Supplementary Appendix to the paper
UNIFORM INFERENCE IN AUTOREGRESSIVE MODELS
Proofs intended for web-posting

by Anna Mikusheva

Abstract

The Supplementary Appendix contains proofs of some results stated in the paper “Uni-
form inference in autoregressive models” by Anna Mikusheva. In particular, it provides a
proof of a statement about strong approximation, proofs of Lemmas 11 and 12 from the pa-
per about the asymptotic approximations for scheme of series. It also proves results stated
in Remarks 2, 3 and 4 for AR(1) processes with a linear time trend. Section 5 proves the
validity of parametric and non-parametric grid bootstrap procedures for AR(p) processes
with at most one root close to the unit circle. Section 7 contains an extensive Monte-Carlo
study of finite sample properties of discussed methods. We keep notations introduced in

the paper.

1 An arbitrary variance.

This section contains the proof of the result stated in section 2.3 of the paper.

Let Y = (U1, -, yr) be a sample from an AR(1) process defined by an equation
%:@—’—C, szpfj_l—i-gj, j:07,T7 §0:0 (]_)

Assumptions A1l. Let (), ;) be a martingale difference sequence with E(€3|F;_;) =
o® and sup; E(|g;]"|Fj—1) < oo a.s. for some 2 < r < 4.

Note, that if the variance of error terms o2 is known, then the process y; = y;/o
is an AR(1) process with errors €; = £;/0 satisfying the set of Assumptions A from
the paper, and all inferences could be made using the three methods discussed in the
paper.

Let € = ¥ — poLsyj_, be the OLS residuals. Let us define an estimator of o? to

T

be a sample variance of the OLS residuals: 52 = %ijl 632.. Despite of the fact that



the estimator porg of the AR coefficient is biased toward zero, the estimator 52 of
the variance is uniformly consistent.

Let us define studentized statistics (S, R) in the following way

(5, R) =

T
e L g 2 )

Lemma 1 (Lemma 3 from the paper) Let us consider a model (1) with error

terms satisfying the set of Assumptions A1, then for every e > 0

6.\2

Any statistic (Y, T, p) = (S, R, T, p) for ¢ € H , is uniformly approzimated by

lim sup sup P {

T—00 50 pEOT

the corresponding statistic o1 = ¢(S, R, T, p), where the pair (S, R) is defined for the
process y; = y;/o. In particular, the three methods discussed in the paper could be

used to make inferences.

Proof of Lemma 1. We note that €; — &5 = (pors — p)¥;_;. As a result,

- . ; S
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It is easy to see that all four terms converge to zero in probability uniformly over

p € O7 and uniformly over all values of o2 > 0.

From the definition of the class of functions H we have
P{16(S, R, p) = 6(S, R, p)| > v} < P{IR| < C}+ P {M.(|S = S| + |R - R|) > 2}

From the uniform approximation of R by R" and Lemma 10 from the paper we know
that R is uniformly separated from zero. It is easy to note that S—8§=25 (g—z = 1)
and R—R=R <A2 — 1> By combining these facts with uniform consistency of the

variance estimator we receive the statement of the lemma.



2 About strong approximation

Lemma 2 Let (¢, F;) be a martingale difference sequence satisfying the set of As-
sumptions A. Let S; = Z{Zl g; be partial sums. Then we can construct a sequence
of processes nr(t) = \/LTS[tT] and a sequence of Brownian motions wr on a common
probability space so that for every € > 0 we have

sup |nr(t) — wp(t)| = o(T7Y2HY+e) s,

0<t<1
Proof of Lemma 2. According to Lemma 6.2 from Park and Phillips (1999) con-
ditions of the lemma imply the existence of an increasing sequence of stopping times
{7 }i>1 and a Brownian motion w(-) defined on the same probability space such that
[8} =1 {w(r;)} and sup, ;<7 | %7

Similar to the proof of Theorem 2.2.4 in Csorgd and Révész (1981) it is easy to

show that supy<,<r % — 0 a.s. It implies that for every ¢ > 0

— 0 a.s. as T — oo, for any § > 2/r.

|w(7ery)/VT — wr(t)]

T—-1/2+1/r+e — 0 as.,

sup
0<t<1

where wr(t) = w(tT)/VT. We define nr(t) = w(rr))/VT, it completes the proof of

Lemma 2.

3 AR(1) model with a linear time trend.

This subsection shows that all results could be generalized to a model with a linear
time trend. We prove statements of Remarks 2 and 3 from the paper. Let us consider

a processes y; = a + bj + x;, where x; = px;j_; +¢;. Then the modified test statistics

T
(ST,RT) = ( Y — pYj-1) yr ) :
\/sz J— 1 J— JZ:; 7j—1

— S Wi Wi . Tl
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The normalizing function is calculated as the following mathematical expectation

are

where y; denotes the detrended version of y;: Y1 =Yi-

g (T,p) = E, Zle(y}_l)? Then the pair (S7, R7) is invariant with respect to the

values of constants a and b.



Let (ST, R™) be the corresponding detrended version of the statistics generated

in a model with normal errors.

Lemma 3 Assume that we have an AR(1) model with a linear trend and error terms
satisfying the set of Assumptions A. Then for any function ¢ € H we have that
hm sup sup |P{é¢(S™,R", T, p) < x} — P{¢(S™™,R™N T, p) < x}| = 0.
T—00 pcOp =
Proof of Lemma 3.
Our proof follows the framework suggested in Lemma 2 of the paper. We start

with checking Conditions 2 and 3 of Lemma 2 from the paper.

T T . 2
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(Zi:l 95—11)2
T .
ST

It is easy to see that uniformly over By we have limy_. ., sup oeBr

:g(Tap) —F

9(T.p)

g Tp) _ 1‘ —0.

We note that

Ta ZT_ yﬁii r 512
ST(T,p) = ;((Tpp))s(T,p)— i — i ——
’ VIT oS- T ) S - Ty
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We can see that the term

converges to zero in probability uni-
Vo T/ E - T & P Y

formly over By by taking the mathematical expectation of its square and using Cheby-
i efi

i (-2

Theorem 1 in the paper we showed that the distribution of S(T', p) is asymptotically

shev’s inequality. The term is asymptotically normal. In the proof of
approximated by the standard normal distribution uniformly over Br. It implies that
Condition 2 of Lemma 2 from the paper is satisfied for the pair of statistics S™ and
STV,

It is easy to see that




Since the second term converges to zero in probability uniformly over By, we have

that Condition 3 of Lemma 2 from the paper is satisfied for statistics R and R™¥.
At the end we are checking the closeness of the pairs (S7, R™) and (S™V, R™") in

the proximity to the unit root. From the discrete integration by parts it is easy to

see that

1
T3/QZ €jJ = T3/2 Z €1,

o (3) -3 (3)

T
1
< su t) — wr(t)|= 1 = o(TV2H/rtey g s
< sup forl6) — wr (13 1= o |

By simple algebraic transformations we have

T

1 o 1 o €
T T J
5?229%4%22525:%>ﬁb—'(TW2§:9J1)'—————
j=1 j=1

T T T T
1 _ 1 T+1 1 _ 1 T+1 T3
- <T5/2 Zyj—lj © T5/2 Zyj—l 2 ) <T5/2 Zgj—lj ~ T5/2 Zgj—l 9 ) S — T2

By using statements d) and f) of Lemma 4 from the paper we can see

SIONER SR

su

T—1/2+1/T+6) a.s.
PeeT (1 + P

Similarly,

1 & 1 1 <& ’
22 Yj- 1 _ﬁz Yi1) — <T3/2 Zyj1> -
j=1

J=1 J=1

T T 2
1 , 1 T+1 3
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From statements e) and f) of Lemma 4 from the paper we have

T T
SRR ILE

= o(TY2H/r+e) gs,

Since we have SUD e 4+ %;p) = O(T*~%), Condition 1 of Lemma 2 from the paper is

satisfied for % + % < o<l
Q.E.D.



Let the local to unity statistics be

T RTY) = ! lwaxLlszx
(57, ") (W [z <>,gT(C)/O<Jc<>>d>,

where J7 (x) = Jc(x)—f01(4—67‘)Jc(r)dr—x f01(127‘—6)J( )dr, g7 ( Efo (J7(z))?dz.

Lemma 4 Assume that we have an AR(1) model with a linear trend and the error

terms satisfying the set of Assumptions A. Then for any function ¢ € H we have that

hm sup sup |P{¢(S™,R™, T, p) < x} — P{p(S™T?) R™TP) T p) < z}| =0,

T—o0 p€®T xT

where ¢(T', p) = T log(p).
Proof of Lemma 4 It is enough to show that

hm sup sup |P{p(S™N, R™N T, p) < x} — P{p(S™TP) R0 T p) < z}| = 0.

T—0 pcOp
We check that conditions of Lemma 2 from the paper are satisfied. By simple

algebraic manipulation we have:
1
J(x) = J¥(z) —6(1/2 — a:)/ (1/2 —7)J¥(r)dr.
0

2
It is easy to see that E (f01(1/2 - T)Jﬁ(?“)df) < 5. As a result, we have
2
. 1 .
lime, oo ﬁE (fo (1/2 — r)Jé‘(r)dr) =0, and lim,,
By using Chebyshev’s inequality we can also note that ﬁ fol(l [2—r)JH(r)dr —P
g(c

g7 (c)

) —1|=o.

0 as c¢— —oo. It implies that

(1/2 — a)duw )/1(1/2—7“) H(r)dr = N(0,1)

gT(C) \/— /

and

2

R — g{((cg)Rc— gf@ (6/01<1/2—7~)Jg(7~)dr) P as ¢ —oo

As a result, Conditions 2 and 3 of Lemma 2 from the paper are satisfied for the pairs

(ST,C(T,p)’ RT,C(T,p)) and (S’T,N’ RT,N) )



Now we check Condition 1 of Lemma 2 for the detrended pairs.

T+1)

T T
o - ) = ZZ“ -

_ /01 (@ _ %) /Ote;qm_[n]_l)] {S < @} duw(s)dt =
:/1 /1 <@_1> Frg-ms-ny | g < @}dtdw(s).

Similarly, fo (t—1/2)JH(t fo fs (t — 1/2)et=9)dtdw(s). As a result,

(Tmz -5 | <t—1/2>J5<t>dt> -

! LonT) o1 1 2
= / (/ (T — 5) et ((T1]=[Ts]— 1)1{ T4y dt — / (t — 1/2)ec(t—s)dt) ds < const (log(p))z.
0 s s

T%97(c(Tp)) _
g™ (T,p)

= O(T'%), and lim,_, SUD e 4%

Taking into account that sup pe At —gT(T; )

1, we have

lim sup P

T
Ly {'Wwaz G~ W/

It is easy to receive that

(t —1/2)J8(t)dt| >

lim sup P

x} =0.
1 T u 1 1
T—% pe Ay {' Vo (T, p)T/? ;6113 - m/o (t —1/2)dw(t)| >

x} =0.
We note that
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and

BT ) = LR (T, )

_< . o <~_E)> < T8 )
VI T2 e 7 T ST G- (T+1/27)

2
RT,C(T,p) — g(T7 )0) RC(Tv P _ 1/2 )dt) .

g7 (T,p) <\/7Tp /

Since in Theorem 2 of the paper we proved that Condition 1 is satisfied for the pairs
(SeTp) RelT)) and (SN, RN), we have

lim sup P {|S™Y(T,p) — ST’C(T”))‘ + |R™M(T, p) — RT’C(T’p)| >z} =0.

T—o0 pEAT
As a result, all conditions of Lemma 2 from the paper are satisfied.

Q.E.D.

4 Hansen’s bootstrap.

This section proves some of results stated in Section 5 of the paper. Lemma below
(stated in the paper as Lemma 11 ) shows that the normal approximation in stationary

region holds uniformly for arrays of random errors.

Lemma 5 (Lemma 11 in the paper) Let {er;;j =1,...,T;T € N} be a triangu-
lar array of random variables, such that for every T' variables {er; }le are i.1.d. with
distribution Fr. Assume that yr; = pyrj—1 + erj. Then for any sequence pr such
that T'(1 — pr) — oo we have

lim sup sup sup

=0
3
T—00 pref, (K,MJO) |p|l<pr =

1 T
{\/ﬁ ZlyT’j_lgTJ < l‘} — (I)(il?)

and, for every e >0,

T
1
lim sup sup P —g yh o — 1] > €
{‘g(ﬂp) T

T'=00 prec, (K,M0) |p|<pr

lim sup sup P {

T=00 prer, (K,M.) |p|<pr




Proof of Lemma 5 This statement is a generalization of the main result of Giraitis
and Phillips (2004) for arrays, where the distribution of error terms is allowed to be
different for different sample sizes. First, we check the statement for variables that
possesses a bounded fourth moment. Then we apply truncation method to the case
when variables may have infinite fourth moment.
Assume that r = 4. Let us define variables X; = \/ﬁym_lgm and Vj2 —
T E(X2|1Fi) = 2 Zszl Y% 1. Then from Corollary to Theorem 1 in Hall

9(T'p)
and Heyde(1981), it follows that

] T
P {——g(T, > ;ymlam < x} — O(x)

where C' is an absolute constant.

sup

x

T
<C (ZE|XJ-]4 +E (Vi - 1)2> :

J=1

We should note that

T

T
sup E|X;|* = sup C,————Fy7, , < sup Cy =
|P|SPT; ’ pl<or  9(T5p)? o pl<or 9T p)*(1 — p?)?
cT cT C 1

~ sup 5 < 5 < 5= — 0,
1—p2T 1-p7" 1 r
lol<pr (T — I_Pp2 > <T — 1_pTzT ) (1 - T(l—p%))

where C' is a constant depending on M, Cj is a constant depending on M and K, C'

is a constant depending on M, K and a sequence pr.
Now let us estimate the second summand.

T 2
1

2 2 2 2

E(VT - 1) = —g(T, p)g (E (yT,j—l - EyT,j—l)) =

j=1

T T j

1 3

= 9T, p)? <Z(?/:2F,j—1 — Byr; 1) +2 Z Z Rl (TP Ey%,¢_1)2> <
) =

j=1 i=1

T j
1 C » 1 T
< p (U=F) et <
9(T,p)* 1 —p? (Z 2 g(T,p)?1—p*1—p?
The last expression converges to zero uniformly over {|p| < pr}, this completes the

proof of asymptotic normality for the case when variables have a bounded fourth

9



. 1 T 2 .
moment. It also proves the uniform convergence of Pan) > =1 Y7, 1 to one in prob-

ability. The last statement of the Lemma can be checked by showing that

lim sup F

2
T—=50 |p|<py (\/ Tp\/_ZyT’J 1) N

and applying Chebyshev’s inequality.
The proof for the case when variables can have an infinite fourth moment follows
from the truncation argument of the proof of Lemma 2.1(part b) in Giraitis and

Phillips (2004).

Lemma 6 (Lemma 12 in the paper) Let {er;;j =1,...,T;T € N} be a triangu-
lar array of random wvariables, such that for every T the variables {€T7j}}—‘:1 are 1id
with cdf Fr € L.(K,M,0). Then we can construct a process nr(t) = \/LT Egiﬂ T
and a Brownian motions wr on a common probability space in such a way that for
every € > 0 we have

lim sup  P{sup |np(t) —w(t)| >T°} =0,

T—00 pref, (K,M0)  0<t<1

for some 6 > 0.

Proof of Lemma 6. By Skorohod representation for every 7' there exists an
increasing sequence of stopping times 771 < 7po < ...7pp such that:
L {w(rry) — wrrg-1) o =1 {er, o
2. ¢rj = Trj — Tr;—1 are iid positive random variables with mean E¢r; = po(Fr)
and E|sr;|"? < Copn(Fr).

Let us define the process nr(t) = w(rrr/T). Let ar be a sequence of non-random

positive numbers. Then

P{ sup |nr(t) —w(t)| > eT_‘s} < P{sup sup |w(t+s)—w(t)]>eT°}+

0<t<1 0<t<10<s<ar
Tt
+P{ sup g t‘ > ar}.
o<t<i | T

From Lemma 1.2.1 in Csorgd and Révész (1981) it follows that:

2
€
(T‘sm)

Wl

c -
P{sup sup |w(t+s)—w(t)|>eT’}< —e
0<t<1 0<s<ar ar

10



The right hand side of the last inequality converges to zero for the sequence ar =

if v > 9. As a result, it is enough to prove that

TT,[Tt] ‘ _
—— —t|>T 73 =0
T }

lim sup P { sup
)

T—00 prer, (K,M,0 0<t<1

for some v > 0. We can note that

lim sup P { sup

T—00 pref, (K,M,0) 0<t<1

e TV} <

< lim sup P{ sup |rrj — jua(Fr)| > Tl_“’} +
- T= preg, (K,M9) 0<j<T

+ lim sup P {|pa(Fr) =1 >T"}.
THOO Frel,(K,M,0)

The last term converges to 0 by definition of the class £,.(K, M, 0) if v > 6.

T

From the results of Montgomery-Smith (1993) there exists an absolute constant

¢ > 0 such that

P{sup > T V}<0P{
1<5<T

By applying Theorem 27 from Petrov (1975, ch.9) we have

|

Z sri — jua(Fr)

Z ST — Tpo(Fr)| >

=1

1—y

T
Z sri — Tua(Fr)| >

i=1

T

} < Crpir(Fr(Yy)) (TT~ 002 4 =800 T=r/2)

If we choose 0 < § < v < min{(r/2 — 1)/6,(r/2 — 1)2/r} then we will receive the

required convergence.
Q.E.D.

Lemma below proves the result stated in Remark 4 of the paper.

Lemma 7 Assume that we have an AR(1) model with a linear trend and the error

terms satisfying the set of Assumptions A. Let yr; = pyr;—1 + €r,;, where ep; are

i.i.d. random variable with distribution function F™(x|Sr, p) which is an empirical

distribution function of residuals. Then for any function ¢ € H we have that for

almost all realizations of error term X

hm sup sup |P{o(S™,R",T,p) < x} — P{o(S™", R"*,T,p) < z|Y'}| =0,

E@T x

where the pair of statistics (S™*, R™*) are detrended statistics for the sample Y* =

(yt,la e yT,T)-

11



The proof consists of two steps. First, we show that

lim sup sup sup |P{o(S™, R, T,p) < x} — P{p(S™*, R™*, T, p) < z}| = 0.
T—00 prel, (K,M0) peOr =
(2)
On the second step we check that for almost all realizations of error term 3 there are
constants K (X) and M(X) such that Fr°°(-|3, p) € L.(K, M,0).

Assume that Fr € L,.(K, M,60). According to Lemma 6 from the Supplementary
Appendix, there exists almost sure approximation of partial sum process by a sequence
of Brownian motions. Following the proof of Lemma 3 from this Appendix it is easy
to prove that

lim sup P {|S™N(T,p) — 5™

T—o0 pEAT

+ ’RT’N(T, ,0) — R

>x}=0,

that is, Condition 1 of Lemma 2 from the paper is satisfied.

The only thing that needed to be proved is uniform convergence of the distribution
of the statistic S™* to the standard normal uniformly over By and uniform convergence
in probability of the statistic R™* to one over Br.

From the proof of Theorem 3 from the paper it follows that

lim sup sup sup |P{S*(T,p) < z} — ®(z)| =0,
T—00 pres (K,M0) pcO7

and im7 o0 SUPprer (k,1,0) SUPpeo, PR (T, p) — 1| > €} = 0 for every € > 0.

It is enough to show that

T o .
. )
lim sup P Dic1 YTi-1

o0 e \/m\/z;(i — TH)2

and
T .
) > i 5%,1'2
lim sup |P

Trecer | LS G-

The first can easily be checked by Chebyshev’s inequality. For the proof of the

>z —d(x)| =0.

second one can check conditions of Theorem 1 in Hall and Heyde (1981). As a result,
Conditions 2 and 3 of Lemma 2 are satisfied. According to Lemma 2 from the paper

the uniform approximation (2) holds for the detrended statistics.

12



Now we turn to the second step of the proof. We check that the residual based
bootstrap produces Fr that belongs to £, (K, M, 0) class. We define the destribution

: res _ 1 T ~ -~ : : )
function F7°°(x) = 7 >, Iz;<s}, where €; are residuals from the regression of y; on

a constant, linear trend j and y;_;. Then pu,(Fr) = %Z]T:l(gj)".

The first condition of the class is trivially satisfied. For the third condition we

have:
1 - ~ T 1 d -~ 7|7 1 d T
?;:1 & < Crf ;:1: € _5j| +CrT ;:1 51"

Let us consider each term separately. The second term is bounded a.s. due to the

T
2im18Y1 7

7T [+ v2Yj—1°
Zi:1(yf—1)2 i—1

r.r

Strong Law of Large Numbers. We note that e; — 7 =

R
TZM“%"ZT

Jj=1

T
Zj:l €iYj-1
T -
Zj:l(yj—1)2

1

J

= COnSt% <M> — Op(TflJrE)

r

T o
. 1 ‘Zj:l €Y1
= const—
T T N r/2
<Zj:1(yj71>2>

for every € > 0.

Now, we check the second condition for the residual based bootstrap:

T

T
1 2 1 9 1 S™(T,p)?
- _1== ™2 14322\
Tz(et) TZ<€t> +3T R™(T, p)

t=1 t=1
The last expression converges a.s. to zero with a non-trivial speed since Ele;|" < oo
for r > 2.
Q.E.D.

5 Uniform inferences in AR(p) models.

5.1 About AR(p) models.

In this section we consider an AR(p) model with at most one root close to the unit
circle. Let us consider an AR(p) model in ADF form:

p—1

Yt = PYt—1 + Z Ay + &y, (3)

j=1

13



where error terms satisfy the set of Assumptions C.

Assumptions C. Let {¢;}°; be i.i.d. error terms with zero mean Fe;=0, unit
variance Fe? = 1 and finite forth moments Ee} < oco.

We restrict ourselves to processes with at most one root close to the unit circle.
The process (3) could be described by equation a(L)y; = &;, where a(L) = 1 —
pL — Z?;i a;j(1 — L)L7. Let us have the following representation of the polynomial:
a(lL) =1 — L) (1 —p,L), where |p1| < |po] < -+ < |pp| < 1. Let us fix
0 < d < 1. For every p € (0,1) we define a set R, to be a set of all possible values of
the nuisance parameter o = (ay, ..., 1) such that |p, 1| < 0.

The lemma below demonstrates some properties of an AR(p) process with at most

one root close to the unit circle.

Lemma 8 Assume that a(L) = (1 — L) -+ -~ (1 — p,L), where || < o] <--- <
|pp—1] < 6 < 1. Let Ult(;LL) =Y 2o cil?, then

W) Tl < Ci(0);

b) for ~v; =2, ciciy; we have ‘Z;io vi| < Co(0);

c) for Uijx = z:io CtCrriCrjCrik WE have ‘ZZO Z;io Ziio Ui jk| < C3(9),

where C;(9) are constants depending only on § and p, but not on the value of the

r0018S.

Proof of Lemma 8.

a)

(1- ,LL1(L)...(1>— fi,L) =(1-1) (Z u{[ﬂ) (Z sz) _

=(1-0)) S sy | I

Jj=0 k17k27---7kpizi ki=j

_ ki, k2 k ki ko kp
Cj = E My g™y — E Ky g™ ey =
ki,ko,okpids; ki=] 1k, kp:d s, ki=j—1
_ k1, ko2 k k1, ko kp—1
= —(1— pp) > piy gty > [ g ey
k’l,kz,...,k}pizi ki=j—1 kl,kQ,...,ka_ltzik’iZj

14



>l < 1=md (S b ) o (St )+ (St oo (St <
J=0 Jj=0 j=0 j=0
1 |1 — pup| )
< + 1) < const(9),
o o
it ends the proof of part a).
b)

00 00 0o
<2 hal <213 ceivs) <
7=0 7=0

>
7=0

¢) The proof is totally similar to that of part b).

Lemma 9 Let us have two AR(p) processes y; = py,_1 + Zf;% a;Ay_; + &, and
Z = pzi—1 + Z?;i BiAzi_; + €, where error terms €; are i.i.d. standard normal
random variables. Then we have:

E
0) SUD jeio,1) WPy e, SUPger, AL < C(6)|o — B2

E, (A Azt)
b) SUD,co1) SUPuer, SUDser, (T C(8)la — 8%

\%
) SUD e 1) SWPaer, SWPser, Yo — 1| < C(0) o - A]]

Var(zt)
4) SUD efo) SWPucr, SWDser, VRS — 1] < C (@)l - Bl
) SUP i fo.1) SUWPucr, SUPper, Tattr < C(8) | — B1%
f) $UDefo) WP, SWPser, LTI < C(6) o — AP
9) SUDc(0,1) SWPacr, SUPger, “LGULEL < O(5) | — B

Here we have ||a — (|| = max; |o; — 5;|. The constant C(0) depends only on § and the

order of the process p.

Proof of Lemma 9.

a) First of all, we can note that any complex root has a complex conjugant. Since
we restrict ourselves to at most one root close to the unit circle, then if there is such
a root it must be real.

Let us introduce polynomials a(L) = 1 — pL — Zp La;(1= L)LY and b(L) =
1—pL— Z?;i B;(1— L)Lt = (1—wL)...(1 — upL). Then we have a(L)y; = &;, and
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b(L)z; = ;. We can note that

(e L(1 - L)f(L) _
e <1 b<L>)yt (1= L) (1 — paL)oc(1 — L)

) (- ()
(1= mL)(L = p2L)...(1 — L)
where f(L) = fo+ fil+ ...+ fp—oLP7%, fi = (j31 — Bj+1), and max; |f;] = [la — B
We also assume that || < |pa| < ... <|pp—1] <9 < 1.

1-L)f(L _ 00 i o 00 .
Let e MIL)El M;L() )( ) = ijo d;L7, then y — 2z = ijo d;yi—j—1. It is easy to

show that

Yt—1,

Var(y, — z) < (Z |d; \) Var(y).

We can note that 37 |d;| < (p — 2)[la — Bl 372, |ej], where ¢; are defined as in
Lemma 8. The statement of part a) follows from the statement a) of Lemma 8.

b) Proof is absolutely similar to that of a) and follows from the fact that Ay, —
Az = ( — L)) Ay,.

¢) We have 7 )) yr = 2. Using the same reasoning as before we receive:

Var(z) < (Z | fil ) Var(y;), where Z((é)) = Zfi[ﬁ

It’s easy to see that f; = d; for ¢ > 1, and fy = dy + 1, where d; are defined in the

proof of part a) of Lemma 9. Then

Var(z
d; 2_1< — 3.
Var) ~ 1< (Il + 1~ 1< C@)a— 5]

Similarly, VZ:EZ*; 1 < C(0)||la — B], that gives us statement c).

Proof of part d) is analogous to that of part c).
e) It is easy to note that

E th - Zt2)2 < \/E (Y — Zt)4\/E (e + Zt>4

By reasoning similar to one in the proof of part a): F (y, — z)" < (323, \d:)* By,

where d; are defined in the proof of part a). We also have E (y, + 2)* < (327, |g:)* By,
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> gLt Tt is easy to see that g; = d; for i > 1 and go = do + 2. As

where ‘Z(L)(;b(L

a result,

2 /0 2
E (y; — %) (Zld |> (ZI%I) By, < const(d)|a — B|* By,
=0

4
4.

is bounded.
Ey?)?

Let ye = >, hier, then Eyj = ST hiEel + (32, hi)*(Eef)® < (32, hi)*(Eey +
(Be2)?) = (By?)? (1 - %) That finishes the proof of part e).

The only thing left to check is that expression (E—y

Proofs of parts f) and g) are similar to the proof of part e).

5.2 Estimation of the nuisance parameters.

Let us have a sample Y = (yy, ..., yr) from the process (3) with at most one root close
to the unit circle. We should note that the parameter o = (v, ...cp—1) is a nuisance
parameter for the hypothesis Hy : p = pg. As a result, it is impossible to construct
an exact confidence interval for the parameter p even if we deal with an AR(p) model
with normal errors.

As a part of a procedure of testing that the sum of AR coefficient is equal to p,
we calculate an estimate @(p) of the nuisance parameter v as the OLS estimate in a

regression model with the null hypothesis imposed:

p—1
Yi — PYi—1 = Z Ay + &y, (4)
j=1

that is, we regress ¥, — pyi—1 on Ay, ..., AYr_pi1.

Lemma 10 Assume that we have an AR (p) process defined by equation (3) with error
terms satisfying the set of Assumptions C.

Let us define Yi(p) = yi — pyi—1, and Xy = (Ay—1, .., Ays_p11). Let a(p) be
the OLS estimate of a in the regression of Yi(p) on X,. Then a(p) is a uniformly
consistent estimate of «, that is, the following convergence holds:

lim sup sup P,{|la—al >e} =0 for every e>0. (5)
T—00 pel0,1) a€R,

17



Proof of Lemma 10. Let X = (X{,..., X}) and X7 = (1,...,er)". Then

-1
1 1
a—o= 7 X'X 7 X',
Zt:l Var(Ay;) thl Var(Ay;)

. 1 / P ; 1 / p
We prove two statements: TV Ayt)X Y7 —P 0 uniformly, and TV Ayt)X X —

A uniformly, where det(A) is uniformly bounded away from 0.

2
The first statement can be received by noting that £ [m Zthl Ayt_lst]

1
Z?:l Var(Ayt)

For the proof of the second statement we note that Ay, = Zfio ci€¢_;, where the

— 0 uniformly, since Var(Ay,) > Var(e).

coefficients ¢; are defined in Lemma 8. Then E[AyAy,_;] =v; = D 2o CiCitj-

Let us consider the covariance of the following form
cov s ; = E(AyAy—j — EAy Ay ) (AysAys—; — EAy;Ays_;).
It is easy to see that
E(Ay Ay, j Ay Ay, ;) = ’YJZ + 7|2t73\ + Vit—josVt—s+j| + BETjimsimsiss

where «; and T'; ; are defined in Lemma 8. Then

oo
) 4
COVts,5 = Vt—s| + Ve—j—s|Vjt—s+j] T Ee E Ci—tCi—t45Ci—sCi—stj-
i=0

After applying Lemma 8 it is easy to show that Zfil ZL lcovy s | < C(6)T. As a
final step we can note that

const(0)

2 T T
< 25:1 thl |COUt,s,j|
- T

(Sr var(ag)

<

T
1
ZT Var(Ay,) Z(AytAyt—j — EAy Ay j)
t=1 t=1

It ends the proof of the Lemma 10.

5.3 Grid bootstrap

To perform a test that the sum of AR coefficient is equal to p we calculate the
conventional t-statistic ¢(p,yi, ..., yr) for this hypothesis in the regression model (3).

We also calculate estimates @(p) of the nuisance parameters « as in Lemma 10. Then
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we compare the calculated conventional t-statistic ¢(p, Y') with a critical value function
q(p, T, a(p)), which depends on the tested value p of the parameter of interest, on the
estimated nuisance parameter, and on the sample size.

The confidence set for the parameter p is constructed as a set of values for which

the corresponding hypothesis is accepted

CY)=A{p:alp,T,alp)) <t(p,Y) < qalp, T,a(p))}. (6)

We consider two sets of critical value functions: the one received by parametric grid
bootstrap, which is a generalization of Andrews’ (1993) method, and that received
by Hansen’s (1999) non-parametric grid bootstrap. In the parametric grid bootstrap
critical value functions are quantiles of the distribution of the t-statistic ¢(p, Z) in the

model
p—1
a=pua+ Yy a;(p)Az_;+e, (7)
j=1

where error terms e; are independently normally distributed with zero mean and unit
variance. In the non-parametric grid bootstrap we simulate critical value functions
as quantiles of the distribution of the t-statistic in the model (7) with ii.d. error
terms distributed according to the empirical distribution of the demeaned residuals
from regression (4).

Below we prove the validity of both procedures. The proofs are based on the
uniform approximation of the unknown distribution of the t-statistic ¢(p, Y) provided
by the distributions calculated via parametric and non-parametric grid bootstraps.

To formulate the results let us introduce some notations. Let statistics S and R

be defined by
S(Y.p,a,T) = G(p,a)™*Ye,  R(Y,p,a,T) = G(p, ) /*Y'Y G(p, )72,

where Y; = (y1_1, Ay_1, ..., Ayi_pi1), Y = (Y!,..Y}), e = (e1,..er), and G(p,a) =
diag <ZtT:1 Var(y,), ZtT:l Var(Ay), ..., Zthl Var(Ayt)) . Then the t-statistic for test-
ing the hypothesis that the sum of AR coefficients equals p is

tY,p,a,T) =1iR" (Y, p, 0, T)S(Y, p, ., T) //LLR-U(Y, p, o, Ty,
where [; = (1,0, ...,0).
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5.4 Parametric grid bootstrap
5.4.1 Parametric grid bootstrap for AR(p) processes with normal errors

In the case of AR(1) process with normal error terms the parametric grid bootstrap
(Andrews’ method) provides an exact confidence interval for the autoregressive co-
efficient p. As it was mentioned before the generalization of the method to AR(p)
models is not exact even if the error terms are normally distributed, because the
approximating distribution employs an estimate of the nuisance parameter, rather
then the true value of the nuisance parameter. We prove that the procedure provides
a uniform approximation of the unknown distribution of the t-statistic in a model
with normal errors as long as the estimate of the nuisance parameter is uniformly

consistent.

Theorem 1 Let us have two AR(p) processes y; = py;—1 + Z;’: alAy,_; + &, and
zZy = pzt_1+2§: a;Az_j+e, where error terms €; are independent standard normal
random wvariables. Assume that the parameter a uniformly converges to « as the
sample size increases, that is convergence (5) holds.

Then we have the following uniform approximations:

a) .00 SUPe(0.1) SWPser, £ LS (Y, p, 0, T) — S(Z, p, @, T)| > €} = 0;

b) im7—o0 SUP pe(0,1) SUPaer, o {|R(Y, p, ., T) — R(Z, p,@, T)| > e} = 0;

¢) im7 .00 SUP pe0,1) SUPaer, Lo {[t(Y, p, 0, T) — t(Z, p, @, T)| > €} = 0.

Proof of Theorem 1.

By combining a), b), ¢), and d) of Lemma 9 with Chebyshev’s inequality we have

A C(6 A
P, {|S(y,p,a,T) = S(z,p,a,T)| > e} < %Ha—&”.

Parts ¢), d), e), f), and g) of Lemma 9 combined with Chebyshev’s inequality give

~ c(6 ~
PR (. p.0.T) ~ R(z.p.5.7)] > &} < S o~ ).

Using the uniform consistency of the nuisance parameter estimate (5) we receive

statements a) and b) of Theorem 1.
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The statement c) follows from parts a) and b), continuity of ratio function, and
the fact, that statistic R is uniformly separated from 0.

Q.E.D.

5.4.2 Parametric grid bootstrap. Approximation in the near unity region.

To prove that the parametric grid bootstrap is an asymptotically valid procedure for
constructing confidence sets in models with non-normal errors we employ the same
idea as in Chapter 2 of the paper. We divide the set of values of p into two subsets.
One of two subsets is increasing, while the second subset is contracting toward the
unit root with a speed slower than 1/T" as the sample size T increases. Over the
first subset the standard normal distribution provides the uniform approximation of
the unknown distribution of the t-statistic. We receive an approximation over the
second set via constructing an AR(p) process with the same AR coefficients and
normal errors, such that the t-statistics for this process is uniformly close to the
initial t-statistic. It allows us to state that the distribution of the t-statistic for an
AR(p) process is uniformly approximated by the distribution of t-statistic for an
AR(p) process with the same AR coefficients, but with normal errors. Given that the
parametric grid bootstrap works for models with normal errors we receive the validity

of the procedure for models with non-normal error terms.

Lemma 11 Assume that Y = (y1,...,yr) is a sample from an AR(p) process de-
scribed by equation (3) with error terms satisfying the set of Assumptions C.
Let z; be an AR(p) process with normal errors:

k
2t = pzi_1+ ZajAZt_j +e, e ~iidN(0,1),t=1,..,T.

j=1
Then there exists a completion of the initial probability space and the realization of
process z; on this probability space such that, for every d > 0 we have

a) SUPye(0,1) SUPacr, SUPj=1,...T % - \% = 0(T71/4+6) a.s.;

=0(1) a.s.;

yr,
b) SUDPpe(0,1) SUPaer, SUPj=1,..T | /T

1 T 1 T
¢) SUDPe(0,1) SUPaeR, | T D jm1 Yi—1Ej — T D jm1 Zi—1€;

T T _
d) SUPye(0,1) SUPaer, % Zj:l yj2—1 - %2 Zj:l 232'—1‘ = o(T7V*0) a.s.;

= o(T~V40) a.s;
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The statistic S(Y, p,, T') is a p-dimensional vector. Let S1(Y, p,a, T) = 11S(Y, p, 0, T')
be the first component, while S, (Y, p, o, T) be the (p—1)- dimensional vector con-
sisting of the last p — 1 components of the vector S(Y, p,«,T). Then,
€) SUP e 4, SUPer, SUP, [S1(Y, p, 0, T) — S1(Z, p,a, T)| = o(1) a.s;

f) sup e a, SUPgeR, SUD, |P{S(2mp)(Y, p,a,T) >z} — P{&> :L‘}‘ = o(1),
where & ~ N(0,T).

The statistic R(Y, p,a,T) is a p X p-dimensional matriz. Let Ry (Y, p,a,T) =
ILLR(Y, p,a, T)ly be the left upper corner element of R(Y, p, &, T). Let Ry (2..)(Y, p,a, T)
be the (p— 1)- dimensional vector consisting of the elements of the first column of the
matriz, excluding the first element. We denote R, p) 2.0 (Y, p,a,T) the right low
square (p — 1) X (p — 1) sub-matriz of R(Y, p,a,T). That is,

Rpam)=| ™ e
Ria.p BRe.p).e.p

Then,

9) SUP,ea, SUPaer, SUP, [R11 (Y, p, o, T) — Rii(Z, p, ., T)| = o(1) a.s.;

h) SUp e 4, SUDger, P{|Ri2.0(Y,p,a,T)| >z} = o(1) for any z > 0;

i) SUPpc 4, SUPeR, P{|R@.p),c.p)(Y.p,a,T) =T| >z} = o(1) for any x> 0;

Finally,

k) iz o0 SUD e 4, SUPger, SUP, | P{t(Y, p,, T) >z} — P{t(Z,p,a,T) > x}| = 0.

Here a set Ar of parameters p is defined by Ar = {p € (0,1) : |1 — p| < T~} for

a sufficiently small € > 0. All limits are taken as T increases to infinity.

Proof of Lemma 11.

In the proof the word “uniformly” always mean “uniformly over p € Ar and
acR,.

a) We can find a probability space with a realization of the partial sum process
nr(t) and a sequence of Brownian processes wy(t) on it such that supy<,<; [n7(t) —
wr(t)] = O(T~/*9) a.s. As before we define the realization of error terms to be the

normalized increments of the corresponding processes:

Fon@) () G @) ()
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Let us define a sequence of numbers d; by the equality ﬁ = Z;io d;L’. Then the

sequence ¢; = d; — d;_; is the same as in Lemma 8. We have

stt]:]iod—dj 1)77T< ) ZCJ"T(T>

and

Zd Crj = Z (dj —dj-1)wr (t%) = ;Cij <t%‘]> :

7=0

Then by using statement a) from Lemma 8 we receive

Yrj 2ATj

<

VT VT~

sup sup sup
pe(0,1) @€R, j=1,...,T

< ( sup sup Z |c]|> su1<)1 Inp(t) — wp(t)] = O(T~ Y49 a.s.

p€(0,1) aeRp
It ends the proof of the part a).
b)

sup sup sup
p€(0,1) a€R,p j=1,....T

c)

0<t<1

< (sup sup Z|CJ|> sup |wr(t)=0(1) a.s.
p€(0,1) a€ER)

T

1 <& 1 LA
T Zyj—lgj -7 Z 2j-1€5 = Z
j=1 Jj=1

Jj=1

(TZ (j/T)er; — 1TZWT(j/T)€T,j

N (yT%p) o (1) — arlp), (1))

Let us consider the first term:
T . T .
ij—l (] ) AZj_l <] >
sup sup nr\ = - wr |\ = =
pe(0,1) aER, JZ1 VT T Z VT T
T _ T .
Zi Ci€j—; <] > ZZ Ci€j—; (] )
= sup sup I () — T iy
pe(0,1) aER, ; VT T z; VT T

< ( sup sup Z\c, ) max

pe(0,1) a€R,




According to part ¢) of Lemma 3 from the paper the following asymptotic equality

has place:

= o(T~ V40 q.s.

= > i/ Tery = = S wrli/Ter;

From the parts a) and b) of Lemma 11 it is easy to receive that

sup  sup yT7T<p)77T (1) _ ZT,T(p)wT (1)' _ O(T—1/4+6) a.s.

pe(ovl) O(GRP

The last three limits give us statement c).

d) The statement is easily follows from parts a) and b):

T T

2
Z e
j=1 j=1

(sup

e) The statistic S(Y, p,a,T) is a p - dimensional vector the first component

sup sup
p€(0,1) a€ER,p

sup sup < sup
p€(0,1) a€ER,

+ sup |—% > = o(T~ Y49 q.s.
J

LS(Y,p,a,T) = DYSUSTE of which may have non-standard behavior.
AP >S1y Var(ye)
t=1 t

We note that Y, Var(y,) = T 2o d7, where y, = 377, dje; ;. Tt is easy to
notice that >-°° d? > C(6)=. Then

j=0""j

Zyt 1€ — Zzt 1€t> =
Zt Var(y:) < t=1

< CO)VT(1—p) (% Zyt—15t - %Z Zt—1€t> =

T(1— p)o(T~Y*+9) = o(1) a.s.

uniformly over the set Ar. It gives us that there exists realization of processes y;
and z; on the same probability space such that I{S(Y, p, o, T) and I'S(Z, p,, T') are
almost surely uniformly close to each other over the set Ar.

f) We can note that
Ay = —(1 = pp)ye—1 + Y4,
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where (1 — iy L)...(1 — pp—1L)Y; = ¢, is a stationary process with all roots strictly
outside 1/ circle. It is easy to see that

2
o[ =) 5 yege

> Var(y)

=(1- up)Q — 0 uniformly over Arp.

(L—pp) 7 yi—jet

As a result, we have that the sequence =
¢ Var(ye)

converges in probability to zero
uniformly over Ar.

We need to check that

T
1

i Z(Yt—lé?t; s Yipnier) = N(0, 1),
t=1

3

where I' = E'[(Yi—1, ..., Yi—p+1) (Yie1, ..., Yi—pt1)'] and the convergence is taking place
uniformly over all possible processes with roots outside the 1/ circle. The statement
follows from the Central Limit Theorem for martingale - differences.

g) From the definition of the statistics we have Ry, (Y, p, @, T) = <r—o—— Zle Yy

S0y Var(y;)
and Ry, (Z, p,o, T) = 22

ST Var(ey) =1 1

From the statement d) of Lemma 11 we receive uniformly over Ar

T
1
|Ri1(y, p,a, T) — Ry1(z,p,, T)| < T(1 — T2 Zy] 7 szz_l _

=1
= T(1 — p)o(T7V4) = o(T~V42) = o(1) a.s.

The last inequality holds if ¢ < 1/4.
h) Since Ay, = —(1 — pp)y: + Vi, where the process Y; is defined by equation
(1= L)...(1 = ppp—1L)Y; = ;. Then

T T T
D yiyi = (0= m) > vl + >y
j=1 j=1 j=1

We have

T
1
T3/2 MPZ?: 1_”P\/—Tzzyj— 1_MP\/T<JmaX

= O((1 = pp)VT) = O(T~Y?*¢) a.s. uniformly over Asg.
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We note that S, Var(y,) > CTl%p; ST Var(Ay,) > T. As a result,

T3/2
< +/T(1 — p) and
VEL Var(y)/ S, Var(Ay) — (1=7)

T
1
(1= pp) Y y; = O(T72H%) as. (8
VEL Varly)y/SL, Var(Ay)
Now let us turn to the second term. First of all we note that y, = > i dje—; and

Y, =3, dje;—j, where

il = > uftp <Zlk5l|u - ’<|up|”zl’“( ><C|up|j-

ki+...4+kp=j

The constant C' depends on ¢ but not on g, or other roots. The inequality holds
if ]u1| < .. < pp-1| < 9, and p € Ar for sufficiently large T such that |1 — p,| <

i 6)k : < 1—(0+ ¢) for some fixed € > 0.

: * k kp—
Similarly, |d}| = Zlir”.Jrkp_l:j prt e,
We have that

< ¥,

E(yTYTyT—jYT —j ESt Zd dH—]d;(d;(-W (Z dzd:> +

() (o) () (o)

By using inequalities for d; and d} we can get |E(yrYryr—;Yr—j)| < C1 + CQM

1—|up|
As a result,

T T
E (Z yth) < T |E(yrYryr—Yr—;)| < CiT? + C3———
t=1

j=1 1_|P|

By using Chebyshev’s lemma we have uniformly over Ag:

T
1
sup sup P Zyjyj Zos
pEAT a€R, \/Ethl Va'r’(yt)\/thzl Var(Ay,) j=1
1-—-
< C T2 C O T*1+E
= T2<1 FOTo) =0T

By joining the last inequality with (8) we receive statement h) of the Lemma.
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i) We use the fact that Ay, = —(1 — p,)y—1 + Y:, where Y, is defined in the proof

of statement f).

1 1—p
- Y AylAy, ;= ( T v) > -
t=1 t=1
(1 — pp) . 1«
T > WerYij + gy Vi) + T > vy, (9)
=1 =1

As in the proof of part h) we can show that “;375) STy, = O(TY%9) as.

uniformly over Ar. It gives us % S iy = O(T~'42%) = o(1) a.s uniformly

over Ar.

. 1 T )
As in the proof of part h) we can show that NN YooY +

\/VW(Ayt)\/VGT(yt) 1
T ( -

Y—j—1Y:) converges in probability to zero uniformly over Ay. Given that
) = o(1) uniformly, we conclude that the second term in (9) uniformly converges
to zero in probability.

The only thing left is to prove that %ZtT:l Y,Y,_; uniformly converges in proba-
bility to E(Y;Y;—_;). For this statement we show that £ (% Zthl VY, — E(Yth_j)> ’
converges uniformly to zero, and then we use Chebyshev’s inequality.

We already showed that Y; = 3777 die,_; with [df| < C'd.

j=0 "7

2
B(Y0Yoo,YaYioy) = Be' Y diy jdids sy + (Z dz‘dz‘ﬂ-) +

2
+ (Z djdj+s) + (Z d;ﬁd;ﬁ—&-s-i-j) (Z d;'kd;’k—i-s—j)

lcov(YoYo—y, YoYsoy)| < Ee? +

* E £ *
§ dz‘+j dz dsi—i-j ds+z'
i

< C6%.

2
+ (Z d;fd;+s> +

LN ES
§ di di+s+j
i

Z d:d:—l—s—j

As a result,

Sl

T 2 T T
1 1
E (f PR AT E(Ythj)> <5 2D (VY YY) <
t=1 t=1 s=1

where C' depends only on ¢ and p.



k)Since matrix R(Y, p, o, T') is asymptotically uniformly close in probability to the

matrix
2

1 T .

R ST Var(e) 0
R(Z7 P, &, T) = Zf:l Var(z) Zt:l “t

0 r

where 0 is a zero p X 1 vector. Then R™Y(Y, p, , T) is asymptotically uniformly close

in probability to the matrix

ﬁ Z; Var(z) 0
0 !

é_l(Z, p,a,T) =

Z?:l 23
Zthl Var(zt)

13 from the paper. Given the fact that S1 (2., (Y, p, o, T) is asymptotically uniformly

here we used that is uniformly separated from zero in a sense of Lemma

normally distributed we have that

(Y, p,a,T) = LR™NY, p,a, T)S(Y, p, 0, T) [N/ ER(Y, p, Ty

R} (Z,0,0,T)S11(Z,p,0,T)
\/Rfll (va»ayT)

and it is asymptotically uniformly close in probability to ¢(Z, p, a, T).

is uniformly close in probability to

Z?:l Zt—16t
T
tm1 zt2

It ends the proof of Lemma 11.

. The last expression is equal

to

5.4.3 Parametric grid bootstrap. Approximation in the stationary region.

Lemma 12 Assume that Y = (y1,...,yr) is a sample from an AR(p) process defined
by equation (3) with error terms satisfying the set of Assumptions C. Let us define
a set Br ={p € (0,1) : 1 —p > CT'*} for arbitrary small € > 0. Let T be the
correlation matriz for a random vector Xy = (yy—1, AYr—1, ...Ayt_p+1). Then

a) im7—.o0 SUP e, SUPper, P {IR(Y, p,, T) = T| > €} =0 for every € > 0;

b) limy o SUD e, SUDer, SUD, [P{d'S(Y, p, o, T) < x} — ®(x)| = 0, for any p-dimensional

vector a such that a’Ya = 1;

¢) imr .o SUP ye 4, SUPeR, SUP, |P{t(Y,p,a,T) < x} — ®(x)| = 0.

Proof of Lemmma 12. The proof is totally analogous to that of Lemma 2.1
and 2.2 from Giraitis and Phillips (2004). Since we assumed the existence of a finite

forth moment, we do not need to use the truncation argument.

28



a) As before we use that y, = > 2 dje;; and |d;| < Clu,l’, where C' depends
only on ¢ and p. We have

2
. C

|cov(ys, y3)| < Ee} Z dz2d12+s (Z didi+s> (1_—)2|Mp|2s-
=0

=0 ’up

IN

As a result,

T 2 T
1 1
———F 2_TV < - 2,2\ <
T2V ar?(y,) (; Y ar(yt)> = TVari(y,) ES :|cov(y0,ys)| <

<C ! < ¢ 0
T TVart(y) (1 —pp)? T T(1—pp)

It gives us

T—o0 pEBT 0ER,

lim sup sup P{

T
1 2
—E — 1 >ep =0 for every € > 0. 10
TVar(y) =™ } ' 1o

Similarly since Ay, = 377 ¢jer—; and |¢;| < C¥7 we have:

|COU(ytAyt—ja yt+sAyt+s—j)| < ng Z CidiyjCivsdiyjrs + (Z CiCi+s> <Z didi—l-s) +
i=0

1=0 =0

[e%e) 0 C
+ Zcidi-i-j—i-s ZCiJrsdiJrj S T 707
— (1= |pl)

1=0

T 2
1
o . <
T2Var(y,)Var(Ay,) L (Z YeAy—; — Tcov(yy, A%—g)) <

1
<
~ TVar(y)Var(Ay)

Z |cov(YsAYi—j, YersAYrys—j)| <

1 C
<C <= —=0.
TVar(ye)(1 = |pp|)
It gives us
li P ! Z A (e, Ayy_;)| > 0
im sup sup — corr (Y, =0.
T—0 peBr acR, T\/Var Yt) \/Var Ayy) = = Yo 2
(11)
In the proof of step b) of Lemma 10 we showed that
1
lim sup sup P |= Z Ay Ay, — cov(Ay, Ay,_;)| > € p =0 for every e > 0.
T—o0 pEBT (XERP T =1
(12)
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Putting together equations (10), (11) and (12) we receive statement a) of the lemma.
b) Let a is a p-dimensional vector such that 'Ta = 1. We consider the sequence

of random variables

r o, _
& = ﬁa diag(Var(y,), Var(Ay,_1), .., Var(Ay_ps1)) "> Xe,. (13)

In order to prove that 23:1 &1 converges to N (0, 1) as the sample size increases we
need to check three conditions:
1) E(ft,T’ftq) = 0;
NS E (& 7| Fi-1) converges uniformly in probability to 1;
3) Z;‘le E(fﬁT]|§t,T|>€|ﬂ_1) converges uniformly in probability to 0.

The first condition is trivially satisfied since (&, F({e;}i__.)) is a martingale
- difference sequence. For the second condition we note that Zle E(&p|Fi) =

a'R(y, p, a, T)a that according the part a) of Lemma 12 converges to 1.
We check the third condition:

T T
L (Z E(52T1|5t,T|>€|‘E—1)> <e’E (Z E(fﬁﬂft—l)) =

t=1 t=1

T
— 1 /7 _
=c QE Z E(d'diag(Var(y,), Var(Ayi_1), ..., Var(Ay,_p1)) 72 X,) =
t=1

o €2 Ay_y Yt—p+1

4
Yi—1 A
=—F|a + ag +..+ta )
T ( VVar(yi—1) v Var(Ay,_1) v \/Var(AytpH))

4 4
It is enough to show that F (yt—‘l) < (Cand FE (L> < (), that can
Var(yt—1) Var(Ayi—1)

be shown easily.

YL ¢ the formula

¢) By applying part a) and part b) of the Lemma with a = =
1 1

I p—1
t(y,p,()é7T) = llR <y’p’&7T)S(y7p7a7T>
\/l/lRil(ya P, &, T)ll

we receive the statement c).

5.4.4 Parametric grid bootstrap. Main theorem.
The validity of the parametric bootstrap procedure is stated in the theorem below.
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Theorem 2 Assume that the process y; is an AR(p) process defined by equation (3)
with error terms satisfying the set of Assumptions C. Let z, be an AR(p) process
with normal errors defined by equation (7), where &(p) is the OLS estimates in a
regression model (/). Then the distribution of the t-statistic based on the process y;
could be uniformly approximated by the distribution of t-statistic based on the process
2

lim sup sup sup |P{t(Y,p,a,T) >z} — P{t(Z,p,a,T) > x}| = 0.

T—00 pe(0,1) a€R,
As a result, the set defined by (6) with q;(p,T,a(p)),i = 1,2 being quantiles of the

distribution of t(Z, p,a,T), is an asymptotic confidence set for p.

Proof of Theorem 2. Let a process &; is defined as AR(p) process with the same
coefficients as y; with normal errors

k
&=pG1+ Y oA j+er, e ~iidN(0,1)t=1,.,T.

j=1

It follows from the Lemmas 11 and 12 that

lim Sup Sup sup |P{t(yapaa7T) < 'T} o P{t(gapaaaT) < .T}| = 0.
T—00 pe[0,1) a€R, =
Theorem 1 states that
lim sup sup sup |P{HE p, o, T) < o} — P{t(2, p,a(p), T) < 2} =0,

1= pef0,1) a€R, @

as long as a(p) is a uniformly consistent estimator of . The uniform consistency was

received in Lemma 10. It ends the proof of the theorem.

5.5 Non-parametric grid bootstrap

The non-parametric grid bootstrap procedure uses an approximation of the unknown
distribution of the t-statistic (Y, p, a, T') by the distribution of the t-statistic t(Z, p, @, T'),
where z; is an AR(p) process defined by (7) with error terms having distribution Fr.
We consider Fr being an empirical distribution function of the residuals from the

regression (4). The distribution function Fr(X, po, p, @) depends on the realization of
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error terms of the process y;, on the coefficients p and « of the process y;, and on the
null value pg tested.
The validity of Hansen’s grid bootstrap is proven in the same way as we proved

it for AR(1) given the validity of Andrews’ method.

Theorem 3 Assume that the process y; is an AR(p) process defined by equation (3)
with error terms satisfying the set Assumptions C. Let z; be an AR(p) process defined
by equation (7), where a(p) is the OLS estimates in a regression model (4). Assume

that the errors e; of the process z; are i.i.d. with the distribution function Fr.
1)

lim sup sup sup  sup |P{t(Y,p,o,T) > x} — P{t(Z,p,a,T) > z}| = 0.
T—00 ye(0,1) a€R, Frela(K,M0) =

2) Let for almost all realizations of error terms ¥ = {e1,...,€;,...} there exist

constants K(X) > 0, M(X) > 0 and 6 > 0 such that for all p € Op
FT<E, P, P, Oé) S £4(K, M, 9),
then

lim sup sup sup |P{t(Y,p, o, T) > x} — P{t(Z,p,a,T) > 2|8} =0 as.

T—00 pe(0,1) a€R, =«

That s, the bootstrap provides a uniform asymptotic approximation for almost all
realization of error terms.

Let C(Y') be a set defined by equation (6) with q;(p, T, a(p)) = q:(p, T, a(p)|Y),i =
1,2 being quantiles of the distribution of the statistic t(Z, p,a,T), given the realization
of Y. Then the set C(Y') is an asymptotic confidence set.

3) Let FF™ be an empirical distribution function of the residuals from the re-
gression (4). Then for almost all realizations of error term 3 there exist constants

K(X)>0,M(X) >0 and 6 > 0 such that F§'" € L4(K, M,0).

Proof of Theorem 3
According to Lemma 15 from the paper there exist realizations of a partial sum

process and a sequence of Brownian motions such that

lim sup P{sup |nr(t) —w(t)| > T’} =0.
T—oo prer, (K,M0)  0<t<1
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In the part k) of Lemma 10 from the Supplementary Appendix we proved that having
such realizations of the processes leads to a uniform approximation in the near unity
region.

In the proof of part a) of Lemma 12 we showed that for any element £ of the matrix

R(y,p,a, T) — T we have that E(£)? < where C' is a constant that depends

_C
T(=p)’
only on p, § M and K. It implies that for every sequence of sets By = [—pr, pr| such
that T'(1 — pr) — oo we have

lim sup sup sup  P{|R(y,p,a,T) —=7Y| >z} =0 for any x> 0.

T—00 peBr a€R, Frely(K,M,0)

Let & 1 be defined by equation (13). Then according to Corollary to Theorem 1 from
Heyde and Hall (1991) we have

T
sup P{ZQT >x} — O(x)
* t=1

<C (Z E(gt,T)4 + E(a,R(yv P, &, T)CL - 1)2) :

t=1

In the proof of part b) of Lemma 11 we showed that the first term is less than
C/T where C depends only on p, § M and K. As a result, we have convergence of
the distribution of ’S(y, p, @, T) to N(0,1) uniformly over By and uniformly over
Fr e L4(K, M,0). It finishes the proof of part 1.
The proof of part 2) is exactly the same as the proof of Theorem 3 from the paper.
3) Let X; be defined as in Lemma 9, then ¢; = &; + (o — @(p))’ X;. We have

o ()1 = (% >t - 1) ¥2(a-4(0)) 7 ;am(a—a(p»’% > XXi(a=a(r)

From Lemma 9 we know that a(p) is a uniformly consistent estimate of a. According
to Law of Large Numbers %ZtT:l e2—-1—-0 as, %Zthl Xy — 0 a.s., and
ST X, X! is bounded a.s. As a result, we have convergence of uy(Fg™) — 1 to zero
almost surely. The third condition of the class £,(K, M, ) can be checked in a similar

way.

6 Subsampling.

In this section we clarify some technical details of the proof of subsampling invalid-

ity(Theorem 4 of the paper).
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First, we note that local to unity asymptotic results (Phillips (1987)) were estab-
lished for processes starting from zero whereas for subsampling we need to make a

different assumption about initial condition.! If |p| < 1, the initial variable 2y is nor-

mally distributed with mean i (here a is the value of the intercept) and variance

ﬁ. When p = 1, the initial value is an arbitrary constant. The Lemma below

follows the line of reasoning proposed in Elliott (1999) and Elliott and Stock (2001).

Lemma 13 Let u; = puj_1 + ¢ej,ug = 0 with errors e; being i.i.d. standard normal.

Let us define z; = p/ 1§_p2 + uj, where & ~ N(0,1) is distributed independently of
{ej}2,. Let

Z?:l Z;‘L—lej

i (2)?

We consider p =1+ ¢/T for some ¢ < 0. Let K.(s) = J.(s) + \;%{, where J. is an

th =

Ornstein-Ulenbeck process independent on &. Let

KEG) = Klo) = [ Kttt = J2(6) + A (120

stay for the demeaned version of K.. Then
Jo KL (t)dw(1)
Jo (KE(t))dt

tH = s T — oo.

Proof. All asymptotic convergence statements below hold simultaneously.

It is easy to see that
T T
1 1 19 1 -
—sz_lej:—Zuj_1€j+——Zp7 €; =
szl szl V1—p2T
1 5 1 1
= [ J(t)dw(t) + _/ e“dw(s) = [ Ke(s)dw(s).

For the denominator we have

2
1 2 1 1 £
—QZ%—FWZ(%—ﬁM 1——p2> =

T thank to Don Andrews and Patrik Guggenberger for pointing this out to me.
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T2Z 11+2\/7T22p]‘ ]1+<\/ﬁ) Tzz 2(j-1)

We know that ﬁZj VUi = fo J2(t)dt (Phillips, 1987). We can notice that

C

T(ll—p) and Z] 1P2(J D= T1(1pp) — 1:5?‘ The next observation is
_Z T - pQ(T—i)
T3/2Zp] w1 = Tg/zzez ZW —Ts/z; =

1 T T 1

1
= Ty o\l - p— cs _c
(1= p2)T3/2 216“0 (1— p2)T3/2uT = _20(/0 e“dw(s) — eJ.(1)).

As a result,

1 — ! & 1 [t . ¢ \?1—ex
ﬁjzlzf-lé/o Jf(t)dt+2\/__20_—26(/0 e“dw(s) —e Jc(l))+<\/—_20> o

We can notice that

/0 K2 (s)ds = /0 () + f%e@)ds _

:/01 J2(s) J_/ ) ds+< f20>2/01 2 s,

Consider in more details the integral below:

/01 ((5)e")ds = /01( /0 e du(t)e)ds = /O et / s () =

1 1 1 1
— o [ =N = ([ esaul) - ),
0 0

—2c

So, we have
1 < L
= d 2= / K2(t)dt
j=1 0

Now let us move to a model with demeaning. What will change in our results?

For the numerator we have:

T T

T T
1 1 1 . 1—p
§ : U _ } : © § : -1

:/01 Tt dw(t) + \/5_20 (/01 e duw(s) — 1:Cecw(1)) - OlKg(t)dw(t).
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We handle denominator in a similar way:

Finally we get
Jy Kt (t)duw(t)

N

Critical values for t—statistic based on KC processes

th =

QED.

critical values

Y |

0 5 10 15 20 25

Figure 1: 2.5% and 97.7% quantiles of statistic t%. Quantiles are based on simulated t-
statisics for AR(1) processes with a constant and stationary initial distribution for values
of AR parameter p = 1 4 ¢/T local to unity. Number of simulations 5000. Sample size

T = 300, normal errors.

Jo Kt ®)duw(?)
Jy (K@) ae
literature. So, we have to simulate critical values. We also show that for at least one

The quantiles of the distribution of t5. = has not been reported in

36



c < 0, if we use equitailed interval based on the distribution of ¢}, whereas the true
variable is normal, then the coverage will be smaller than declared.

We simulated quantiles and coverage for —c¢ = 0.05,0.1,0.5,1, 2,4, 10, 15, 20, 25.
The simulation are based on samples of size T' = 300. We performed 5000 simulations.

The results are reported in Figures 1 and 2.

Asymptotic coverage along sequences
0.95 \ \ ‘ ‘

0.9r

0.85f

coverage
o
~ o
o ™

©
3

0.65}

0.6

0.55
0

Figure 2: Coverage of equitailed intervals based on the distribution of ¢, whereas the true

distribution is standard normal. Based on simulated quantiles as in Figure 1.

The second technicality we address in this Appendix is related to the rate of

mixing coefficients decay for summands in empirical cdf.

Lemma 14 Given the assumptions made in Section 6 of the paper we have

Jy Ke(s)du(s)

c

lim sup |Lyy(x) — P

=0 n probability.
e Jy (2 (s))2ds

Proof. We follow the lines of the proof of Theorem 3.1 of Romano and Wolf (2001)

substituting their statistic for the corresponding t-statistic. The only thing we need

to check is that
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T—bp
=1

where ary, (h) are strong mixing coeflicients for an array of variables {¢;(br)}
The a- mixing coefficient ar . (h) is not exceeding the a- mixing coefficients for a set
of subsamples {z1, ..., 25} and {zp41, ..., Znts}, Where z; is a Gaussian AR(1) process
with AR coefficient p = 14¢/by. The latter is not bigger than the a-mixing coefficient
a,(h — br) for the process z.
We use a statement proved below that o (h) < p". Then
T—br T—br

1 1 . heb 1
— arp,(h) < = min{l, p;. "} =C——— —0 as T — .

The last hold since (1 — pr)T — o©.
Lemma 15 Let 2z, = pz;_q + w; be a stationary Gaussian AR(1) process, then

a,(h) < p"

Proof. From definition of mixing coefficients we have «,(h) < p,(h). Here p-mixing

coefficient p,(h) is the maximum correlation between the variables measurable with

respect to the two o— algebras. According to Kolmogorov and Rozanov (1960), it is

enough to restrict attention to linear functions of the variables {z;},<; and {z;};>¢4n.
According to Ibragimov (1970) (see formula (4.2)),

p(n) = sup | (e, ¥) ;| = sup
LPW QO,'lp

/ " o)™ F(N)A|

where f(A) =>70 e plkl is a spectral density function, ¢ and v are polynomials
of e with condition |||y = |||l = 1. Here we use (¢, %)y = [7_o(A)(X) f(A)dA.
Let () = Sr_, are™ and ¢(\) = EJK:() b;e”* then

JRECNIPVECS IOV I S, axbypht
R 7 =y |
Alrelly Vi anawpt (S, by pli)
Let us define matrices A = (p/*=I!),; and B = (p"*7=2); ;. Then
(n) = p's a’Bb
n) = up | ———=,
P p a,l? va' Aav'b Ab
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here a = (ag,a1,...,ap) and b = (by,...,bpr), M = max{L, K}. We also define a

matrix
1—p2 0 0 0 O
—p 1 0 ... 0 O
L= 0 —p 1 0 0
0 0 0 —p 1

Then LAL' = diag(1—p*, 1—p?,...,1—p?) = A, and LBL' = diag(1—p?,0,...,0) = B.
Let @ = (L')"'a and b = (L')~'b, then

a’' Bb @B %6&‘
p(n) = p"sup —‘ = p"sup —————= = p"sup ==
v | o Ao/ Ab b VaAaV v Ab ab /(a2 (> b2)

7 Simulations.

We performed a small simulation study to assess the extend to which asymptotic re-
sults are reflected in finite samples. The study is intended to answer several questions

listed below:

e check finite sample performance of the three procedures validity of which was

proven in the paper;

e explore a sensitivity of the described methods to non-symmetry or heavy-

taileness of distribution of error terms;
e compare the accuracy of the three methods;

e assess the size distortion of subsampling: whether it is as extreme as predicted

by asymptotic results of Andrews and Guggenberger (2006);

e examine how coverage properties of subsampling intervals depend on block size

and for what range of AR coefficients it is safe to use subsampling.

We start with the first group of questions concerning the three methods we pro-

vided proofs for. We simulate AR(1) model with a linear trend since this is the setup
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gi~vXi—4 gi~Xi—4
Andrews | Stock | Hansen | Andrews | Stock | Hansen

p=0.3 0.95 0.97 0.97 0.96 0.96 0.96
p=0.5 0.96 0.96 0.96 0.96 0.96 0.96
p=0.7 0.97 0.96 0.96 0.96 0.95 0.95
p=0.8 0.97 0.96 0.96 0.96 0.95 0.95
p=0.9 0.97 0.96 0.96 0.97 0.96 0.96
p=0.95 0.97 0.96 0.96 0.96 0.97 0.96
p=0.99 0.95 0.95 0.95 0.96 0.96 0.95

p=1 0.95 0.96 0.96 0.96 0.95 0.96

Table 1: Coverage of Andrews’(1993), Stock’s (1991) and Hansen’s grid bootstrap (1999)
intervals for the AR coefficient in AR(1) model with a linear trend y; = a + bt + x4; 2, =

pxi—1 + ¢ Sample size equals 120.

g; ~ ARCH(0.3) g; ~ ARCH(0.85)
Andrews | Stock | Hansen | Andrews | Stock | Hansen

p=0.3 0.89 0.88 0.90 0.70 0.72 0.73
p=0.5 0.92 0.89 0.90 0.72 0.72 0.73
p=0.7 0.93 0.90 0.91 0.73 0.76 0.77
p=0.8 0.93 0.91 0.92 0.77 0.79 0.80
p=0.9 0.94 0.92 0.92 0.83 0.84 0.85
p=0.95 0.95 0.94 0.94 0.85 0.88 0.87
p=0.99 0.96 0.95 0.95 0.90 0.90 0.92

p=1 0.95 0.95 0.95 0.91 0.91 0.93

Table 2: Coverage of Andrews’(1993), Stock’s (1991) and Hansen’s grid bootstrap (1999)
intervals for the AR coefficient in AR(1) model with a linear trend y; = a + bt + x4; 21 =

pxi—1 + ¢ Sample size equals 120.
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where the distortions are most pronounced. We used normal errors, errors having cen-
tered x? distribution with 4 and 8 degrees of freedom, and errors following ARCH(1)
process with parameter 0.3 and 0.85. Those specifications are taken from Andrews
(1993). We use sample size T' = 120, as a typical one for macroeconomic time series.
We performed simulations for p equals to 0.3, 0.5, 0.7, 0.8, 0.9, 0.95, 0.99 and 1. This
range of values of p covers some values in stationary region, in close proximity to
the unit root, as well as in intermediate range. Number of simulations is equal 1000.
Some of results are reported in Tables 1 and 2.

All three methods achieved 95% coverage for an AR(1) model with linear trend
and normal errors for all values of p we checked (we did not report these results
in the tables). Table 1 is intended to show that all methods seems to be robust
towards asymmetry and heavy-taileness of distribution of error terms. We should
also note that there is no strong leader among the three methods. In Table 2 we
allowed conditional heteroscedasticity. Strictly speaking our proofs do not allow for
heteroscedasticity. We can see that the methods failed in this setup, and the coverage
may fall as low as 70%.

Now we turn to subsampling. According to our results reported in Section 6 of the
paper, the subsampling procedure fails to provide asymptotically correct confidence
sets. According to Andrews and Guggenberger (2006) the asymptotic coverage is as
low as 26% for an AR(1) with a linear time trend. We would like to know to what
extend these asymptotic results are reflected in finite samples.

According to the proof of Theorem 4 from the paper, a bad coverage is expected
for intermediate values of p. Romano and Wolf (2001) provided some simulations
regarding the coverage of subsampling intervals, but for a very restricted set of values
of p € {0.6,0.9,0.95,0.99, 1}. We repeat their exercise for a wider range of p’s and for
several different sample sizes T' = 120, T = 240,T = 480,T = 960. For each sample
size we try several block sizes. For T = 120 and T" = 240 we use the same set of
block sizes as used in Romano and Wolf. For T" = 480 and 7" = 960 we use block
sizes b that approximately follow the rule proposed in Romano and Wolf: b = ¢T"/2,

¢ € [0.5,3]. For all simulations we used a model with normal homoscedastic errors

41



=240
=960

T
T

10
15
20
+= b=30
40
60

—_— D
-0~ b;
- D
—
-0~ b
- b

0.9 7sm

@
o

0.7t
0.65H = = b
0.6

0.

1
0.95F
0.85F
0.75F

0.7t
065H = =b
6

0.

abesanod

=120
=480

T
T

N©©OOo
PRYTD T
L28888

[ 14

=10
=16
=24

36
=52
=80

C b

0.65H = = b
b
6
0.

— D
-~ b
- b:

0.7
0.65 H
0.

abesanod abesanod

Figure 3: Coverage of equitailed subsampling intervals with nominal level 95%.

model with a linear time trend, normal errors. Number of simulations =1000.
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only. All results are summarized on Figure 3.

First of all, we should note that subsampling undercovers for quite a wide range
of p’s. However, the amount of undercoverage is not as extreme as predicted by
Andrews and Guggenberger (2006). One more interesting aspect could be noted - the
size property of the procedure becomes worse as the sample size increases! According
to the intuition of Theorem 4 from the paper, the size distortion becomes pronounced
when T'/br is large, that can only be true for large sample sizes. As for the right
choice of block size, there is no clear leader: for different range of p’s and for different
T different block sizes serve better.

One main conclusion of our simulation study is that we do not recommend subsam-
pling procedure to be used in empirical study to make inferences about the persistence
of a time series.
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