klk (716)

with probability no less than exp(—kT'z).

In addition, Hoeffding’s inequality, there exists K5 such that

1
- E ]-Int(i) — In(Z)Xn > Kok
T> -1 : N
t€Tn (n*(4)—w,; N (1))

with probability no more than eXp(—kT%), conditional on x,,.

Further, by Lipschitz continuity of the linear function, there exists K3 such that (7.16)
implies

Hln(i)Qn,n*(i)(i)Xn*(i) - In(Z)Xn” < KgKlk.
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In total, when player n*(i) believes player n has w; (n) € {G, B} with probability no

less than QeXp(—kT%),

[ 20.(8) Qe i) ()% (i) = @ (wi () || < (K3 Ky + K») k.

Hence, if we take k and e sufficiently small compared to £ in Assumption 49, then

player n*(i) cannot put a belief more than 4exp(—k;T%) on the event
{G,B} > w; (n™(i)) # w; (i + 1) € {G, B},

as desired. g
As we will see, as long as the error-reporting noisy cheap talk by the other players
transmits correctly in the coordination round 3 for x; (this is true with an ex ante high
probability at the end of the coordination round 2 for x;), player n*(i) is pivotal for some
player’s inference of z; if and only if {G, B} 3 w; (n**(7)) # w; (i + 1) € {G, B}. 2 of Lemma
56 guarantees that, after any history (including those after player n*(i)’s deviation), the
probability that player n*(7) is pivotal is negligible for the almost optimality.
For each n € N(7) \ {n*(¢)}, consider player j = N (i) \ {n*(i),n}. As we will see, player
Jj is not pivotal if players n*(i) and n infer the same state w;. Therefore, 1-(b) of Lemma 56
guarantees that player j cannot manipulate player n’s inference to create a situation where
player 5 is pivotal.
For each n € —N (i), as long as the error-reporting noisy cheap talk transmits correctly
in the coordination round 3 for z; (this is true with an ex ante high probability at the end
of the coordination round 2 for x;), every player infers z; in the same way. Since x; controls

the payoff of player i + 1 € N (i), player n € —N (i) is indifferent for each {wi(j)}jeN(i).
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7.2.4 Coordination Round 3 for z; Between Players ;7 and n

This is the round where player j € N(i) sends w;(j) to player n € I. Let w;(j)(n) €
{G, B, M'} be player n’s inference of player j’s message. Here, we assume that the error-
reporting noisy cheap talk is available. See Section 7.4 for how to dispense with the error-
reporting noisy cheap talk.

If player j is the same player as player n, then w;(j)(n) = w;(j), that is, player j infers
her own message straightforwardly.

Otherwise, player j sends messages as follows. From w;(j) € {G, M, B}, player j con-
structs a sequence of two binary messages w;(j){1},w;(5){2} € {G, B}?*: if w;(j) = G, then
wi(F{1} = wi(j){2} = G; I wi(j) = B, then w;(j){1} = wi(j){2} = B; If wi(j) = M, then
w;(j){1} = G and w;(j){2} = B with probability 3 and w;(j){1} = B and w;(j){2} = G
with probability %

Player j sends the two messages w;(j){1} and w;(j){2} sequentially via error-reporting
noisy cheap talk.

With abuse of notation, we define gln — 1](w;(j)) € {wi(j), E} and f[n](wi(y)) €
{G, M, B} as follows: for g[n — 1](w;(5)),

1. gln — 1)(w;(45)) = w;(y) if and only if player n — 1 thinks that there is no error for
fIn](wi(7){1}) and f[n](wi(5){2}), that is, g[n — 1](wi(5){1}) = wi(j){1} and g[n —
(wi(7){2}) = wi(5){2}; and

2. g[n — 1](w;(j)) = E otherwise.

For f[n](w(7)), player i infers f[n](w;(j)) from fln](w;(j){1}) and f[n](w;(5){2}), using

the mapping between w;(j) and w;(j){1}, w;(j){2}.

L fln)(wi(j)) = G if and only if f[n](wi(5){1}) = fln}(wi(5){2}) = G;

2. fln)(wi(j)) = B if and only it f[n](w,(j){1}) = fIn)(wi(){2}) = B; and
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3. fInl(wi(4))

M if and only if “f[n](w;(5){1}) = G and fln|(w;(j){2}) = B” or

“flnf(wi(7){1}) = B and fln](w:(j){2}) = G.”

Finally, player n infers w;(j) as w;(5)(n) = fn](w;(7)).

7.2.5 Player n’s Inference of z;

Based on these rounds, player n infers z; as follows. Let z;(n) € {G, B} be player n’s

inference of x;. From {w; (§) (n)},cn). Player n constructs x; (n) such that

z; (n)

Finally, let

;

if

\

wi (n*™*(2)) (n) = w; (i + 1) (n) = G,

w; (0™ (i) (n) = M, w; (i +1) (n) = G,

w; (07 (4)) (n) = G, w; (i + 1) (n) = M,

w; (n*()) (n) = B,w; (i + 1) (n) = G, w; (n*(i)) (n) = G,
wi (n*()) (n) = G, wi (i + 1) (n) = B,w; (n*(i)) (n) = G,

(7.17)

otherwise.

z(n) = {xs(n) }ier

be the profile of the inferences.

7.2.6 Definition of 6; 1(c) € {G, B}

Based on the realization of the coordination block, if some events happen, then player ¢ — 1

makes player i indifferent between any action profile sequence in the main blocks. ;_;(c) = B

implies that such an event happens while 6;_;(c) = G implies that such an event does not

happen.

We will define the events to induce 0;_1(c) = B: for each j € I, while the players

coordinate on x;,
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1. there exists player j' € —i with j* € N(j) such that when player j' sends the message

w;(j') to player ¢ in the coordination round 3 for x; between j" and 4, player ¢ — 1 has

gli = 1(w;(5")

E;

2. there exist players j' € —i and n € —i such that when player j' sends the message

w;(j') to player n in the coordination round 3 for x; between j' and n, player n has a

wrong signal f[n] (1;(7")) # w;(j'); and

3. player i is in N(j) and consider the following inference:

\

B

if

w; (n**(j)) = w; (j +1) = G,

wj (0 (7)) = M,w; (j +1) = G,
w; (7)) = G w; (G +1) = M,
w; (n*(4)) = B,w; (j +1) = G, w; (n*(j)) = G,
| w; (n7(7)) = G w; (j +1) = B,w; (n*(j)) = G,

otherwise.

(7.18)

Note that this is what we replace player n’s inference of the messages in the coordination

round 3 in (7.17) with the true messages. We have 0, _1(c) = B if there exist n € I

and j € I such that player i’s message w;(i) matters for z;(n) in (7.18). That is,

(a) if player i is n*(j), then

and

{G, B} 3 w; (n™(j)) # w; (j +1) € {G, B};

(b) if player i is in N(j) \ {n*(j)}, then

w; = w; (n*(5)) # w; (i').
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with ¢/ = N(j) \ {¢,n*(j)} (player i makes a mistake in the coordination round 3

for z; between n*(j) and i’).

Note that, although player n can be player ¢ herself, whether or not w;(7) matters in

(7.18) is determined by the other players’ messages {w;(')}; ;-

In the definition of §;_;(c), player i — 1 uses the information owned by players —(i — 1, 7).
Section 7.8 explains how players —(i — 1,4) inform player i — 1 of their history necessary to
create 6;_1(c) in the re-report block. Since ;_;(c) only affects the reward function (that is,
does not affect action plan o;_1(z;_1)), it suffices that player i — 1 knows the information by
the end of the review phase.

We verify that the distribution of ;_;(c) is almost independent of player i’s strategy: for
Cases 1 and 2, we need to verify that player ¢ cannot manipulate 6;_;(c) by affecting some
player’s message m while coordinating on z; in the coordination round 2 for ;. The definition
of the error-reporting noisy cheap talk implies that the probability of g[i — 1](m) = E when
player i is a receiver and that of f[n](m) # m when player j € —i is a sender and player
n € —i is a receiver are almost independent of m.*

For Case 3-(a), 2 of Lemma 56 implies that player i puts a belief no more than exp(—0(T'z))
on (7.19) after any history (including those after player i’s deviation) at the end of the coordi-
nation round 2 for z;. Since w; (n**(j)) and w; (j + 1) are fixed at the end of the coordination
round 2 for x;, whether (7.19) happens or not is almost independent of player i’s strategy.

For Case 3-(b), note that if w;(n**(j)) = w;, then (7.20) is not the case. In the coor-
dination round 2 for x;, the distribution of w;(n**(j)) is independent of player i’s strategy
because of (7.4). In addition, regardless of w;, this event happens with probability no more

than exp(—O(T'z)) from the perspective at the end of the coordination round 1 for z; by

“Note that m can be affected by player i’s strategy before the round where player j sends
m to player n.
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1 of Lemma 56.> Therefore, no player can change the distribution of #;_;(c) by more than
exp(~6(T4)).

In summary, we have shown the following lemma:
Lemma 57 If

1. the probability of g[i — 1](m) = E when player i is a receiver of a message m is almost

independent of m; and

2. the probability of f[n](m) # m when player j € —i is a sender of a message m and

player n € —i is a receiver is almost independent of m,

then, the distribution of §;_1(c) € {G, B} is almost independent of player i’s strategy.

The premise of lemma is stated to clarify what assumption about the error-reporting

noisy cheap talk is used, expecting that we will dispense with it later.

7.2.7 Incentives in the Coordination Block

First, Lemma 57 implies that player i does not have an incentive to manipulate 6;_;(c).

Second, we consider player i’s incentive to tell the truth about w, (i) with i € N(n) for
the coordination round 3 for x,, between i and ¢’ € —i. If player i’ with ' € —i received
a wrong signal f[i'](w,(j)) for some n € I and j € —i, then Case 2 of 6;_1(c) implies
0;_1(c) = B. Hence, together with Case 3 of 6, _1(c), whenever player i’s message matters
for x,, (i) for some ¢’ € —i, then 0;_;(c) = B and player i is indifferent between any action
profile sequence. Therefore, it is optimal for player i to tell the truth.

Third, we consider the incentive of player ¢ in the coordination rounds 1 and 2 for x,,.
If player 7 is player n*(n), then since x,, controls the value of player n + 1 # n*(n), player

n*(n) is indifferent between coordinating on z,(j) = G for all j € I or z,(j) = B for all

Note that w; can be affected by some player’s strategy in the coordination round 1 for
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j €. (7.17) and 2 of of Lemma 56 imply that, if the messages in the coordination round
3 transmit correctly if a sender is not player n*(n) (this is true with probability no less
than 1 — exp(—O(T'2))), then player n*(n) at the end of the coordination round 2 puts a
conditional belief no less than 1 — exp(—O(T'2)) on the event that z,(j) = G for all j € I or
x,(j) = B for all j € I regardless of player n*(n)’s history. Therefore, player n*(n) (player
i) is almost indifferent between any strategy in the coordination rounds 1 and 2 for x,,.

If player i is player n (the initial holder of state x,) but not player n*(n), then again,
since x,, controls the value of player n + 1 # n, player n is indifferent between coordinating
on z,(j) = G forall j € I or z,(j) = B for all j € I. 1 of of Lemma 56 implies that
regardless of player n’s strategy in the coordination rounds 1 and 2 for z,,, players n*(n) and
n+ 1 have w,(n*(n)) = w,(n+1) € {G, B} with probability no less than 1 — exp(—0(T'z)).
Then, (7.17) implies that, if the messages in the coordination round 3 transmit correctly if
a sender is not player n (again, this is true with probability no less than 1 — exp(—O(T %))),
then x,(j) = G for all j € I. Therefore, player n (player i) is almost indifferent between any
strategy in the coordination rounds 1 and 2.

If player i is not player n or player n*(n), then 1 of of Lemma 56 implies that, regardless
of player i’s strategy in the coordination rounds 1 and 2 for x,,, players n*(n) and at least
one player i € N(n) \ {i} have w,(n*(n)) = w,(i’) = x, with probability no less than
1 — exp(—O(T2)). Then, (7.17) implies that, if the messages in the coordination round
3 transmit correctly if a sender is not player i (this is true with probability no less than
1 —exp(—O(T'2))), then either z,,(j) = G for all j € I or ,,(j) = B for all j € I. Therefore,
player ¢ is almost indifferent between any strategy in the coordination rounds 1 and 2.

Finally, we show that the definition of §;_;(c) = B implies that, for any 4, for any ¢ in
the main blocks, for any hl, player i puts a belief no less than 1 — exp(—@(T%)) on the event
that z(j) = z(¢) for all j € —i or 6;_1(c) = B by the following reasons: (i) if player i’s signal
fli](wn (7)) was wrong for some n € I and j € —i, then, given w,(j), g[i —1](w,(j)) = E with

probability no less than 1 — exp(—0(T'z)). Since g[i — 1](w,(5)) is not revealed by players

273



(—i)’s continuation play in the main blocks, player i believes that 6; ;(c) = B because of
Case 1. (ii) If player " with i € —i received a wrong signal f[i'](w,(j)) for some n € I
and j € —i, then Case 2 of 0;_1(c) implies 6;_1(c) = B. From (i) and (ii), player i who
considers almost optimality can condition that f[i'|(w,(j)) = w,(j) for all i’ € I, n € I and
j € —i. (iil) If player i is pivotal for player i"’s inference of x,, with i’ € —i and n € I,° then
0;_1(c) = B. Therefore, in total, z(j) = =(i) for all j € —i or §;_1(c) = B.

The following lemma summarizes the above discussion:
Lemma 58 The following two statements are true:
1. if, for each player i € I,

(a) the probability of g[i — 1](m) = E when player i is a receiver of a message m is

almost independent of m;

(b) the probability of f[n](m) # m when player j € —i is a sender of a message m
and player n € —i is a receiver is almost independent of m and player ¢’s strategy;

and
(c) for all n with i # n+ 1, player ¢’s value is almost the same between x,,(j) = G for
all j € I and z,(j) = B for all j € I regardless of {z, (j')]»g.em,gh1 (n <n-—1

implies that the coordination rounds for z,, comes before those for z,),

then it is almost optimal for player ¢ to follow the equilibrium strategy in the coordi-

nation block; and

2. for any ¢ € I, for any ¢ in the main blocks, for any hf, player ¢ puts a belief no less

than 1 — exp(—©(T'2)) on the event that z(j) = (i) for all j € —i or 6;_(c) = B.

6(7.18) uses the true message w,(j) to define whether player i is pivotal or not. However,
if there exists some player i’ € —i receives a wrong signal from player j € —i, then player i
will be indifferent between any action profile sequence from (ii).
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We mention 1-(a), 1-(b) and 1-(c) to clarify what properties of the error-reporting noisy
cheap talk are used, expecting that we will dispense with it later. Note that, for the second

statement, 1-(a), 1-(b) and 1-(c) are not necessary.

7.3 Structure of the Review Phase

Replacing the perfect cheap talk in the coordination block with the error-reporting noisy
cheap talk, the structure of the coordination block is as explained in Section 7.2.1. Now, the
coordination block has at most N(1+ 1+ 3(N — 1)) rounds.” After the coordination block,
the structure is the same as in Section 5.4 of Chapter 5. As in Chapter 5, let » be a generic
serial number for a round.

If we replace the error-reporting noisy cheap talk with messages via actions, then as we
will see in Section 7.4, we treat rounds where a player sends one message and rounds where
a player send two messages separately. Each round where the sender sends one message has
T2 periods. Section 7.4 explains how the sender sends the message. On the other hand, each
round where the sender would send two messages via error-reporting noisy cheap talk (for
example, the coordination round 3 for x; between j and n) is now divided into two rounds
each of which has T2 periods without the error-reporting noisy cheap talk. Using the first
T%—period round, the sender sends the first message as we will explain in Section 7.4. After
that, using the second T%—period round, the sender sends the second message. With abuse
of notation, let r again be a generic serial number for a round and 7'(r) be the set of periods
in round r. As in the review round, player i randomly excludes period ¢; (r) from the periods
used for the inferences. Let T;(r) = T'(r)\{t:(r)} be the periods that player i uses for the

inferences.

"The precise number depends on whether n*(i) = i or not for each i.
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7.4 Dispensing with the Error-Reporting Noisy Cheap

Talk

We consider how player j sends a binary message m € {G, B} to player n by taking actions
rather than error-reporting noisy cheap talk in some round.
As mentioned in Section 7.1.2, with 1 being a small number to be defined, the sender

(player j) determines

m with probability 1 — n,
zj(m) =9 {G,B}\ {m}  with probability 2
M with probability 7

and player j takes

(1—=p)a$ +pa? if zj(m) =G,
Oéjj(m) =9 (1 —p)af +pa§ if z;(m) = B,
505 + 5a7 if zj(m) =M

for T2 periods. Player n (receiver) takes

=(1—2(lA =1 p)aS+ > 2pa,
ania

recelve

Player i € —(j,n) takes o}

7.4.1 Formal: g[n — 1](m) € {m, E'}

As in Section 7.1.2, player n — 1 has g[n — 1](m) = m if and only if the following three

conditions are satisfied:

1. as in the two player case, z;(m) =m;
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2. player j’s action frequency is close to o

and
3. player j’s signal frequency while player j takes a}* is close to Q;(j —m n).

We are left to define Condition 3. Let Tj(r, m) be the set of periods where player j takes
aj* in round 7, where player j sends m to player n. As player i creates 1¢,(,) from Q;(x) and
Yi, player j creates 1¢,(j—,,n) from Q;(j —, n) and y;.

Condition 3 is satisfied if and only if the following two conditions are satisfied:

* Qi(j —=mn) (\Tj(iym)\ ZteTj(r,m) 1yj,t> and \Tj(i,m)\ ZtETj(r,'m) 1Q;(j—mn) are close:

w

. 1 c
Q;( —m ) 1T (r, m)]| Z Ly, Z 1g,G—mn)|| < 5- (7.21)
VAN

teT; (r,m) Ti( tET (rym)

As we have adjusted the probability of (2.22) in Section 2.4.4.2, we adjust the proba-
bility of (7.21) so that the probability of (7.21) is independent of {a;, Yj ¢} e,y When

we say (7.21) is satisfied, we take this adjustment into account; and

o Wlmﬂ > te;(rim) 1@;(i—mn) a0d Q;(j —m n) are close:

Wl M

|T7’m Y 1gGmmm — G —m )| <
teT;(r,m)

Then, for sufficiently small p and £ compared to € in Lemma 52, g[n — 1](m) = m only

. 1 .
ify; = EveE] ZteTj(nm) 1, satisfies

Yi € QjEl(G —m ).
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7.4.2 Formal: f[n](m) € {G, B}

On the other hand, as explained in Section 7.1.2, f[n](m) is determined as follows:

A

1. if the following two conditions are satisfied, then player n infers f[n](m) = m:

(a) player n’s action frequency is close to a,:

1
3 L., -an <§; (7.22)

and

(b) there exist i € —(j,n) and m € {G, B} such that player n’s signal frequency while

player n takes al is close to Q' (j —y, n).

As we will see below, Lemma 52 guarantees that there is at most one m € {G, B} such

that ¢ € —(j,n) and m € {G, B} satisfy 1-(b); and
2. otherwise, player n infers f[n](m) from the likelihood as in the two-player case.

We are left to define Condition 1-(b). Let T,,(r, G) be the set of periods where player n
takes aC. As player j creates 1Q,(j—mn) from Q;(j —, n) and y;, player n creates 1¢: (j—..n)
from Q' (j —4 n) and y,.

We say player n’s signal frequency while player n takes a¢ is close to Q; (j = n) if and

only if the following two conditions are satisfied:

* Q0 —mn) <|Tn(}°,G)| D el (nG) 1yn,t) and |Tn(}",G)| D tel(nG) 1 (j—mn) aT€ Close:

teTn(T G tGTn 'l" G)

Q:L(] —m TL) Z 1ynt - Z ].Qz (j—mm) < %
(

Again, we adjust the probability of (7.23) so that this probability is independent of
{an,ta yn,t}teT(T); and

278



® |Tn(1’,G)| ZteTn(r,G) 1g; (j—mn) and @, (j = n) are close:

1 i €
T, (r, G)| Z 103Gy — An(J = 0| < 3 (7.24)
" tET, (r,G)

Then, for sufficiently small p and € compared to £ in Lemma 52, Case 1 is the case only

ify, = cYe &G)‘ ZteTn(nG) 1,,, satisfies
Yn € QuEIG —m n)

for some i € — (4, n).

7.4.3 Definition of 6, 1(j —,, n) € {G, B}

While player j € I sends a message m to player n € —j, for each ¢ € I, player ¢ — 1 creates
0;i—1(j —m n) € {G,B}. As for 6,_1(c), 6;_1(j —m n) = B implies that player i — 1 makes
player 7 indifferent between any action profile sequence in the subsequent rounds. We define

0;_1(j —m n) € {G, B} as follows:
1. for i = j (sender), 0;_1(j —m n) = G always;
2. for i = n (receiver), 0;_1(j —,, n) = B if and only if g[n — 1](m) = E; and
3. for i € —n (not a receiver), 0;_1(j —,, n) = B if and only if (7.22) or (7.23) is not

satisfied for m = m.

7.4.4 Summary of the Properties of g[n—1|(m), f[n](m) and 8;_1(j —,
n)

In summary, we can show the following lemma:
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Lemma 59 For sufficiently large 7', for any 5 € I and n € —j, the above communication

protocol satisfies the following;:
1. g[n —1](m) = E with probability 1 — 5 — exp(—O(T'2)) for any m € {G, B};

2. given any m € {G, B} and any on-path history, player n puts a belief no less than

1 — exp(—O(T'2)) on the event that f[n](m) = m or g[n — 1](m) = E;
3. for each i € —(j,n), if f[n](m) # m, then 6;,_1(j —,, n) = B;

4. given m € {G, B} and a history of players —n, any f[n|(m) happens with probability

1

at least exp(—0O(7'2));
5. the distribution of g[n — 1](m) is independent of player n’s strategy; and

6. the distribution of 6;_1(j —, n) is independent of player i’s strategy.

Proof: 1. This follows from the law of large numbers.

2. If Case 2 for f[n|(m) is the case, then as in the two-player case, we are done.

Consider Case 1 is the case. Conditional on m, suppose player n infers m’ = {G, B} \

{m}. Then, for sufficiently small p and ¢,

1 )
- - 1 L (E]( —m ). 7.25
]Tn(r, G)’ Z Yn,t € Qn[g](] - n) ( )
teTy (r,G)
On the other hand, by Hoeffding’s inequality, there exists K; such that, if player
n believes gln — 1](m) = m with probability 1 — exp(—kT'z), then the conditional

expectation of ; !

0] ZteTj (rm) 1y;.. given 772 should be in

y; € le"‘ : Je € Rl such that
lell < Kik,

Qi —mn) (yj t+e)=aq;(j —mn)
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Since Tj(r,m) and T, (r, G) are different at most for (2p (|A,| — 1)+ p+2¢e)T+2 periods

if g[n — 1](m) = m and Case 1 for f[n](m) is the case, the above condition implies

1
n= T 1, .
Y T T, G)) 2 L.

teTy (r,G)

is included in

y; € R 3¢ ¢ R such that
lell < Kik+ (20 (|An] = 1) + p + 2¢) + 2,

Qi (7 —m n)Mjn () (yn +€) = a;(j —m n).
Take k, p and ¢ sufficiently small so that for € in Lemma 52, we have
_ 2
e<Kik+ (2p(|Aa] = 1) +p+2e) +

for large T'. Then, the above condition implies

Wl(m Z Ly,. € Hy[E](j = n).

teTy(r,G)

By Lemma 52, (7.26) contradicts to (7.25).

(7.26)

Therefore, for sufficiently small k, p and e, conditional on m, whenever player n infers

m’' = {G, B} \ {m}, player n believes g[n — 1](m’) = E with probability no less than

1 — exp(—kT'2), as desired.

. By definition of f[n](m), if f[n](m) # m, then either (7.22) or (7.23) is satisfied, which

implies 0;_1(j —m n) = B.
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4. Given (a¢, Yy—nt) teT(r) ALY (Yn,t) ter(ry CANL OCCUr with probability at least
1

T2
{rzliglq(yn | a, y_n)} :

Assumption 2 (full support) implies that this probability is exp(—@(T%)). The rest of

the proof is the same as in Lemma 45.

5. We adjusted the probability of (7.21) so that this probability is independent of {a;+, yj+},cr)-

Hence, the distribution of g[j](m) is determined solely by player j’s mixture.

6. We adjusted the probability of (7.23) so that this probability is independent of {a,, ¢, yn.+ }, eT(r)"

Hence, the distribution of 6;_1(j —,, n) is determined solely by player n’s mixture. 1

7.5 Equilibrium Strategies

main
i .

In this section, we define o;(x;) and 7

7.5.1 States

The states \;(I 4+ 1), \i—1 (I + 1) (3), \iea(I4+1) (4 4+ 1), d;i(1+ 1), d;j(I +1)(4), ¢;(I + 1) and
0;(l) are defined as in Chapter 5 except that z is replaced with z(7) defined in Section 7.2.5

and

e if 0,(c) = B happens in the coordination block, then 6;(l) = B; and

e if ,(j —.,, n) = B happens in a round between the /th review round and (I + 1)th

review round where player j € I sends a message m to player n € —j, then 0;(I4+1) = B

If we replace the error-reporting noisy cheap talk with messages via actions, then we use
fli](m) (when player i is a receiver) and g[i](m) (when player i + 1 is a receiver) defined in

Section 7.4.
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7.5.2 Player i’s Action Plan o, (z;)
7.5.2.1 With the Error-Reporting Noisy Cheap Talk

In the coordination block, the players play the game as explained in Section 7.2. For the
other blocks, o;(z;) prescribes the same action with x replaced with x (i) except for the report
and re-report blocks. See Sections 7.7 and 7.8 for the strategy in the report and re-report

blocks.

7.5.2.2 Without the Error-Reporting Noisy Cheap Talk

When player j € I sends a message m to player n € —j, then the strategies are determined

in Section 7.4.

7.5.3 Reward Function

In this subsection, we explain player i—1’s reward function on player i, 7™ (z;_1, h4™, b7

§). In general, the total reward 7™ (z;_;, hman BIPO™ . §) is the summation of rewards

%

for each round 7:

L
main main j rereport . S
N (@, B 0T 6) = E i (t i, Yio1,t)
=1 teT(1)
main main jrereport
+ T (xiflv i—1 ahifl )Tt 6)

Note that we add (5.10) to ignore discounting only for the review rounds. As we will see,
for the round where the players communicate, we use reward function that take discounting
into account directly.

We define 710 (, b2 pITPo™ - ) for each 7.

As a preparation, let us define the reward to cancel out the difference in the instantaneous
utilities for player i. Note that while player j sends the message by taking actions, player

J takes a; € {af,af } and player n € — (i,5) takes either a, or o both of which
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satisfy a,(a,) > p for all n and a,. Then, Assumption 48 guarantees that player i — 1 can

statistically identify player i’s action and construct the following reward function:

Lemma 60 For all p > 0, there exists U > 0 such that, for all i, j € I and {a,} with

ne_(ivj)

an(a,) > p for all n and a,, there exists 7" '[a_( ;)] : Aio1 X Yiog — [—U, U] such that

1. for all a; € A;, a; € {ajG, af } and a_ ) satisfying the above condition,

U; ((Iz,ag, -G, )) +E[ T o) (@i, yiet) | Cli,aj,af(z‘,j)} (7.27)

is independent of a;, a;, a_; j); and

2. for all (a;_1,y;—1), we have

Ti1 S 0 if Ti—1 = G,

T [oz_(i,j)](ai,l,yi,l)
Z 0 if Ti—1 = B.

Proof: For {a,} with a,,(a,) > p, Assumption 48 guarantees the identifiability and

ne—(i,5)

the same proof as for Lemma 12 works. 1
Note that U depends on p.
7.5.3.1 With the Error-Reporting Noisy Cheap Talk

In the coordination block, for round r where player j sends message m to player n*(i), player

1 — 1 gives

7Trnaln(l,l 1’hinalm,h;erleport’ . Z 6t 1 ac, 1 ,])( )](aifl,yifl)

teT(r)

to make player ¢ indifferent between any action profile sequence. Note that we take discount-

ing into account.
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In the main blocks, the reward function is the same as in Chapter 5 except that x replaced

with z(i — 1).

7.5.3.2 Without the Error-Reporting Noisy Cheap Talk

For round r where player j sends a message, player ¢ — 1 gives

AP (g, P BEP s 8) = Y 8 o) ()] (@im1s Yicra)
teT(r)
defined in Lemma 60. Again, we take discounting into account.
For round r corresponding to a review round, the reward function is the same as in the

case with the error-reporting noisy cheap talk.

7.6 Almost Optimality of the Strategy

We want to verity (1.21), (1.16) and (1.17) are satisfied. First, by definition in Section 7.5.3,
(1.17) is satisfied.

Second, since the length of the rounds other than the review rounds is T%, the payoff from
the review rounds approximately determines the payoff from the review phase for sufficiently
large 6 (and so sufficiently large 7). Therefore, we neglect the payoffs from the rounds other
than the review rounds.®

Third, we consider (1.21) and (1.16) in the case with the error-reporting noisy cheap talk.
Suppose that z(j) = z(i) for all i, j € I at the end of the coordination block. Then, (1.21)
and (1.16) are shown as in the case with the perfect cheap talk.

This implies that the premises of Lemma 58 are satisfied. Therefore, (i) the incentive in
the coordination block is satisfied and (ii) we can concentrate on the case with x(j) = x(4)

forall 7,5 € I.

8Notice that U in Lemma 60 depends on p. We first fix p (and so fix U) and then take T
going to infinity.
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(i) and (ii) imply (1.21). In addition, by the law of large numbers, z(j) = z for all j € —i
in the coordination block with probability no less than 1 — exp(—©(T'2)). Therefore, (1.16)
is satisfied at the beginning of the review phase.

Finally, we consider (1.21) and (1.16) in the case without the error-reporting noisy cheap
talk. Again, suppose that z(j) = x(i) for all i, 57 € I at the end of the coordination block.
Then, (1.21) and (1.17) are verified as in the case with the error-reporting noisy cheap talk

except for the following two points:

e player ¢ — 1 makes player i indifferent between any action profile sequence because
of gli — 1](m) = E or 6;_1(j —.,, n) = B with a higher probability. However, the
probability of g[i — 1](m) = E or 6;_1(j —m n) = B is bounded by ©(n). Hence,
re-taking 7 sufficiently small as we do in (6.12), we can deal with this problem as in

the two-player case; and

e when player j € —i sends a message m to player n € — (i, ), player ¢ can manipulate
the distribution of f[n](m). However, Lemma 59 implies that player ¢ cannot manip-
ulate 60;_1(j —m n). f[n](m) matters for player i’s continuation payoff if and only if

0;_1(j —m n) = G. Hence, the relevant events for player i are

— fln}(m) =m and 6;_1(j —, n) = G; or

— flnl(m) #m or ;1(j —m n) = B.
Since f[n|(m) # m implies 0;_1(j —,, n) = B, the relevant histories for player i are

— 0i1(j =mn) =G; or

- gi—l(j —m n) = B.

Since player ¢ cannot manipulate 6;_1(j —.,, n) by Lemma 59, player i does not have

an incentive to manipulate f[n](m).
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To verify the incentives in the coordination block, we consider the premises of Lemmas
57 and 58 in the case without the error-reporting noisy cheap talk.

The premise 1 of Lemmas 57 and premise 1-(a) of Lemma 58 are satisfied by Lemma 59.

As we have mentioned above, when player j € —i sends a message m to player n € — (i, j),
player ¢ does not have an incentive to manipulate f[n|(m). Therefore, the premise 2 of
Lemmas 57 and premise 1-(b) of Lemma 58 are satisfied.

We are left to verify the premise 1-(c) of Lemma 58: player i’s value is almost the same
between z,(j) = G for all j € I and z,(j) = B for all j € I regardless of {xn/(j)}jem,#n.
To formally show this, we proceed backward from player N’s state. There are following two

cases:

e suppose that x,(j) # x,/(j’) happens for some n’ € {1,....,. N — 1}, j € [ and j' € —j.

Then, by definition of {6; 1(j"” —m 1)}, ,» and 2 of Lemma 58, player i puts a belief

i
10 less than 1—exp(—O(7'2)) on the event that 6;_;(c) = B in the coordination rounds
for x, or that there exist j” € I and n” € —j” such that 6;_1(j” —,, n”) = B happens
when player j” € —i sends a message m to player n” in the coordination round 3 for
Zy. Therefore, if x,/(j) # x.(j') happens for some n' € {1,.... N — 1}, j € I and

j' € —7, then player i is almost indifferent between any action profile sequence, which

implies player i’s value is almost constant; and

e suppose that z,/(j) = z,(j’) for all n € {1,..., N — 1} and j,j" € I. Then, if either
zn(7) =G forall j € I or xy(j) = B for all j € I is the case, then we have verified
that (1.16) holds with x replaced with x(7). Since i # N + 1, player i’s value is almost

the same between zx(j) = G for all j € I and zx(j) = B for all j € I.

Therefore, 1-(c) of Lemma 58 holds for n = N. This implies that each player follows the
equilibrium path in the coordination rounds for x. Hence, at the end of the coordination

rounds for xy_;, each player i expects that xy(j) = oy forall j € I or 0,_1(j —»m n) =B

92 of Lemma 58 does not use the premises 1-(a), 1-(b) and 1-(c).
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in the coordination round 3 for x between some j € I and n € —j with probability no less
than 1 — exp(—O(T'2)). Hence, the same argument as for n = N holds for n = N — 1. By
induction, we are done.

Therefore, all the premises in Lemmas 57 and 58 are satisfied. This implies that

1. it is almost optimal for player i to follow the equilibrium strategy in the coordination

block; and

2. for any i, for any ¢ in the main blocks, for any h!, player i puts a belief no less than
1 — exp(—O(T'2)) on the event that z(j) = z(i) for all j € —i or “6;_1(j —m n) = B

or 0;_1(c) = B happens in the coordination block.”

Note that 1 implies the almost optimality of o;(x;) in the coordination block and that 2
implies the almost optimality of o;(z;) in the main blocks. Hence, (1.21) is verified.

Since we have verified (1.16) for x(j) = (i) for all i,j € I, we are left to show (1.16)
at the beginning of the review phase. Compared to the case with the error-reporting noisy
cheap talk, we need to deal with the fact that g[n — 1](m) = E and 0,_1(j —, n) = B can
happen when player j sends a message m to player n in the coordination block with a higher
probability. However, since the ex ante probability of g[n — 1](m) = E or 6;_1(j —,, n) = B
for some j € I, n € —j and m is bounded by ©(n), re-taking 7 smaller if necessary, we are

done.

7.7 Report Block

7.7.1 Preparation

Before constructing an equilibrium, let us make three preparations. First, consider the
situation where player ¢ > 2 sends a binary message to player ¢« — 1 by taking actions.
Suppose player —i take o defined in Lemma 55 and calculate ®;i_1(@i—1,4,Yi—1,), defined

(2
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in Lemma 55. Player ¢ — 1 constructs ®;_;; as player 1 constructs ®;,; from ¢, (a1, y1+) in

the two-player case. Lemma 55 implies that

repor a2 ifai,t:a'iG7
Pr ({q)i—l,t =1} | CY_GE? t;ai,t;yi,t) = (7.28)

: G
q if a;¢ # a;

for all ¢ and y; ;. The role of ®,_; is the same as that of ®; in the two-player case.

Second, consider the situation where player j € — (i — 1,4) sends a binary message to

player i—1 by taking actions by taking a; € {af, al’}. Players — (j,1) take af%og . Intuitively,

player ¢ — 1 uses this information to monitor 7 and it is important to make sure that player
i cannot manipulate player (i — 1)’s inference. For this purpose, for some ¢ > ¢y, for each

i—1land je —(i—1,i), we want to construct %Qi_l : A1 x Y;—1 — (0,1) such that, for

each a; € A;, we have

. G
) g if a; = a;,
i report | J
E ij_w'_l(ai—lyyi—l) | ai’aj’a—(j,i)] = B
Jj

Since Assumption 48 implies that (Pr (ai_l, Yie1 | @i, a;, a,(jﬂ-))) are linearly indepen-

a;—1,Yi—1
dent with respect to a; € A; and a; € {af, a]B }, such ¢o, ¢; and w;’gifl always exist.
i

Player i — 1 constructs ¥_, ; from w;_,i_l (a;—1,yi—1) as player j constructs ¥, from

V; (aj,yj). Then,

> _ qo if aj = af, (7 29)

_(]77/)

i _ ) ) report
Pr ({\Ilj%_l = 1} | ai,a;j, o .,
a1 if aj = a;

for all a; € A;.

Third, as we will see, in the report block or re-report block, either “one player j takes

reporty

a; € {a¥,a?} and the others are supposed to take ' ; or “all the players are supposed to

J )

take o™ or aP™() depending on whether Condition 1 or 2 is the case in Assumption 53.”
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In both cases, Assumptions 3 and 48 guarantee that player ¢ — 1 can statistically identify
player i’s action. Therefore, we can change the reward to cancel out the differences in the
instantaneous utility in the report block. Since the report block lasts for @(T%) periods, this
does not affect the equilibrium payoft.

We are left to construct the report and re-report blocks to attain the exact optimality
of the equilibrium strategies. In this section, we explain the report block. Contrary to the
two-player case, we directly construct the report block without public randomization or any

cheap talk.

7.7.2 Structure of the Report Block

The report block proceeds as follows:

1. player N sends the messages about AR,

main.

2. player N — 1 sends the messages about Ay*7;

3. player 3 sends the messages about hglain;

4. as in the two-player case, players 1 and 2 coordinate on which of them will send

messages: when Condition 1 (Condition 2, respectively) is satisfied in Assumption 53,

(ap.r.(2)

(2)

(a) each player takes a}” , respectively) and each player i observes her

private history (a;,y;); and

(b) if player 2 observes y, € Y3, ((a2,y2) € H3,, respectively), then player 2 sends
the message that y» € Y3, ((az,42) € H3,, respectively) to player 1. Otherwise,
that is, if player 2 observes yo € Y5 ((az,%2) € Hj,, respectively), then player 2

sends the message that y, € Yy ((az,42) € Hj ,, respectively) to player 1;
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5. if player 2 has sent the message yo € Y221 ((ag,y2) € H22’1, respectively), then player 2
sends the meaningful messages about A3®". If player 2 has sent the message v, € Y222
((ag,y2) € H2272, respectively), then player 2 takes a$ for the periods where player 2

would send the messages about hF*" otherwise;
6. player 1 sends the message about h"®; and

7. the players play the round for conditional independence.

We explain each step in the sequel.

7.7.3 Player i > 3 sends h"®

Since there is a chronological order for the rounds and r is a generic serial number of rounds,
the notations #7, #;(k), T(r, k) and {ais, Yit},cp(, ) defined in Chapter 5 is still valid.

Player i sends the messages about A" in the same way as player 2 sends the messages
in Chapter 6 with two players.

That is, for each round r,
1. first, player ¢ reports #1;
2. second, player i reports {#] (k) }reqi,..x}- See Section 2.9.6 for the definition of K;

3. third, players i and ¢ — 1 coordinate on k(r) as players 2 and 1 coordinate on k() in

Section 2.9.6; and

4. fourth, player i sends {ais, Yit}cr(p(riy- K(r,4) is the result of the coordination on

k(r) in Step 3.

In Steps 1, 2 and 4, player ¢ sends a message as player 2 does in Chapter 6 and player ¢ — 1

¢ aP}, players

10

interprets the message as player 1 does in Chapter 6: player i takes a; € {a

report
—1

—1 take « , and player ¢ — 1 constructs ®;_; € {0,1}. From (7.28), player i cannot infer

®; , from player ¢’s signals.
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In Step 3, the coordination between player ¢« and ¢ —1 is the same as in Section 6.7.3.2 with

ORI S0

j replaced with ¢ — 1 (with the other players — (i — 1,4) taking ali'(é_l’i) it

) depending
on whether Condition 1 or 2 is satisfied in Assumption 53). Assumption 53 implies that this

is a well defined procedure.

7.7.4 Player 2 sends hy*"

Player 2 sends the messages about h*™ as player i > 3 if and only if player 2 observed
y2 € Y3, (or (az,y2) € Hj, if Condition 2 is the case in Assumption 53) in Step 4 of
Section 7.7.2. If player 2 observes y, € Yy, (or (az,y2) € Hj,), then player 2 takes a§ for
periods where player 2 would send #5, {#5(k) }req1,...xy and {aay, y2,t}teT(r,k(r,2)) otherwise.
In addition, the coordination on k(r) between players 2 and 1 is the same as in Chapter 6
(with the other players — (1, 2) taking ali](rl(g or o}ia@)) Assumption 53 implies that this is
a well defined procedure.
eport

As for the case with i > 3, player 2 takes ay € {a§, aZ}, players —2 take o5 and player

1 constructs ®; € {0,1}. From (7.28), player 2 cannot infer ®; from player 2’s signals.

7.7.5 Player 1 sends h""

Player 1 sends the messages about A" to player N as player i > 3. As in the two-player
case, player 1 takes a; € {af’,a’} and players —1 take a®} with a$*(a;) > p for all j € —1
and a; € A;.

After that, player 1 sends the histories in the report block to player N as player 1 does
to player 2 in the round for conditional independence in Section 6.7.5.1. Again, this set
of periods is called “the round for conditional independence.” In this round, player 1 takes
some action a; € A; and players —1 take a®,. Player N infers this message from yy. By
Assumption 3, player NV can statistically identify player 1’s action.

From the history in the round for conditional independence, player N constructs ® .

Compared to the two-player case, player 2 is replaced with player V.
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7.7.6 Reward Function 7} """

When Condition 1 is the case for Assumption 53, while the players should take a®*™ to

coordinate on k(r) or whether player 2 reports the history, player i — 1 incentivizes player

1 to take a . As in the two-player case, Assumption 3 is sufficient for player i — 1 to

construct a strict reward on a
When Condition 2 is the case for Assumption 53, then as in the two-player case, for each
1 € I, any a; € A; gives the same ex ante probability for the results of the coordination.
In the report block, when player ¢ sends the message, no player j € —i has an incentive
to manipulate player (i — 1)’s inference of player i’s message since player i’s message only
affects player (i — 1)’s reward on player ¢ and we construct the structure of the report block

hmain hﬁereport ~

in Section 7.7.2 and the punishment for telling a lie, g;( R g Uj.t), so that player

7 does not have an incentive to learn player ¢’s history from the report block. Note that

g (= RO Gy 4;4) conditions players —(i — 1,4)’s history.

report
%

Finally, we construct 7 that makes o;(x;) exactly optimal. This step is the same as

in Section 5.9 except for the following:
1. at the end of the coordination round 2 for z;,

(a) player i ¢ N(j) is exactly indifferent between {w;(n)},cy(;); and

neN(j

(b) player i € N(j) is exactly indifferent between w,(i) € {G, B}.
This is possible since

(a) player i ¢ N(j) is almost indifferent between {w;(n)} without adjustment

neN(j)
since (i) players coordinate on the same z;(n) with a high probability for all
{w;j(n)},en()> (11) the probability that player ¢ — 1 makes player ¢ indifferent in
future does not depend on {w;(n)}, ¢y, by more than exp(—O(T'2)), and (iii) x;

controls the payoff of player j + 1 # 1.
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Since {w;(n)},,. NG) will be revealed in the re-report block, we can adjust player

nEN(j)} and

i’s value so that player ¢’s value is constant for all {w;(n)}
(b) for player i € N(j), players will coordinate on the same z;(n) regardless of w;(i)
or player ¢ — 1 makes player ¢ indifferent between any action profile sequence.
Since the probability of the latter case is independent of player i’s continuation

play after the coordination round 2 for x; given {w;(n)} we can make

nEN (j),n#i’

sure that, given {w;(n)} which will be revealed in the re-report block,

neN(j),n#i

player ¢’s value is determined solely by {w;(n)},,c ey nris

2. given 1, only player n*(j) reports her history in the coordination round 2 for x;:

(a) for player i = n*(j), since the other players take a'*¢*¥, Condition 3 of Assump-

tion 49 is sufficient to incentivize player n*(j) to tell the truth;

(b) for player i € N (j) \ {n*(j)}, the distribution of {w;(n)} i 18 independent

neN(j)
of player i’s action plan and from 1-(b), player i’s value is determined solely by
{w;(n)},en(jmpi- Hence, player i is indifferent between any realization of the

history in this round without adjustment; and

(c) for player i € —N (j), from 1-(a), player i is indifferent between {w;(n)}, oy ;-
Hence, player 7 is indifferent between any realization of the history in this round

without additional adjustment;

3. in the coordination round 1 for z;, players ¢ and n*(i) report the history and we make

players i and n*(7) indifferent between any realization of wj;

4. when we construct a punishment g to incentivize player ¢ as in Lemma 38, we assume

player i could know the following variables for all n € —i:

(a) 1y,,(j) when player n infers the message by player n*(j) in the coordination round

2 for z;;
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(b) 1 ) and 1 ) for each i € — (j,n) when player j sends a message to

Qi (j—an Qi (j—Bn

player n;
(c) @ when player n tries to monitor player n — 1 in the review round; and

n,t

(d) 14, for each j € —n when player n calculates (5.23) and (5.24).

Since all of these have full support, the same proof as Lemma 21 works. For notational
convenience in Section 7.8, let ¢, , be the vector of variables in 3-(a), 3-(b), 3-(c) and

3-(d) that are valid in period t; and

5. for a round where the players communicate, we (i) first cancel out the effect of the
history in the round on the learning about the best responses from the next rounds,
and (ii) second make any action sequence is indifferent ex ante. The construction of f;

is the same as Section 2.8.

We are left to deal with the probability that the message does not transmit correctly
with probability 1 without perfect cheap talk. We deal with this problem in Section 7.9 after

we explain the re-report block.

7.8 Re-Report Block

As in Section 5.10, we introduce the re-report block so that, for each player i, player i — 1
can collect the information necessary to construct m; from players — (i — 1,4).

The basic structure of the re-report block is the same as in Section 5.10:

1. players — (N — 1, N) send the information to player N — 1 to construct 7 y;

2. players — (N — 2, N — 1) send the information to player N — 2 to construct 7wy _1;

N-1. players — (1,2) send the information to player 1 to construct m9; and
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N. players — (N, 1) send the information to player N to construct .

When players — (i — 1,7) send the information to player ¢ — 1, each player takes turns to

send the information:

1. player 1 sends the information to player i —1if 1 € — (¢ — 1,4). If 1 ¢ — (¢ — 1,4), then

skip this step;

N player N sends the information to player i — 1 if N € — (i — 1,4). If N & — (i — 1,1),

then skip this step.

When player j € — (i — 1,i) sends the information about her history, she sends the

following information chronologically:

e for each round r, what strategy «; player j took in round r. Note that this contains
the information about what message player j sent if player j sends a message in that
round. The cardinality of this message is fixed and finite since the support of «;(r) is

fixed and finite, independently of T';
e for each round r, what was ¢,,(r). The cardinality of this message is no more than T

e for each round r, for each (aj,yj, 90]-), how many times player j observed (aj, Yj, gpj).

The cardinality of this message is no more than © (7');

e for each round r, (ajytj(r), Yit;(r)r Pt m) . Note that the these two pieces of information
are sufficient for player i— 1 to know what was player j’s inference of a message if player

J receives a message in that round and to construct 6;_1(j —,, n) and 6;_;(1);

e at the end of each Ith review round, what was the realization of player n’s random-
ization for the construction of some states. The cardinality of this message is a finite

fixed number;
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e so that player ¢ — 1 knows (a_i’t, Y—it, gp_i,t)teT(T k()

— first, for each r, player i— 1 sends the message about k(r, ) to players — (i — 1,4).'°
Each player j € — (i — 1,4) infers k(r, i) from their private signals. Let k; (r,7) be

player j’s inference. The cardinality of this message is no more than T%; and

— second, player j sends the messages about (aﬂ, Yits goj,t) to player i — 1.

teT (r,kj(rs))

The cardinality of this message is exp(©(T')); and

e if player j is player 1, then player 1 sends the message about player 1’s history in the
round for conditional independence: (a4, y;,) for all ¢ in the round for conditional

independence as in the two-player case. The cardinality of this message is exp(©(T'1)).

Therefore, the cardinality of the whole message is exp(©(T'1)) and the length of the
sequence of binary messages {G, B} necessary to encode the information is ©(7'4). To send

a binary message m € {G, B}, player j repeats a;’ for T times to increase the precision.

report

The other players —j take a”;™". Importantly, player ¢ — 1 can identify player j’s message

by ¢ ; ;. (7.29) implies that player i cannot manipulate player (i — 1)’s inference. The

incentive to tell the truth is automatically satisfied since player j’s message is used only for

the reward on player ¢ with ¢ #£ j.

7.9 Probability of Errors in the Report and Re-Report

Blocks

Note that the cardinality of the whole messages in the report and re-report blocks is exp(©(T'1)).
Hence, the length of the sequence of binary messages {G, B} that each player takes to send

the messages in the report or re-report block is ©(T %).

10We assume that player i — 1 knew player i’s inference k(r,i). See Section 7.9 for how
to deal with the small probability that player ¢ — 1 mis-interprets player ¢’s message about
k(r,i) in the report block.
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Since all the messages transmit correctly with probability at least
1= 6(T%) exp(~6/(T%)),

by the same treatment as in Section 6.7.4, we can assume as if all the messages would transmit
correctly. We do not apply this procedure for the messages in the round for conditional
independence. As seen in Lemma 46, the incentive in the round for conditional independence

is established taking into account the probability of mis-transmission.
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