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Abstract: This Supplemental Appendix contains proofs of some theoretical results stated in
Anatolyev and Mikusheva “Factor models with many assets: strong factors, weak factors, and the
two-pass procedure.” In particular, in Section S1 we prove sufficient conditions for Assumption
ERRORS stated in Example 1 and Lemma 1 of the paper. In Section S2 we prove validity of
Assumptions GAUSSTANITY and COVARIANCE as stated in Lemmas 2 and 3 of the paper.

Auxiliary statements are placed in Section S3.

Note on notation: All statements, assumptions, definitions stated in the paper “Factor
models with many assets:strong factors, weak factors, and the two-pass procedure” by Anatolyev
and Mikusheva keep the notations and labels from the paper, for example, Lemma 2. All new
lemmas and equations stated in the Supplementary Appendix have labels starting with S, for

example, Lemma S1 or equation (S2).

S1 Relation between different assumptions on idiosyn-

cratic errors

S1.1 Example 1: conditional heteroskedasticity

Example 1. Here we restate it for proper reference. Assume that errors e;; have the following
weak latent factor structure:

/
€it = T;Wwt + Nit,

where (wy, F}) is stationary, wy is a ky, X 1 serially independent, conditional on F, times se-
ries with E(w|F) = 0 and E(waw;) = I, (normalization without loss of generality). As-

sume E [(||F¢||* + 1)([Jwel|* +1)] < oco. We assume that the loadings satisfy the conditions
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SN mim, — Ty (the factors w; are weak) and N~V23"N ma/ — T, Assume that the
random variables n;; are independent both cross-sectionally and across time, are independent
from w; and Fy, have mean zero and finite fourth moments and variances 02-2 that are bounded

above and such that N1 Z@]L 02 — o’

Proof that Example 1 satisfies Assumption ERRORS. Assumption ERRORS(i)
follows from w; being serially uncorrelated conditionally on F, and time series independence of

nit. For Assumption ERRORS(ii), note that for ¢ # s,

N “

1=1

N , N N
W Wy 1 1 , ,
p(t,s) = Z T i+ —= Z NitNis + ——= (Wiwmis + Wiwsnit) :
i=1 N N
By assumptions made we have E(w,w’|F) = 0 and 7;’s independent from F and w;’s with mean
y s n

zero, so E(p(s,t)|F) = 0. This also implies that in E(p(s,t)?|F) all interaction terms are zero,

so we have:
9 N , WsW ? 1 Y ?
E(p(s,t)°|F) =E (;ﬂ-z \/NTH) 7| +E <\/N;77it77is>
1 i 1 & ’
+E <m;7r§wmis> \F| +E (m;ﬁwsmt> |F
Note that

N
/ I
MWWy T;

i=1

N
/ /
< kymaxev | wswy g T

=1

N
/ /
tr (wswt mez)
i=1
N
< ko [ws||[|we|| maxev (Z mﬂé) < Cllws|[[fwe]|-
i=1

Here we used that the scalar product can be represented as a trace, tr(ABC) = tr(BCA), and
the trace is equal to a sum of eigenvalues and hence is bounded by its dimension times the
maximal eigenvalue. In the last inequality we used that the loadings m; imply only a weak factor

structure. By mutual independence of 7;’s, it is easy to see that

< - X
E Zmﬂ?w) :*203<C
mi:l Ni:l



and .
1 CE(||w|]?|F
R A RE S S R )

Thus,

E[(1F]* + Dols,t)°] = E [(1F]* + D E(p(s, )| F)]

<E|:(”FtH4+1) <C(Hwt|2+1?\(wasll2+1) +C>} <.

which proves validity of Assumption ERRORS(ii).

Now consider

| X i | X 1
E: t
Nze Z ’+2 /%jLNZ(”?t_U?HNZU?'
i=1 =1 ' '

Denote ®; = (1, F/,vec(FyF!)")". First, let us prove that

T
\/TNZ<S,5—ZG><I%—OP 1). (S1)

t=1

The only non-trivial parts are ﬁ Zfil Zle O wiminie = op(1) and \FT Zfil Zle ®y(n2 —

02) = 0,(1). For them, we use Chebyshev’s inequality:

N T 2 T
H Z > duwimima| | = NT2 ZO’QE D o mwawm
=1 t=1 t,s=1
= NT2 ZU%'E <Z ||<1>t||2E(wtw;yf)> m
t=1

IN

. N
w ! 2
g Max ev (Z mmm;)
NT i=1
T
X Max ev (E (Z HcIJtHQE(wth]:)>> .

t=1

For the first equality we used that 7;’s are independent from each other and from all F}’s and

wy’s; for the second — that wy’s are conditionally serially uncorrelated and have conditional mean



zero. By the moment assumptions,

T T
max ev (E (Z ||<I>t||2E(wtw£|]:)>> = maxev (E (Z ||<I>t||2wtw£>>
t=1 t=1

< TE [(|1EN* + 1E] + 1) lwe|?] < OT.
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The variances o; are all bounded and the factors are weak, which leads to

\/—T Z Z q)twtﬂ-zmt - Op(l)

i=1 t=1

Similarly,

HWTZZM” )| | = e S0 S0 E - ) B[]

This yields validity of statement (S1).

Let us now prove the first statement in Assumption ERRORS(iii):
\/N T _ \/N 1 N N ) 1 T
T2 STy RS-y ZFt ¥t - s

The first term is 0,(1) according to statement (S1) as F} is a part of ®;. Statement (S1) also
implies that v N(+ ZZ L0E— Zt 1 St) = op(1), which gives negligibility of the second term.
Now consider the second statement in Assumption ERRORS(iii):

1’ - = ZFtSt

||Mﬂ

1 <& 1 &
“N"EFS, ==-N " EF'S
Tg;ttt Tg;ttt

We have already proved above that the second term is o,(1). By equation (S1), the first term
equals 7 Z?zl EF+ 50 N 0240,(1) =P 62 E(F;F}), while the third term equals ~FF'L N M
+ 0,(1) =P —0?EF,(EF,). So, the second statement in Assumption ERRORS(iii) holds with
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Ngp2 = o?var(F}).

Finally, for Assumption ERRORS(iv), consider

1 & 1 Y
Wy = wtﬁ Zﬂi% + ﬁ Z%Uit~
i=1 i=1



Thus,

2 2

N
Z¢:1 YiMNit

E[Q+[IFI)IWel*] = B |1+ [1E?) Wi

N /
D e VW

VN

+E[1+[IFEI*)] E H

Notice that E(w|F) = 0 and that 7;;’s are independent from all other variables, thus there are

no terms containing the first power of 7;.. Now,
’ 1 & NN
= (\/N;%Wz> Wiwy (\/N ;%%‘)
1S N &
o) ()

N ! N
1 1
< ky||wy]|? max ev <ﬁ Z’yﬂé) <* waé) < C|we?.
N i=1 N =1

The assumptions on the loadings guarantee that the maximal eigenvalue is bounded above by a

Zi]\il ’Yz‘ﬂ'zl‘wt
VN

constant. Next,

N 2
E H Z¢:1 YiTlit

N
1

=1

Thus, Assumption ERRORS (iv) is valid as well. O

S1.2 Case of independence between errors and factors. Proof of
Lemma 1

Assumption ERRORS*

(i) The factors {F}, t = 1,...,T} are independent from errors {e;, i = 1,...,.N, t =1,..,T};
the error terms e; = (eyy, ..., ent)’ are serially independent and identically distributed for

different ¢ with Fe;; = 0 and sup; ¢ Eeglt < 00.

(ii) Let Enr = E'[ere)] be the N x N cross-sectional covariance matrix. For some positive

constants a, ¢ and C, we have limy 7 %tr(ENVT) =q and

¢ < liminf minev (Ex7) < limsupmaxev (Ex71) < C.
N,T—00 ’ N, T—o0 '
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(i) B |52 (eh - Be})| <C.
Lemma 1 Assumption LOADINGS and Assumption ERRORS* imply Assumption ERRORS.

Proof of Lemma 1. Assumption ERRORS*(i) implies Assumption ERRORS(i). Given the
independence between the two groups of variables and the moment condition for F; stated
in Assumption FACTORS, in order to prove Assumption ERRORS(ii) we need to show that

sup,; Ep(s, t)? is bounded from above. Indeed,

N N
Ep(s,t)2 = % Z Elejeisejiejs) = % Z Eleieji|Eleisejs] = %tr(EN,TEMT).
ij=1 ij=1
Here we used serial independence in Assumption ERRORS*(i) and the definition of covari-
ance matrices. For any positive definite N x N matrix A we have tr(42) = Zf\il \i(A4)? <
N (maxev(A))?, where Ai(A), i = 1,...,N, are eigenvalues of A. Thus, due to Assumption
ERRORS*(ii), we have tr(EyrEn1) < NC?. Thus, the right hand side of the last displayed
equation is bounded from above.

Assumption ERRORS (iii): Notice that since Zthl F, =0, we have

e

T \/}T
- 2R = AR

where we denote % =N-! Zf\i | E€2,. Let us check that the second moment of the last expres-

sion converges to zero:

= NS B [HE(s - %) (5 - %)

t=1 s=1

N - ~ —
\/; ZFt(St — 0'12\])
t=1

Given Assumption ERRORS*(i), only those terms survive that have s = ¢:

gi E[RF)E (S - o%)*].

Notice that )

—Ee)| | <C,

NE (S %)’| = F

using Assumption ERRORS*(iii). Thus, the first statement in Assumption ERRORS(iii) holds.



For the second statement, note that
1 & 1
~ - B B
E (T ;FtFtSt> = Sptr(fr) = aSp = Sgpe.
In order to prove the second statement in Assumption ERRORS(iii) we will show that
T o~ o~ PR
TV FF/(S: —o%) =P 0.
t=1
Following the same steps as in the proof of the first statement,

2 T

Z [IE4 B (8- o%)7] -

1~ ~
E T;FtF{(St

and we showed before E [(St —%)2} — 0. This finishes a proof of validity of Assumption
ERRORS(iii).
Lastly,

1
E[[W|l*] = =vEnry < NH’YHQmaXGV(SN,T) <C.

N

Thus, Assumption ERRORS (iv) holds as well. [J

S2 Statements about gaussianity. Proofs of Lemmas 2

and 3

S2.1 Re-statement of the Lemmas

For a set of vectors aj, we denote by (aj)?zl = (a},...,a}) a long vector consisting of the four

vectors stacked upon each other; we denote by (a;j+);<j+ the vectors a;;+ stacked together.



Assumption GAUSSTANITY Assume that the following convergence holds:

\/T%éi fﬁ/e
1 i (\/T%Ugj))?:l _ 1 ig' Lo (&1i)j=1
VN i=1 (Téiugj))§:1 VN i=1 Z (&e; ?:1 ’
(Tuf uf™) e (&)<

where § is a Gaussian vector with mean zero and covariance Y.

Assumption COVARIANCE Assume that % Zf\il &€ —P 3¢, where & and X¢ are defined
in Assumption GAUSSIANITY.

The assumptions we maintained in the previous sections are enough to guarantee that
ﬁ Zf\; 1& 18 Op(1). Assumption GAUSSIANITY establishes the asymptotic distribution of
that quantity, while Assumption COVARIANCE allows one to construct valid standard errors.
Below we provide sufficient conditions for the two new assumptions in the two leading exam-
ples discussed before: one where the observed factors are independent from the errors and the

example of factor-driven conditional heteroskedasticity.
Lemma 2 Assume that Assumption ERRORS* holds and additionally,
() EIF® < o00s Bl Ser, FeFy — Bp|| = 0;
(ii) max; ||y < C;
1

(iii) ytr(Ex ) — az and +7'En1y = I's, where I'; is a full rank matrix;

. N N N N
(iv) ﬁ Z¢1=1 Zizzl Zz‘3=1 Zi4:1 |Eeiyteipteigteist| < C;

then Assumption GAUSSIANITY holds. If in addition
\Enr —dg(EnT)|| = 0 as N, T — oo,

then Assumption COVARIANCE holds as well.

Lemma 3 Assume we have a setting as in Example 3. Assume additionally that conditions (i)

and (ii) of Lemma S2.1 hold and the following is true:

@) E[UE]® + Dllwe]P] < o0



(i) & SN oF = pg and + SN 02yt — Ty, where T, is a full rank matrix.

Then Assumption GAUSSIANITY holds. If in addition I'z, = 0, then Assumption COVARI-
ANCE holds as well.

Proof of common part of Lemmas 2 and 3. First, rewrite different components of &;:

T < () 1 v )
- -1
=D Eu == D D Sp e
\/N =1 T N i=1t1=1 tQETj
_ 1 i - IF]) 24 - Z Z oy 1F()€t16t2
VN r VN
=1 tGTj t1 1t2€ i, t1F£ts

Assumption ERRORS(iii) guarantees that (T\/N)_1 Zfil EteTj E}lﬁt(j)e?t = 0p(1). Thus, we

are only interested in gaussianity of the second sum. Thus,

N T

T o)1 Sy s =(7) =(j) ejes
—Zeiui == Se (Rt € T} + FYI{s € T;}) +0p(1).
RS %

s=1 t<s

Now assume that j7* > j and consider the following sum:

N
ZZ Z vec 1F] )F( 2 eltew)

=1 \/7 tET SGT*
/
1F( *) w1 E)) Eils
-3 TR e (R R I
Define
1
o {(2;1ﬁ§j))ﬂ{seTj}}4 ’
j=1

wi) = T3 (FOUs € ) + FOHt e T3} ) 5



wi?) = (S FO)) @ (SR EOI{t € Ty, s € Ty ).

s

Now we can stack all the vectors wg’j ") and wg) together. Call the resulting vector wg =

(w(l) w(l’Q)/,wg’g)/,...)’. Notice that

st ) st

1 T 1 N
T D=1 Us N D i=1 Vi€is

1
=
T N
N i % Zs:l Zt<s Wst \/1N Zizl €itCis

We will use the results established in the paper by Anatolyev and Mikusheva (2020); namely
Theorems 3.1 and 4.1 from Anatolyev and Mikusheva (2020) will be used to prove Lemma 2,
and Theorems 3.2 and 4.2 from Anatolyev and Mikusheva (2020) will be used to prove Lemma
3.

Now we check that Assumptions C, L and E from Anatolyev and Mikusheva (2020) hold in
both Lemma 2 and Lemma 3.

For Assumption C(i), taking into account the structure of v, = (v, {vgj)/ ;4-:1)/ and that

|T5|/T = %, we compute that

=1 0 iexy!

Consider now various sub-blocks of £, = lim 75 PHED Y <s E(wsiwy;) and show that it is a full

rank matrix. First, notice that wé{’j*)wgl’jf)/ is a zero matrix when (j,7%) # (j1,J7). In the

same way, wg’j*)wgl)/ is a zero matrix when j; ¢ (j,7*). Notice that

k [(Ft(j)Ft(j)l) ® (F(J*)ﬁs(j*)/)} - (Eﬁt(j)ﬁt(j),) ® (Eﬁs(j*)ﬁsgj*)/)

s

+E [(ﬁt(j)ﬁt(j)’ ~ EFVFY") g (FUIEGY — EFUY) ﬁs(j*)/)} .

For the (j,5*)" block, we take T2 ZseTj* ZteTj of the last displayed expression. Due to
summability of covariances, the double average of covariances coming from the second term

becomes negligible in the limit. Thus,

1 d (4:3%),,,(3:3%) . |T]||T]| -1 -1 11 -1
ﬁZZE[wS; wy? '] = lim | =5 ) S @ Bp! = St @ B
s=1 t<s
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Let us now focus on the block corresponding to the variance of the ;' term:

T
1 ~ ~s ~,. P
= 2D E[(F9s € T} + FOUt € T}) (FOUs € Ty} + FOLt € T3))|

s=1 t<s
= Z > (B[FOFO s € T} + E[FY FY It € T3
s=1t<s

+ (B[EOEY) + B[FY FI) ) s, t € T})

1 PN
7 LSS BRI tgm 2 o BIEVE]

t1=119 €T} t1€T; t2€T)

Again, due to stationarity and summability of covariances, the second term is negligible, so we

have, in the limit,

L D, D s jion (VBT =17 [ 7 7] =1 _ Lt
o> Bludu) %hm( = >2F E|RF| T3 = JT5.
s=1 t<s
By similar arguments, % 2321 D oies E[wgt)wg )y ] — 0 and % Zstl D oies E[wg’j*)wg)/] —0
when j # j*. To summarize, we have shown that €2, is a block diagonal matrix, with each block
being a full-rank matrix.
Assumptions C(ii) and C(iv) follow from condition (i) of Lemma 2. For Assumption C(iii),
notice that the proof of convergence of all blocks follows the same outline as above, and condition
(i) of Lemma 2 is sufficient. Assumption L is the same as condition (ii) of Lemma 2. Validity of

Assumption E has been shown before in Lemma 1.

Proof of Lemma 2. Assumption I(i) was stated as a part of Assumption ERRORS*. As-
sumptions I(ii)-(iv) of Anatolyev and Mikusheva (2020) have been formulated as conditions (iii)

and (iv) of Lemma 2.

Proof of Lemma 3. Assumption HC(i) of Anatolyev and Mikusheva (2020) comes from
condition (i) of Lemma 3 and assumptions of Example 3. Assumption HC(ii) is implied by
assumptions of Example 3. Assumption HC(iii) follows from condition (ii) of Lemma 3. Finally,
Assumption HC(iv) of Anatolyev and Mikusheva (2020) follows from the assumption in Example
3 that w; is, conditionally on F, time-series independent, and hence (wyw;) ® (vivy) is not

autocorrelated; thus, the law of large numbers applies coming from the moment condition stated

11



in condition (i) of Lemma 3.

S3 Auxiliary lemma

Lemma S1 Under Assumptions FACTORS, LOADINGS and ERRORS, we have the following

convergence as N, T — oo:

N S
(1) m Soitt Yoter, Loser, FreiFieis = Op(1) for Ty NIy = &

N _
(2) m D=1 ZteTj >sery, Fieieis = Op(1) for T NT), = @
() S5 (s D S0 FiFled) S5t o7 B, = SR Sgpm g

(@) 7w T (S0 S FiFL Deaess) = 0,(1),

)
(5) 'T]e'zfvlw(l : )zopa).

IT5] ZteTj €it

Proof of Lemma S1.
Preamble. Notice that due to the absence of serial correlation of idiosyncratic errors stated

in Assumption ERRORS(i), for ¢ # s and ¢; # s1 we have

E(p(s;t)p(s1,t1)|F) =0

unless t =t; and s = s7 or t = s; and s = t;.

Part (1). Note that

N
TR 2 & 2 Frenfien = e 32 5 Rt

=1 teT; s€Ty, teTy s€Ty

The expectation of the square of the last expression is equal to

’Tk||T| >3 Y X B(REEEB(plts)plh, s1)|F) ).

tGT t]_ET SeTk SleTk

Using the preamble statement, we reduce four summation signs to only two, with each summand
bounded above by Assumption ERRORS(ii). This implies that the second moment of the last

sum is bounded, and hence implies statement (1).
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Part (2). Analogously to Part (1).
Part (3). Note that
T T
WZZFF{ et = ZFthSt.
i=1 t=1 =
Then, Part (3) follows from Assumption ERRORS(iii).
Part (4). Note that

;X ToT A
ﬁ ; tzl s:%s:# Feyeis | = T tz; SZIZ,S# Fip(s,t).
The second moment of this expression contains four summations — over t, s # t, t; and s1 # t;.
However, by the preamble statement many terms are zero and the expression can be written
as a double sum. Assumption ERRORS(ii) guarantees that all summands are bounded by the
same constant, which leads to boundedness of the second moment of the expression of interest.
Chebyshev’s inequality delivers statement (4).
Part (5). Observe that

(4) —1750)
: 1 1 Y F
\/ E z®< i >_ E %‘®<F t) it
11 Lter, Cit Tyl =7 = VN 1

where W is defined in Assumption ERRORS(iv). Given serial independence of e; conditional

on F, we obtain that W is conditionally serially independent and mean zero, and hence

~( 2
pope lF(J —17:(9)
a5 ()] | mig e e ()
731 teT; teT

<CE[(1+||E|)|W?] < C
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